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GEOMETRY

(PART 1)

PRELIMINARY DEFINITIONS

Note.—The study of Geometry is a process of systematic and orderly
reasoning rather than a matter of memory. The student is advised to
study the principles and propositions stated until he understands them
thoroughly and sees their relation one to another, and, when a prop-
osition is accompanied by an explanation in small type, to read over
the explanation carefully one or more times, until he clearly under-
stands the matter, following out the references to the figure when a
figure is given. If he will do this he will find Geometry to be of great
benefit and assistance to him in his subsequent studies. But he is not
required to commit to memory the explanations or any part of the text
except a few of the more important principles and propositions, such
as those to which the Examination Questions relate.

1. Every material body possesses two general properties
without regard to any other condition, namely: form, or
shape, which is due to the relative positions of its parts;
and magnitude, or size, which is due to the distance of its
parts from one another.

The form and magnitude of a body can be described by
the relative positions of points, lines, and surfaces.

2. A point has position without magnitude. A dot is
commonly used to represent a point; but a dot, no matter
how small, has length, breadth, and thickness, while a theo-
retical point has position only.

3. A line is the path of a point in motion; it has one
dimension—Ilength. Thus, if a point is

moved from the position 4, Fig. 1, to B
the position B, its path, or trace, is the Fio.1
line 4 B.

COPYRIOHTED BY INTERNATIONAL TEXTBOOK COMPANY. ENTERED AT STATIONEARS' MHALL, LONDON

§7
115—2



2 GEOMETRY 87

4. A stralght line, or right line,
Fig. 2, is a line that does not change its
Fro0.2 direction.

5. The distance between two points is the length of the
straight line joining them.

/_\ 6. A curved line, Fig. 3, is a line that

Fo.s changes its direction at every point.

7. A broken line, Fig. 4, is a line
/\_/ that changes its direction at only certain
Fio. 4 points. It is made up wholly of different
straight lines.
The word /ine, when not qualified by any other word, is
understood to mean a straight line.

8. A surtace is the path of a line when moved in a
direction other than its length. Thus, D
if a line is moved from the position
A B, Fig. 5, to the position CD, the
line describes the surface 4 8D C.

9. A flat surface, plane surface, 4 B
or simply a plane, is a surface such Fia. 6
that a straight line between any two of its points lies wholly
in the surface. If a straightedge is laid on a plane surface
in any direction, every point of the straightedge will touch
the surface.

10. A figure is any combination of points and lines.
A figure that lies entirely in one plane is a plane figure.

In referring to a figure, a point is designated by a letter
placed conveniently near it; thus, in Fig. 1, the left end of
the line is referred to as the point 4. The entire line is
referred to as ‘‘the line 4 B,” the letters 4 and B designa-
ting two points, usually the ends of the line. If a line is
broken or curved, as many points are named as are con-
sidered necessary to designate the line.

11. Geometry is that branch of mathematics that treats
of the construction and properties of figures.
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12. To produce a line is to prolong it or to increase
its length. A straight line can be prolonged or produced
to any extent in either direction. Thus, in Fig. 6, the
straight line 4 B is produced to

the points C and D. ¢ 4 Fio.6 i
13. To bisect any given ) 5

magnitude is to divide it in- c

to two equal parts. Thus, the Fia.7

straight line 4 B, Fig. 7, is bisected at the point Cif 4 Cis
equalto CB. When a given magnitude is bisected, each of the
parts into which it is divided is one-half the given magnitude.

STRAIGHT-LINE FIGURES

ANGLES AND PERPENDICULARS

14. An angle, Fig. 8, is the opening between two
straight lines that meet in a point. The two straight lines
are the sides, and the point where the lines meet is the

vertex, of the angle. Thus, in Fig. 8,

the straight lines O 4 and O B form an

angle at the point O; the lines 0 A and
O B are the sides of this angle, and the
4 point O is its vertex.

An angle is usually referred to by
naming a letter on each of its sides and a third letter at the ver-
tex, the letter at the vertex being placed between the other two.
Thus, the angle in Fig. 8 is called angle 4 O B or angle BO A.

An angle may also be designated by a letter placed
between its sides near the vertex. z
Thus, the two angles XCY and YCZ,
Fig. 9, may be referred to as the angles
A and B, respectively.

An isolated angle, that is, an angle
whose vertex is not the vertex of
any other angle, may be designated Fi6.9
by naming the letter at its vertex. For example, the angle
in Fig. 8 may be called the angle O.

o
PF10.8
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15. Two angles, as 4 and B, Fig. 9, having the same
vertex and a common side C Y, are called adjacent angles.

16. Two angles are equal when one can be placed on

o o the other so that they will coin-

cide. Thus, in Fig. 10, the

angles 4 O B and A’ O’ B’ are

equal, because A4’ O’ B’ can be

superimposed on 4 O B, so that

with O’ upon O and A’ O’ along

4 3 4 » A O, B’ ¢ will take the direction
P1c. 10 of B O and coincide with it.

17. Any angle may be thought of as being formed, or
generated, by a line turning about the vertex as a pivot,
from the position of one side to the position of the other.
Thus, the angle 4 O B, Fig. 8, may be conceived as gener-
ated by a line turning about O from the position O 4 to the
position O B. The size of the angle does not depend on the
length of the sides, which are supposed to be of indefinite
length, but on the opening between the sides; or, what is the
same thing, on the amount of turning necessary to bring one
side to fhe position of the other.

18. If a straight line, as 4 B, Fig. 11, meets another
straight line, as C D, so as to make with - A
it two equal adjacent angles, each of
these angles is a right angle, and the
first line is said to be perpendicular
to the second. The point where the ¢ 7 D
first line meets the second is called the Fic. 11
foot of the perpendicular. It is evident that all right angles
are equal.

19. A horizontal line is a line parallel
to the horizon, or to the surface of still

Vertical

water.
= 20. A vertical line is a line perpendic-
Fic. 12 ular to a horizontal line, and having, there-

fore, the direction of a plumb-line. See Fig. 12.
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21. An oblique angle is any angle that is not a right
angle. An acute angle is an
oblique angle that is less than a
right angle. An obtuse angle isan
oblique angle that is greater than a 4 B
right angle. In Fig. 13, 20 C and Fio.18
A OC are oblique angles, B O C being an acute angle, and
A OC an obtuse angle.

22. Two angles are said to be comple-

4 mentary when their sum is equal to one
right angle. Each of two complementary

- angles is called the complement of the
< other. Thus, in Fig. 14, in which 4 B is

> p perpendicular to B D, the angles M and NV

are complementary, their sum being equal
Fie. 14 to the right angle 4 B D.

23. Two angles are said to be supplementary when
their sum is equal to two right angles. Each of two supple-
mentary angles is called the supplement of the other. In
Fig. 15, AOD and D OB are supple-
mentary angles, their sum being T
evidently equal to the sum of the two \
right angles 20 8 and PO A. 4 ! »

It will be seen from this illustration °
that two adjacent angles whose non-
common sides are in the same straight line are always sup-
plementary. Conversely, if two adjacent angles are supple-
mentary, their non-common sides are in the same straight line.

F16. 16

24. At a given pointin a stréight line, one perpendicular
to the line and only one can be drawn.

D Let O, Fig. 16, be the given point in the

line O B. Suppose that with the point O

C  fixed, the line O C starts from the posi-

tion O B and revolves about O. In any

P - B position, as O C, it makes two angles with
the line 4 B; one A O C, the other BOC.

Fro. 16 As O C revolves from the position O B to

the position O A, the angle B O C will continually increase, and the
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angle 4 O C will continually decrease. There will therefore be one
position, as O D, where the two angles are equal, and there can evi-
dently be but one such position.

25. The sum of all the angles formed on the same side
of a straight line about the same point in the line is equal to
two right angles.

In Fig. 17, the sum of the three angles
M, N, and Pisevidently equal to the angle
0 B O E, and the sum of the angles Qand R

r 0 PN is equal to the angle £ O 4. But, by

B b 4 Art. 23, B O E + E O A is equal to two

4 i B right angles. Hence, M + N+ P+ Q
Fie. 17 + R = two right angles.

26. The sum of all the angles
formed in the same plane about one
point is equal to four right angles. 4
Thus, in Fig. 18, M+ N+ P+ Q
+R+S+ 7T+ U= four right -
angles. (4

Fio. 18

D 27. When two lines, as 4 B and
C D, Fig. 19, cut or cross each other,
they are said to intersect. Their
common point O is called their point
of Intersection, or simply their
intersection.

Fie. 19

28. Two intersecting straight lines determine four angles
having a common vertex. Any one of these angles and the
angle on the opposite side of both lines, as the angles
and W, Fig. 19, are called vertical angles with respect to
each other. Vertical angles may also be defined as those
having a common vertex and in which the sides of the one
are the prolongations of the sides of the other.

Since M and NV are each the supplement of P, they are
equal to each other. Any angle is equal to its vertical
angle.
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29. If two straight lines intersect and one of the angles
is a right angle, the other three angles are right angles, and
the lines are perpendicular to each other.

30. Two oblique lines drawn from the same point in a
perpendicular to a line, and cutting off on that line equal
distances from the foot of the per-
pendicular, are equal.

Let POand PQ, Fig. 20, be two oblique
lines drawn from the point P in the per-
pendicular 4 B, and let 20 and BQ be
equal. Then, by turning the right side of
the figure about A4 B, it will coincide with
the left side; O will fall on Q, and PO will
coincide with PQ. Hence, PO is equal
to PQ. F16. 20

31. Every point in the perpendicular at the middle point
of a straight line is equally distant from the ends of the line.
Thus, in Fig. 20, 2P, which may be any point in the perpendic-
ular 4 B at the middle point B of OQ is equally distant
from Q and O.

32. Two equal oblique lines drawn from the same point
in the perpendicular to a straight line make equal angles
with the straight line and with the perpendicular.

Since, when P B O, Fig. 20, is brought to coincide with PB Q, PO
coincides with PQ and B O with B Q, the angle M/ = angle A", and
angle NV = angle V.

33. A line that divides an angle into two equal angles is
called the bisector of that angle. In Fig. 20, P 2B is the
bisector of O P Q, since M = M.

34. Two points, each of which is equally distant from
the two extremities of a line, determine a perpendicular
bisecting the line. Thus, in Fig. 20, 4 and P are two points
equally distant from @ and O and determme the perpen-
dicular bisecting the line O Q.



8 GEOMETRY §7

EXAMPLES FOR PRACTICE

-B
/,/ 1. Show that the bisectors of two vertical
P angles are in the same straight line.

o
7
,/ SucGrsTION.—In Fig. 21, show that the sum of the
7 angles on one side of the bisector 4 B of the angle N O P
A7 P is equal to the sum of the angles on the other side.

Fic. 21

2. Show that the bisectors of two supple-
mentary adjacent angles are perpendicular to  p_
each other. s

SuGersTION.~—In Fig. 22, show that the angle EOF B
is one-half of two right angles.

PARALLELS

35. Parallel lines, Fig. 23, are straight lines that lie in
the same plane and never meet, how-

4 B ever far they are produced. Any
two parallel lines have the same
(4 D direction and are everywhere

Flo. 8 equally distant from each other.

36. When two parallel lines, as 2Q and RS, Fig. 24,
are cut by a third line, as X Y, the cutting line X Y is called
a secant line or a transversal.

The eight angles thus formed are named as follows: The
angles a, A, d, and D are exterior -
angles. The angles 4, B, ¢, and C
are interior angles. The pairs ,
of angles a and d or 4 and D
are alternate-exterior angles.
The pairs of angles 4 and ¢ or
B and C are alternate-interior
angles. The pairs of angles a
and ¢, 4 and C, 6 and 4, or B and Fic. %4
D are exterior-interior or correspohding angles.

£~}

/‘\
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37. When two parallel lines are cut by a transversal, the
alternate-interior angles are equal. -

Let C D and E F, Fig. 25, be the parallel lines and A4 B the trans-
versal. The angles Mf and M’ have their sides G D and A F parallel
and 4 G and G /A in the same line; hence, A
the turning in changing from the direc-
tion A F to the direction A G is equal to
the turning in changing from the direc-

. . . .. C g, ‘{ P
tion G D to the direction G 4. That is, }v T
angle A G D, or M, is equal to the angle Jﬂ' _
G H F,or M', Art. 17. But angle M is E— 3 -
equal to angle V, Art. 28; therefore, angle N
N is equal to angle M’. In like manner,
it can be shown that the angle DG H

" is equal to the angle G A E. F16. %

38. It follows from the preceding article that the
alternate-exterior angles are equal; also, the exterior-
interior angles. Thus, in Fig. 24, we havea = d, 4 = D;
B=Db=d;B=0Cb=c

39. In Fig. 24, the angle a2 and the angle A4 are supple-
mentary adjacent angles, and their sum is, therefore, equal
to two right angles. From this, and from the principle
stated in the preceding article, it follows that any angle in
Fig. 24 marked by a capital letter and any angle marked by
a small letter are together equal to two right angles.

The principles stated in this and in the two preceding
articles may be summed up as follows: When two parallel
lines are cut by an oblique transversal, the four obtuse
angles are equal to one another; the four acute angles are
equal to one another; and any of the obtuse angles is the
supplement of any of the acute angles.

40. If a straight line is perpendicular to one of two

. L B parallel lines, it is perpendicular to
P the other also.

o Q » In Fig. 26, A B and C D are parallel,

M and L M is drawn perpendicular to 4 B.

Fic. 26 Then, since the alternate-interior angles

P and Q are equal, and since P is a right angle, Q0 must be a right
angle also; that is, L M is perpendicular to CD.

-

/
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41. The distance between two parallel lines is the length
intercepted by the two parallels on any line perpendicular to
them. Thus, L M, Fig. 26, is the distance between 4 B
and CD.

42, If two straight lines 4 B and C D, Fig. 27, are cut
by a third straight line £ F so that the exterior-interior
angles M and MV are equal, the two straight lines are parallel.

If A B were not parallel to C D, we might

E
P draw through G a line P Q that was par-
P 4. 5 allel to C D. But then the exterior-interior

i\\ . angles NV and £ G Q would be equal (Art.
C 1 i p 38), which is obviously inconsistent with
the supposition that /V is equal to J.
F 43. Iftwo lines,as 4 Band CD,
Fic. 27

Fig. 28, are parallel to a third line,
as £ F, they are parallel to each other.

Draw a transversal G A. Then, since I}
A B is parallel to £ F, the alternate-inte-
rior angles /f and /V are equal; and, since 4
C D is parallel to £ F, the alternate-inte-
rior angles P and NV are equal. We have, 0
therefore, N =M, N = P, and, conse- E
quently, M= P. As M and Pare exterior-
interior angles, it follows, from Art. 42, "
that 4 B and C D are parallel. Fic. 28

~1 X

L]

N
2

44, Two angles whose sides are respectively parallel
and lie in the same or opposite directions from their ver-
texes are equal.

In Fig. 29 (a), B A and E D are parallel and extend in the same
direction; also, B C and £ F are parallel and extend in the same direc-
tion from the vertexes. Let O be the point of intersection of the
sides B C and £ D produced. Then, since B Q and £ F are parallel,
the exterior-interior angles £ and A/ are equal; and, since .4 and
E G are parallel, the exterior-interior angles B and M are equal.
Therefore, the angles B and £, being each equal to Jf, are equal to
each other.

In Fig. 29 (), BA and E F are parallel and extend in opposite
directions; also, B Cand £ D are parallel and extend in opposite direc-
tions from the vertexes. Producing F £ and D E, we have, by the
preceding case, B =D EF. As DEF and D'EF are vertical
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angles, they are equal, and, therefore, B, which is equal to D' E P,
is also equal to D E F.

4 § »
l'/ ,[
/ / ,
/ D = D
__ M
C ,/0 < 4
/
) 4
: B n)
E F
(a) F16.29

45. If one side of an angle is parallel to one side of
another angle, the two extending in the same direction from
the vertexes, and if the other sides of the two angles are
also parallel, but extend in opposite o
directions from the vertexes, the two
angles are supplementary.

In Fig. 30, B Cand £ D are parallel and 4 £ B Q
extend in the same direction, while 2 4 D
and £ F are parallel and extend in oppo-
site directions from the vertexes. Produc-
ing A B, we have, by Art. 44, N = E.

Now, M + N = two right angles; there- E F
fore, M + E = two right angles. F10. 30

46. Two angles that have their sides perpendicular, each
to each, are either equal or supplementary; they are equal

K if both are acute or both
@ e obtuse; and supplementary
D // if one is acute and the other
E obtuse.

In Fig. 31, let G A be per-
h pendicular to 4 B, and K H
! perpendicular to BC. Draw
} - B D parallel to K H, and BE
parallel to G AH. Then, by
Art. 44, DBE is equal to
KHG. Since EB A and D B C are right angles, by taking DB A

4
- o o

4
I/,
L3N

&

Ky
F16.3
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from each of them £ B D is seen to be equalto 4 B C. Hence, theacute
angle 4 B C is equal to the acute angle X/ G. Also, when one angle .
is the acute angle 4 B C and the other is the obtuse angle G A/, since
G H I is the supplement of K A G, it must be the supplementof 4 B C.

POLYGONS

DEFINITIONS

47. A polygon is a portion of a plane bounded by
straight lines. The boundary lines are the sides of the
polygon. The angles formed by the sides are the angles of
the polygon. The vertexes of the A
angles of the polygon are the vertexes
of the polygon. The broken line that p
bounds it, or the whole distance around
it, is the perimeter of the polygon.

Thus, A B CD E, Fig. 32, is a polygon; D c
the sides of this polygon are A B, B C, Fic. 32
CD, DE, and EA; its angles are ABC, BCD, CDE,
D E A4, and E A4 B; and its vertexes are A, B, C, D, and E.

48. The number of vertexes of a polygon is the same as
the number of sides.

49. The least number of sides that a polygon can have
is three, since two straight lines cannot enclose space.

50. Polygons are classified in various manners. One
of these classifications is based on the number of sides. A
polygon of three sides is a triangle; a polygon of four
sides, a quadrilateral; a polygon of five sides, a pentagon;
a polygon of six sides, a hexagon; a polygon of seven sides,
a heptagon; a polygon of eight sides, an octagon; a poly-
gon of nine sides, a nonagon; a polygon of ten sides, a
decagon; a polygon of twelve sides, a dodecagon.

B ¢ 51. An equilateral polygon is
a polygon whose sides are all equal.
Thus, in Fig. 33, A8 =A8BC =CD
= D A; hence, A B CD is an equilat-
FiG. 33 eral polygon.
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52. An equiangular polygon is 4 B
a polygon whose angles are all equal.
Thus, in Fig. 34, angle 4 = angle B
= angle D = angle C; hence, ABDC P
is an equiangular polygon. Fro. 5

D

53. A regular polygon is a polygon
B in which all the sides and all the angles are
equal. Thus, in Fig. 385,48 = BD = DC
= CA; and angle 4 = angle B = angle D
= angle C;, hence, A BD C is a regular
c D polygon. Some regular polygons are shown
F16.85 . .
in Fig. 36.

000000

Pentagon Hexagon Heptagon Octagon Decagon Dodecagon
Fi:. 36

4

54. A reentrant angle of a poly-
gon is an angle whose sides if produced D
through the vertex will enter the surface

bounded by the perimeter of the poly- <
gon. Thus, B CD, Fig. 37, is a reen- A B
trant angle. F1c. 37

TRIANGLES

55. Triangles are classified with regard to their sides
into scalene, isosceles, and equilaleral triangles.

56. A scalene triangle, Fig. 38, is a
triangle that has no two of its sides equal.
Fio. 88

87. An 1sosceles triangle, Fig. 39, is a
triangle that has two of its sides equal.

F16. 39
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58, An equilateral triangle, Fig. 40, is a triangle
tﬁat~ has its three sides equal. An equilateral triangle is a
particular kind of isosceles triangle.
Thus, the triangle 4 B C, Fig. 40,
may be regarded as an isosceles tri-
angle whose equal sides are 4 B
and A4 C, as an isosceles triangle
whose equal sides are B A4 and B C,
or as an isosceles triangle whose

-? :G 4})_ ‘ equal sides are CA and CB. All
B - the statements made with regard to
lsqsceles tnangles are, therefore, true of equilateral triangles.

59. ’fnangles are classified with regard to their angles
into rzﬂt-angled obtuse-angled, and acute-angled triangles.
See Fig. 41.

N\

Obtuse-angled triangle Right-angled triangle Acute-angled triangle
Fic. 41

60. A right-angled triangle, or a right triangle, is
a triangle having a right angle. The hypotenuse of a right
triangle is the side opposite the right angle. The legs of a
right triangle are the sides that include the right angle.

61. An obtuse-angled triangle is a triangle having
an obtuse angle.

62. An acute-angled triangle is a triangle all the
angles of which are acute.

63. An oblique triangle is a triangle that has no right
angle. The class oblique triangles includes all obtuse-angled
and acute-angled triangles.

64. An equiangular triangle is a triangle whose three
angles are equal. N~

65. The base of a triangle is the side on which the ;
angle is supposed to stand. In a scalene triangle, any
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may be considered as the base. In an isosceles trxanzle,%
unequal side is usually, though not necessarily,  taken
the base. '
The angle opposite the base of a tri-
angle is sometimes called the vertical
angle of the triangle. In Figs. 42 and
43, A C is the base.

66. The altitude of a triangle is the
length of a line drawn from the vertex of
the angle opposite the base perpendicular
to the base. Thus, in Figs. 42 and 43, the
length of B D is the altitude.

67. An exterior angle of a triangle
is an angle formed by a side and the .
prolongation of another side. Thus, in Fic. 43
D Figs. 43 and 44, the angle B CD,
formed by the side B C and the pro-
longation of the side A4 C, is an
exterior angle of the triangle 4 B C.
The angle B CA is adjacent to the
exterior angle BCJD. The angles
g 4 and B are opposite-interior
Fic. 4 angles to the angle B CD:

[ ) A T
N

4
a

68. In any triangle, an exterior angle is equal to the
sum of the opposite-interior angles.

Let D CB, Fig. 44, be an exterior angle of the triangle 4 B C.
Draw C £ through C parallel to 4 8. Then, the angles /f and A,
being exterior-interior angles, are equal. Also, N and B, being
alternate-interior angles, are equal. Hence, angle # plus angle WV,
that is, the exterior angle D C B, is equal to angle 4 plus angle B, or
the sum of the opposite-interior angles.

69. The sum of the interior angles of a triangle is equal
to two right angles.

In Fig. 44, the angles B C D and B C A, being supplementary adja-
cent angles, are together equal to two right angles. But, by the pre-
ceding article, the angle B C D is equal to the sum of the angles 4
and B. Hence, the sum of the three interior angles 4, B, and BCA
" is equal to two right angles.
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70. The following important propositions are immediate
consequences of that stated in Art. 693

1. If two angles of a triangle are known, or if their sum
is known, the third angle can be found by subtracting their
sum from two right angles.

2. If two angles of a triangle are equal, respectively, to
two angles of another triangle, the third angle of the first-
mentioned triangle is equal to the third angle of the other
triangle.

3. A triangle can have but one right angle, or one
obtuse angle.

4. In any right triangle, the two acute angles are com-
plementary.

5. Each angle of an equiangular triangle is equal to one-
third of two right angles, or two-thirds of one right angle.

6. From a point without a line, only one perpendicular to
the line can be drawn.

EXAMPLES FOR PRACTICE

1. If one acute anglé of a right triangle is one-third of a right
angle, what is the value of the other?  Ans. Two-thirdsof a right angle

2. If one angle of a triangle is one-half of a right angle, and another

is five-sixths of a right angle, what is the third angle?
Ans. Two-thirds of a right angle

3. The exterior angle of a triangle is 1§ right angles, and one of
the opposite-interior angles is one-fourth of a right angle; what are
the other angles of the triangle?

Ans {Other opposite-interior angle = §§ = 1.15 right angles
*LAngle adjacent to exterior angle = three-fifths of a right angle

F, B 4. Show that in the triangle

\ A BC, Fig. 45, the bisector of the

\ right angle 4 B C forms with the

\ bisector of the exterior angle at C

E c\.\ 4 an angle that is equal to one-half of

the angle 4.

SUGGESTION.—Let B D be the bisector of
A B C and F D the bisector of 8 C£. Then
BCFisequaltoCRDplusCDB.orCDB
is equal to 8C F minus CB D. Also. ECH
is equal to C B 4 plus 4, or A is equal to
E CB minus CB A. Furthermore, ECB
is equal to twice 8 C Fand CB A is equal
PFi1G. 45 to twice C B D.

-
bdf---------..-------
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5. One angle of a triangle is one-half of a right angle: (a) What
are the remaining two angles, if one is twice as large as the other?
(46) What kind of triangle is this?

(a) One-half of a right angle and one right angle
Ans.{(b) An isosceles right triangle

71. Two plane figures are equal when one can be placed
on the other so that they will coincide in all their parts.

Thus, the triangles 4 B C and A’ B’ C, Fig. 46, are equal, because
if A’ B’ C isimagined to be lifted off the paper, moved over and placed
on A BC, the sides A’ B, B' C', and C A’ can be made to coincide

(44

4 B A" B'
F1G. 46
with 4 B, B C, and C A, respectively, and the angles A4/, B, and C
to coincide with the angles 4, B, and C. It is evident, from the
figure, that if the vertexes of the two triangles coincide, the triangles
will coincide throughout, and are, therefore, equal.

The polygons 4 BCDE and A' B C D' E/, Fig. 47, are equal,
because A’ B’ C Y E' can be imagined to be lifted, turned over, and
placed on A B CD E so as to make the two polygons coincide in all
their parts.

D

A ‘B
Fi1o. 47

72. Two triangles are equal when a side and two adja-
cent angles of one are equal to a side and two adjacent
angles of the other.

Let A’ B', Fig. 48, equal A4 B, the angle A’ equal the angle 4, and
the angle B’ equal the angle B. Now, if 4’ B/ C is placed on 4 BC
so that 4’ B’ coincides with its equal 4 B, with 4’ on A4 and B on B,
A' ¢ will take the direction 4 C; since the angle A4’ is equal to the
angle 4, and as B’ is equal‘to B, B’ C' will take the direction 2 C.

115—3
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Now, the point ' will fall somewhere on the line 4 C, and also some-

where on the line B C, and since two lines can intersect in cnly one
point, C' must fall at the intersection of 4 Cand B C,orat C. Hence,
the vertexes of the triangles coincide and the triangles are equal.

c c' 9"
N
y t‘ ’/A“ i\
/ /

/|

|B "/

F1G. 48

;
[/

The same reasoning applies to the triangles 4 B C and A” B" C”, in

which 4 B ="A"B", and 4 = A", B = B"; but the triangle 4" B" C"
must be imagined to be lifted and turned over before it can be placed
on ABC.

73. The following important principles are consequences
of the preceding proposition:
1. Two triangles are equal when one side and any two
angles of one are equal, respectively, to one side and the
two similarly situated angles of the other.

2. Two right triangles are equal when one side and one

acute angle of the one are equal, respectively, to one side
and the similarly situated acute angle of the other.

74. Two triangles are equal when two sides and the
included angle of one are equal to two sides afid the
included angle of the other.

c'
\‘ \ i
\ \ /’
\ \
\ \
\ \ /
\ \ !
\ \ /
\ LY
A p A \p’ B Yd
F1G. 49

In Fig. 49, AB=A'B =A"B", AC=A'C' = A”C”', and
A=A =4"

If A’ B’ C' is placed on A B C, so that 4’ will coincide
with 4. and 4’ B’ with A4 B, the rest of the triangles will evidently
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coincide; for since A’ = A4, A’ C' will take the direction 4 C, and since
A'C! = AC, C'will coincide with C. The same reasoning applies to
A" B" C", after the latter triangle has been turned over.

75. Two triangles are equal when the three sides of the
one are equal, respectively, to the three sides of the other.

cl

&
c” F10. 50

In Fig. 50, let 4’ B, B'C’, and C' A’ be equal, respectively, to
AB, BC, and CA. Place A’ B' C’ in the position 4 B C”, with its
longest side 4’ B’ coinciding with 4 B, and C” on the opposite side of
A B from C; then join C and C”. Now, A C is equal to 4 C”, and
B C is equal to B C"; hence, A and B determine a perpendicular to
C C" at its mid-point (Art. 34). Then, by Art. 32, the angle CA D
is equal to the angle C” A D, or to C' A’ B, and by Art. 74 the tri-
angles CA B and C’ A’ B’ are equal.

76. In an isosceles triangle, the angles B
opposite the equal sides are equal.

Let A B C, Fig. 51, be an isosceles triangle in
which A B =B C. Draw the bisector B D of the

angle B. Then, by Art. T4, the triangles 4 8D
and CB D are equal. Therefore, 4 = C. A D c

77. The equality of the triangles 4 B D F10.51
and CB D, Fig. b1, gives A D = D C, and angle M = angle
N = one right angle (since M 4+ N = two right angles).
Hence,

1. The bisector of the vertical angle of an isosceles
triangle bisects the base and is perpendicular to it.

2. Conversely, the perpendicular bisecting the base of
an isosceles triangle passes through the vertex of the opposite
angle and bisects that angle.

3. Also, the perpendicular drawn from the vertical angle
of an isosceles triangle to the base, bisects both the base
and the vertical angle.
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78. If two angles of a triangle are equal, the sides oppo-
site these two angles are equal, and the triangle is therefore
isosceles.

In Fig.51,let A = C. Draw B D perpendicularto 4 C. The right
triangles B D C and B D A have the common side B D, and acute
angle 4 = C. Therefore (Art. 73), they are equal, and their hypot-
enuses 7 A4 and B C are equal.

79. It follows from Art. 76 that an equilateral triangle
is also equiangular, and from the preceding article that an
equiangular triangle is also equilateral.

A ! A’
z v'P/;"
: D

Fio. 52

80. If two sides of a triangle are equal, respectively, to
two sides of another triangle, and the angle opposite one of
these two sides in the first triangle is equal to the corre-
sponding angle in the second triangle, the angles opposite the
other two equal sides are either equal or supplementary.

In Fig. 52, let A/C =AC, A’ B = AB, and the angle 5’ = B.
Place A’ B'C on A BC so that A4’'B’ coincides with A4 B. Then
since B’ = B, B' C' will take the direction B C, and since 4’ C joins
B'C, C must fall on B C, at either Cor D. If C falls at C, the
triangles are equal and the angle " = C; but if C fallsat 2, 4 DB
is the angle C', and 4 D B, the supplement of 4 D C, is the supple-
ment of C, since, by Art. T6, A DC=C.

B

B'

’, ’
c A C

P16 53

81. If two triangles have two sides of the one equal to
two sides of the other, and the angles opposite one pair of
the equal sides are right angles or equal obtuse angles, the
triangles are equal.
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Since a triangle can have but one right or one obtuse angle, when
the angles B and &, Fig. 53, are obtuse, the angle C' cannot be the
supplement of C, hence C’ must equal C.

82. Of two sides of a triangle, that is greater which is
opposite the greater angle.

In the triangle 4 B C, Fig. 54, let the
angle C be greater than the angle 5. \
Draw C D, making with C B an angle BCD \
equal to the angle B. Then BCDis an

\
1\
isosceles triangle, and CD = DB. There- 4 \ y:]
fore, A D+ D B,or A B, is the same as 4 D b
+ D C, which is evidently greater than 4 C. Fro. 54

83. Of two angles of a triangle, that is greater which is
opposite the greater side.

Let 4 and B be two angles of a triangle, a the side opposite 4, and
b the side opposite B. Suppose that a is greater than 4. If A4 were
equal to B, the triangle would be isosceles, and a = §. If B were
greater than 4, then by the preceding article, 6 would be greater
than a. Therefore, since B cannot be equal to or greater than A, it
must be less, or 4 must be greater than B.

84. If from a point O, Fig. 55, without a line 4 B, a
perpendicular O P to the line is drawn, and also two oblique
lines O L and O L/, the oblique line O L, whose foot L is
farther from the foot P of
the perpendicular, is the
greater of the two oblique
lines.

Suppose the two oblique lines
A »—B OL and OL' to be on the same
L r P L side of the perpendicular. Since
Fe. 5 OL'P is a right triangle and
O P L' the right angle, the angle O L’ P is acute; also, the angle OL' L
is obtuse, since it is the supplement of O L/ P. As the triangle OL L’
can have but one obtuse angle, O L/ L is greater than O L P, and,
therefore (Art. 82), O L is greater than OL’. If OL lies on the
opposite side of the perpendicular from O L/, as in the position O L”,
and if PL” = PL, which is greater than PL’, then, by Art. 30,
OL" = O L, which is greater than O L'.

85. If the hypotenuse, as A B, Fig. 56, and one leg,
as B C, of a right triangle are equal, respectively, to the

a4
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hypotenuse and one leg of another right triangle, as 4’ B’ C,
the two triangles are equal.

Place A’ B/ C on A B C, so that

B' O will coincide with its equal

B C. Since B C A’ is a right

/ angle, O A’ will take the direction

; CA; and, since A = BA, A

4 /' c 4 o’ must fall on A; for if it fell to the

4 right of A4, as at 4”, the hypote-

nuse B A", or B’ A', would be less

than B A (Art. 84); and, if A’ fell on the left of A4, the hypotenuse
B’ A’ would be greater than B A.

B

F1G. 56

EXAMPLES FOR PRACTICE

D
1. Show that, if two intersecting lines, !
as A B and D C, Fig. b7, bisect each other, '\
the lines 4 C and D B are parallel. \ ad

PFia. 57

2. If the value of the unequal or vertical angle of an isosceles tri-
angle is two-fifths of a right angle, what is the value of each of the
base angles? Ans. Four-fifths of a right angle

8. Show that the bisectors of the base
angles of an isosceles triangle form with the
base an isosceles triangle; or that, 4 D C,
Fig. b8, is an isosceles triangle.

4 e
\\‘\ /l
. \\\\ ° /’
4. Show that the length of the inacces- . 7
sible line 4 B, Fig. 59, can he found by N,/
measuring 4 O and B O, then making / 9
OD = OB and OC = 0 4, and finally / N
measuring CD. S/ N\,
’ A )
cl-':_ ‘\\
---"““‘-»-_\\D
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QUADRILATERALS

86. There are three kinds of quadrilaterals: the parallel-
ogram, the trapezoid, and the trapezium.

87. A parallelogram is a quadrilateral whose opposite
sides are parallel. There are four kinds of parallelograms:
the rectangle, the square, the rhomboid, and the rkhombus.

P

88. A rectangle, Fig. 60, is a parallelo- o
gram whose angles are all right angles. g

>
A
L2

Fi1G. 60

89. A square, Fig. 61, is a rectangle
whose sides are equal.

Pic. 61
90. A rhomboid, Fig. 62,isa

quadrilateral whose opposite sides /
are parallel, and whose angles are .

not right angles. P10, 62

91. A rhombus, Fig. 63, is
a rhomboid having equal sides.

Pic. 63

92. A trapezoid, Fig. 64, is
a quadrilateral that has only two /
of its sides parallel. Fro. o4
93. A trapezium, Fig. 65,

is a quadrilateral having no two
sides parallel.

94. The altitude of a par-
allelogram, or of a trapezoid,
is the length of the perpen-
dicular distance between the
parallel sides. See dotted line in Figs. 62, 63, and 64.

P1G. 6
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95. A diagonal of a quadrilateral is a straight line
drawn from the vertex of any angle of the quadrilateral to
the vertex of the angle opposite. A diagonal divides a
quadrilateral into two triangles. See Figs. 60 and 65.

96. Ina parallelogfam, as A B C D, Fig. 66, the opposite
sides and opposite angles are equal; thatis, 4 8 = DC,AD
= B, angle A = angle C, angle B = angle D.

B C Draw the diagonal A C. Then,
angle M =angle M, and N=N’
(Art. 37). The triangles A D C and
A B C, having the common side 4 C
and the adjacent angles A/ and N’
equal, respectively, to A’ and N, are
equal (Art, 72). Therefore, A D

Fic. 66 =8BC, AB=DC, and angle B
= angle D. Also, since M = M and N = N, it follows that i/ + N,
or BAD, is equal to M + N’, or BCD.

97. The diagonal of a parallelogram divides the parallel-
ogram into two equal

. E G I K
triangles. o/

98. Parallel lines ¢ - D
intercepted between
parallel lines are equal.

AB and CD, Fig. 67,
are cut by the parallels
EF, GH, IJ, KL, Fro. &7
we have, from Art. 96, ¥ N = OP = QR = ST.

99, The diagonals of a parallelogram, as 4 Cand 82D, -
Fig. 68, bisect each other; that
is, denoting by O the point of
intersection of the diagonals,
OA=0Cand OB = OD.

In the triangles 4 O 8 and

B DOC, AB = DC (Art. 96),
M= M and N = N' (Art. 37).
Therefore, the triangles are equal

Thus, if the parallels 4 /N /P /B B
F

) /

D C

Fi1G. 68
(Art. 72) and 04 = OC, 08 = OD.
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EXAMPLES FOR PRACTICE

1. Show that if the diagonals of a quadrilateral bisect each other
the figure is a parallelogram.

SUGGESTION.—In Fig. 68, assume that 04 = O C. 0 8B=0 D. Then show that
triangle B O C = triangle 4 O D, and triangle 4 O 8 = triangle D O C.

2. Show that the diagonals of a rectangle are equal.

SUuGGEsTION.—Show that in any rectangle 4 B C D the triangle A B C = tri-
angle A 8 D.

3. Show that if the opposite sides of a quadrilateral are equa.l the
figure is a parallelogram.

SuGGEsTION.—Draw the diagonal. Then, by Art. 75, the triangles formed
are equal.

4. Show that if two sides of a quadrilateral are equal and parallel,
the figure is a parallelogram.

5. Show that if one angle of a parallelogram is a right angle,
the parallelogram is a rectangle.

ADDITIONAL PROPERTIES OF TRIANGLES

100. The bisectors of the three angles of a triangle meet
in a point.

In the triangle 4 B C, Fig. 69, draw the bisectors of the angles A
and B and let them meet at O. Join C and O, and draw the perpen-
diculars from O to the sides of the triangle. o
Then, in the right triangles B O F and
BOE, BO is common and the angle OB F
= angle O B E. Hence, by Art. T3, these
triangles are equal. Therefore, OF = OE. D
In a similar manner it can be shown that '
OD = OE. Therefore, OD=OF. The H
right triangles ¢ FC and OO C, having 4 "g. —p
OD=O0F and OC common, are equal
(Art. 85). Hence, angle O CF = angle
O C D; that is, O C, which meets the bisectors 4 Oand B O in O, is the
bisector of the angle C.

Fi1G. 69

101. Any point in the bisector of an angle is equally
distant from the sides of the angle. For it has just been
shown that, in Fig. 69, OF = OE.

102. The perpendiculars erected at the middle points of
the three sides of a triangle meet in a point equally distant
from the vertexes of the triangle.
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In Fig. 70, draw the perpendiculars to CB and A4 C at their mid-
points D and £, and let O be the point in
which these perpendiculars meet. Now, O,
being in O D, is equally distant from C
and B (Art. 31), that is, OB = OC: and
being in O £, is equally distant from A4
and C; that is, 04 =0C. From these
two equalities it follows that O 8 = O 4.
Therefore, the perpendicular to 4 8 at
its middle point F passes through O.
(Art. 77).

103. If several parallel lines intercept equal distances on
one transversal, they intercept equal distances on any other
transversal.

R

In Fig. 71, let the parallels 4 £, B G, &
CI, DK intercept the equal dis- E
tances 4 B, B C, and C D on the trans- ,'50
versal PO, and let RS be any other F |
transversal. Draw E F, G H, IJ, par- C J
allel to A B. Then, by Art. 98, £F ,f " \g
=AB, GH = BC, 1J = CD. Hence, J
EF = GH =1J. In the triangles /
EFG, GHI, and IJ K, angle E Q 8

= angle G = angle / (Art. 38), and
angle F = angle // = angle J (Art. 44).
Hence, by Art. T2, these triangles are equal, and, therefore, £ G =
GI=1IK.

Fic. 11

104. A line parallel to one of the
sides of a triangle and bisecting one
of the other sides, bisects the third
side also.

In Fig. 72, let D E bisect 4 B and be par-
allel to A C. Draw a line through B parallel
to AC. Then since the three parallels inter-

Fic. 72 cept equal parts on A B, they intercept equal
parts on B C; that is, BE = EC.

105. A line joining the middle points of two sides of a
triangle is parallel to the third side and equal to one-half of
that third side.

In Fig. 72, let D E join D and £, the middle points of 4 B and B C.
The first part of this proposition follows at once from the preceding
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article. Let F be the middle point of 4 C, and draw F£. This line
is parallel to 4 B, and, therefore, A D E F is a parallelogram. Con-
sequently (Art. 96), DE=AF =} AC.

106. The lines joining the middle points of the three
sides of a triangle divide it into four equal triangles.

The diagonal D F, Fig. 72, divides the parallelogram 4 D E F into
two equal triangles 4 D and DFE. Likewise, the diagonal £ F
divides D E CF into two equal triangles 2 FE and E FC; and the
diagonal D £ divides the parallelogram B D FE into the two equal
triangles D FE and BDE. Hence, triangle 4 FD = triangle DFE
= triangle £ F C = triangle BDE.

107. Any of the parallelograms A DEF, FCED,
D BEF, Fig. 12, is equal to one-half the given triangle,
since it contains two of the four equal triangles into which
the given triangle is divided.

108. A line, as £ F, Fig. 73, parallel to the bases 4 B
and D C of a trapezoid and passing through the middle
point £ of one of the non-parallel sides, passes through the
middle point of the other non-parallel side and is equal to
one-half the sum of the parallel n

(»}
sides or bases. \\\ \
Since the parallels 4 B, £ F, and E \\G -
D C intercept equal parts on A4 D, .. {
they intercept equal parts on B C 4 \\’

(Art. 103); that is, BF = FC.

Draw B D, meeting E F in G.
Then, by Art. 105, in the triangle D C B, F G is one-half C D.
Also, in the triangle 4 D B, G E is one-half BA. Hence, FG+ G E,
or FE, = (CD+ BA).

Fic. 78

109. The medians of a triangle are the lines drawn
from the vertexes to the middle points of the opposite
sides.

110. The medians of a triangle meet in a point whose
distance from any -vertex is two-thirds the length of the
median from that vertex.

InFig. 74, A D, B E, CF are the median lines of the triangle 4 B C,
they meet at O, and 40 =4 A4 D, BO=4BEand CO =$ CF.
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Let A D and C F meet at 0. Join / and A, the mid-points of C O and
A O, respectively; also join D and /. Then,
in the triangle 4 O C, / H is parallelto 4 C
and equal to ome-half 4 C (Art. 105).
Also, in triangle A B C, D F is parallel to
A C and equal to one-half 4 C. Hence,
I H and D F are equal and parallel. It
follows that the triangles DO Fand HOZ
are equal, and that, therefore, H O = O D.

B But, by construction, 4 /' = HO. Hence,

Fio. 74 AH =HO=0D,whence, A0=4%4A4D.

’ Similarly CO = $ CF. That is, one
median cuts off on the other median two-thirds of the distance from
the vertex to the opposite side.

POLYGONS IN GENERAL

111. Two polygons are equal when they can be divided
into the same number of triangles equal each to each and

D D
E c E c
T P,
A /B A B
(a) (®)
P1G6.75

similarly placed. Thus, the polygons shown at (a) and (5)
in Fig. 75 are composed of the same number of triangles
equal each to each and similarly placed,

and it is evident that one polygon can p/ N

be placed on the other so that they

will coincide throughout; hence, they

are equal.

112. An exterior angle of a
polygon is an angle formed by any 4
side and the prolongation of an adja- 4 B
cent side. In Fig. 76, the angles M Fi6. 76
and NNV are exterior angles of the polygon 4 B C D E.
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113. A dilagonal of a polygon is any line joining two
vertexes not adjacent to the same side of the polygon.
Thus, in Fig. 75, AC, AD, and A £ are diagonals of the
polygon ABCDEF.

114. The sum of the interior angles of any polygon is
equal to two right angles multiplied by a number’ that is two
less than the humber of 51des of the polygon.

Let (a), Fig. 75, be any polygon. Draw the diagonals from one
vertex and thus divide the polygon into triangles. It is seen that the
first triangle 4 B C and the last triangle 4 FE, each contains two
sides of the polygon, while each of the other triangles contains but one
side of the polygon. Thus, the number of triangles formed is two less
than the number of the sides of the polygon. Hence (Art. 69), the
sum of the angles of the triangles, or of the polygon, is two right
angles multiplied by a number that is two less than the number of
sides of the polygon.

115. Let # = number of sides of a polygop;
S = sum of interior angles of the polygon,
expressed in right angles.

Then, S=2n—-2)=2n—4
If 2 = 4,then S = 2 X 4 — 4 = 4 right angles; that is, the

sum of the angles of a quadrilateral is equal to four right
angles.

ExAMPLE 1.—What is the value of one of the interior angles of
an equiangular hexagon?

SoruTtioN.—The number of sides of a hexagon is six; hence, apply-
ing the formula, S=2 X (6 — 2) = 8 right angles, that is, the sum of
the interior angles of a hexagon is equal to eight right angles. Since
the hexagon is equiangular, one of the angles is equal to one-sixth of
eight right angles, or 1} right angles. Ans.

ExXAMPLE 2.—If one of the interior angles of an equiangular polygon
is equal to 1% right angles, what is the name of the polygon?

SoLuTION.—If one of the interior angles is equal to 13 or 42 right
angles, their sum S is’equal to ]—7(—) Xn = -IOT”
S = 2m — 4. Therefore, 197 = 2n —4; whence,n = 7. A polygon

But from the formula,

of seven sides is a heptagon; therefore, the polygon is a heptagon. Ans.
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EXAMPLES FOR PRACTICE
1. Show that if two angles of a quadrilateral are supplementary
the other two angles are supplementary.

2. In a triangle 4 B C, the angle C is twice the angle B. Show
that the line that bisects the angle C meets the line 4 B at a point D
so that CD = BD.

SuGGEsTION.—Half the angle C = angle B. Then in the triangle C D B,
angle BC D = angle CB D.

3. What is the value of one of the interior angles of an equiangu-
lar octagon? Ans. 14 right angles

4. (a) What is the value of one of the interior angles of an equi-
angular quadrilateral? (6) What kind of quadrilateral is it?

a) One right angle
Ans.{&b) Rectangle

6. If one of the interior angles of an equiangular polygon is equal
to 1§ right angles, what is the name of the polygon?  Ans. Nonagon

THE CIRCLE

DEFINITIONS AND GENERAL PROPERTIES

116. A circle, Fig. 77, is a plane figure bounded by a
curved line every point of which is equally distant from a
point within called the center.

117. The circumference of a circle is
the line that bounds the circle. The term
circle is often used in the sense of circum-
ference.

Fi6. 77 . D

118. The diameter of acircle is a
straight line drawn through the center g
and terminated at both ends by the cir-
cumference. Thus, 4 £, Fig. 78, is a 4
diameter of the circle whose center is 0. g

F16.78

—

——— @
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119. The radius of a circle is any straight line drawn
from the center to the circumference. The plural of radius
is radii. Thus, O A, OE, and O F, Fig. 78, are radii of the
circle whose center is O.

120. The distance from the center to the circumference
is, by the definition of a circle, the same for all points in the
same circle; hence, all radii are equal.

121. When any two radii, as O A4 and O E, Fig. 78, are
in the same straight line, they form a diameter. Hence, the
length of the diameter is twice the length of the radius.

122. An arc of a circle is any part of its circumference,
as D CB, Fig. 78.

123. An arc equal to one-half the circumference is a
semi-circumference; and an arc equal to one-fourth the
circumference is a quadrant.

124. A chord is a straight line, as B D, Fig. 78, joining
any two points in a circumference, or it is a line joining the
extremities of an arc.

125. The longest chord that can be drawn in a circle is
a chord that passes through the center and is, therefore, a
diameter.

126. An arc of a circle is said to be subtended by its
chord. Thus, the arc B CD, Fig. 78, is subtended by the
chord B D.

Every chord in a circle subtends two arcs. Thus, 8D
subtends both the arcs BCD and B A FE D.

When an arc and its chord are spoken of, the arc less than
a semi-circumference is meant, unless the contrary is stated.
The shorter arc is usually referred to by naming the letters
at its extremities; thus, the arc B C D is called the arc B D.

127. A segment of a circle is a part of the circle
enclosed by an arc and its chord. In Fig. 78, the part of
the circle between the chord A D and the arc BD is a
segment. '
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A segment equal to one-half the circle is a semicircle.

128. A sector of a circle is the space included between
an arc and the two radii drawn to the extremities of the arc.
In Fig. 78, the space included between the arc F £ and the
radii O F and O £ is a sector.

129. Two circles are equal when the radius or diameter
of one is equal to the radius or diameter of the other.

[/
4 130. A tangent to a circle is a

line that touches the circumference in
only one point. In Fig. 79, 4 B is
o0———E tangent to the circle whose center is O.
The point £ at which the tangent
touches the circumference is the ‘point
of contact, or point of tangency.

B
Fic. 79

131. Two circles are tangent
when they touch each other in
one point only, as in Fig. 80.
When two circles are tangent,
they are tangent to the same
straight line at the point of tan-

gency. F1c. 80

132. A secant, as the term is used in geometry, is a
line that intersects the circumference of a circle in two points.
In Fig. 79, C D is a secant to the circle whose center is O.

B
183. An inscribed angle is an
angle whose vertex lies on the circum-
ference of a circle, and whose sides are
a 0 chords. In Fig. 81, 4 B C is an inscribed
angle.
D
Fic. 81
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134. A central angle, or an angle
at the center, is an angle whose vertex
is at the center of a circle and whose sides
are radii. Thus, in Fig. 82, 408 is a
central angle.

Fio. 82

135. An inscribed polygon is a

¢ Polygon each of whose vertexes lies

on the circumference of a circle, as in

Fig. 83. The circle is said to be cir-
cumscribed about the polygon.

Fi6. 83

136. Aninscribed circle is a circle
whose circumference touches but .does
not intersect each of the sides of a poly-
gon, as in Fig. 84. The polygon is said
to be circumscribed about the circle.

Fio. 8

187. Concentric circles are circles
having the same center. See Fig. 85.

P1G. 86
138. Every diameter of a circle bisects e
the circle and its circumference. Thus, in v N

Fig. 86, both the arc and the portion of [ \
the circle on one side of the diameter 4 B !
are equal, respectively, to the arc and the ‘\ //’
portion of the circle on the other side. Seeee

116—4
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139. In the same circle, or equal circles, equal angles
at the center intercept equal arcs on the circumference.

Let O and O, Fig. 87, be equal circles, and 4 OB and A’ O’ B
equal angles. Place the circle ¢ on O so that the point O’
coincides with O and the
A 4’ _line O’ B’ takes the direc-
tion O B. ‘Then, since O B
and O’ B are equal, being
radii of equal circles, 5’
will fall on B, and, since
the angle O’ is equal to
the angle O, the line O A’
will take the direction
of O A, and, being equal
to O A, its extremity A’
will fall on A. Hence, the arcs A B and A’ B’ will coincide and
are equal.

’I

Fic. 87

140. In the same circle, or equal circles, equal arcs are
intercepted by equal angles at the center.

Let O and O, Fig. 87, be equal circles, and 4 B and A’ B equal
arcs. Place the circle O’ on the circle O, with the points (¥ and A4’
on O and A, respectively. Then, since the arc 4’8’ is equal to
the arc 4 B, B’ will fall on B. Then the angle (¥ is equal to the
angle O, as the vertex and the sides of the angles coincide.

141. In the same circle or equal circles, equal chords
subtend equal arcs.

Let A B and C D, Fig. 88, be equal chords. C X
Draw the radii 4 0, B O, CO, and D O, join- \
ing A, 8,C and D to O. Then the tri- /

angles 4 O B and CO D, having three sides

of one equal to three sides of the other, are
equal. Hence, the angle 4 O B is equal to
the angle C O D, and, therefore (Art. 139),
the arc 4 B is equal to the arc CD.

D

Fi1a. 88

142. In the same circle, or equal circles, equal arcs are
subtended by equal chords.

143. A perpendicular from the center of a circle to a
chord bisects the chord and the arc subtended by it.
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Let O M, Fig. 89, be drawn from O perpendic-
ular to the chord A B. Join O to A and B.
The triangle 4 O B is isosceles, since the two
sides O 4 and O B are radii of the same circle.
Therefore (Art. T7), AM = MB. Also, AOM
= MOB (Art. T7); therefore (Art. 139), 4 "
arc AC = arc CB. C

F1c. 89

144. The perpendiculér erected at the middle of a chord
passes through the center of the circle and bisects the arc
subtended by the chord.

145. Through any three points not in a straight line a
circumference can be passed.

Let A, B, and C, Fig. 90, be any three points.
Draw A B and B C. '~ At the middle point of 4 B
draw K A perpendicular to 4 B; at the middle
point of C B draw F E perpendicular to B C and
meeting KA at O. As O is a point in the
perpendiculars at the middle points of 4 B and
B C, it is equally distant from A, B, and C.
Therefore, a circle with O as center and O B as
F16. 90 radius will pass through 4, B, and C.

146. A straight line perpendicular to a radius at its

extremity is tangent to the circle.
A
Let A B, Fig. 91, be perpendicular to O H at ,
its extremity A. As OH is perpendicular
to A B it is shorter than any other line, as O M,
drawn from O to A B. Hence, M is without
the circle, and any point in 4 B other than A
is without the circle. Therefore, 4 B touches
the circle in only the point A, and is, conse- k
quently, tangent to the circle. B
Fi16.91

147. A perpendicular to a tangent at
the point of tangency passes through the center of the circle.

148. A tangent to a circle is perpendicular to the radius
drawn to the point of tangency.
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: ? ’149.. If two circles intersect, the line joining their cen-
~. ters bisects at right angles the line joining the points where

the gircles intersect.

) Let the two circles whose centers are
O and P, Fig. 92, intersect at A and 5.
The point P, being the center,of a circle,
is equally distant from A4 and B, points
on the circumference. Similarly, O is
equally distant from A and B. Hence,
by Art. 34, O and P determine the per-
. T - Fie.®2 pendicular bisecting 4 5.

-,
"‘1 50 - ~'The two tangents from a point to a circle are equal.

-'Let PA and P B, Fig. 93, be
ngents from P to the circle
ose center is 0. Draw O A4,
”w%’ OB. Then the triangles
PORB and PO A are right tri- &£
angles (Art. 148). In these tri-
angles, PO is common and O A
is equal to O B. Hence, the tri-
angles are equal, and PA = PB. Fic. 88

151. The line joining an external point to the center of
a circle bisects the angle made by the two tangents drawn
from the point to the circle. Thus, the angle OPA,
. Fig. 93, is equal to the angle OPBAB.

EXAMPLES FOR PRACTICE

1. Show that the line joining the intersection of two tangents to the
center of the circle bisects the chord joining the points of tangency.

2. Show that the bisector of the angle between two tangents passes
through the center of the circle.

3. Show that in the same circle, or egual
circles, equal chords are equally distant from
the center.

SvaGEesTION.—Draw O £ and O F. Fig. 94, perpendicular
to the equal chords 4 B and C.D. Then what {s true of the
triangles 4 £ O and DO F?

4. Show that the tangents to a circle at the
extremities of a diameter are parallel.

5. Show that in any circle a chord parallel
Fio. % to a tangent is bisected by the diameter drawn
to the point of contact.

o
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MEASUREMENT OF ANGLES (x4 B g;

152. The ratio of one quantity to another gt Yhe same (v
kind is the number of times that the first containsthe ‘T2
second. When both quantities are represented mbja_'é, :?

~ their ratio is the same as the quotient obtained bx,dlvﬁ-;:pg

one of the numbers by the other. "{:; —_— A

153. In the same circle, or equal circles, t e ': =]
angles have the same ratio as their intercepted arcs; that is =
in Fig. 95, angle 4 OB : angle COD =arc AP , :—:E

Suppose the arc 4 B to be three-fifths of the arc CD. e M , Era
into three equal parts, and CD into five equal parts, as shown, & | =
join the points of division with the center.

D= g, it follows
that one-third of 4 B is one-fifth of CD; that
is, arc 4 £ = arc D F, and, therefore, angle
AOE =angle DOF. We have, therefore,
angle A OB =3 X angle A O E, angle COD
=5 X angle DO F=5 X angle 4 O E; whence,
angle 408 _3X angle AOE _3_arc 48
angle COD 5Xangle AOE 5 arc CD’

Since A B : CD=3:5,orAB

154. Since the angle at the center and its intercepted arc
increase and decrease in the same ratio, it is said that an
angle at the center is measured by ils inlercepted arc.

155. The whole circumference of a circle is divided into
360 equal parts, called degrees. A degree is divided into 60
equal parts, called minutes; and a minute is divided

into 60 equal parts, called seconds.
Degrees, minutes, and seconds of arc are
used as units for measuring circular arcs.
Since the circumference of every circle
contains 360 degrees, the length of a
degree differs in different circles. Thus,
if 40B, Fig. 96, is an angle of 1°,
F10. 96

AR is an arc of 1° in the larger circle
and C D is also and arc of 1° in the smaller concentric circle.

A degree of the earth’s equator is a little more than 69 miles
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long; and a degree of the circumference of a circle whose
diameter is 360 inches is 3.1416 inches long.

Degrees, minutes, and seconds are indicated by °, /, ”.
Thus, 25° 3’ 10" means 25 degrees, 3 minutes, and 10 seconds.

Since a right angle intercepts one quarter of a circum--
ference, the number of degrees measuring it is 360 = 4
= 90°. The number of degrees measuring an angle equal
to one-half of a right angle is 90° + 2 = 45°,

Usually, the magnitude of an angle is expressed by stating
the number of degrees that it subtends. Thus, a right angle
is referred to as an angle of 90°; one-third of a right angle,
as an angle of 30°, etc.

156. An inscribed angle is measured by one-half the
intercepted arc. Thus, in Fig. 97, the angle 4 B C is meas-
ured by one-half the arc 4 D C.

Draw the diameter 20 D and the radii OC and OA4. The
angle CO D, the exterior angle of the tri-
angle O @ C, is equal to the angle O B C plus
the angle D CB. But the angle O C B'is equal
to the angle O B C, as they are opposite the
equal sides of an isosceles triangle. Hence, the
angle C O D, which is measured by the arc C D,
is equal to 2X OB C. Therefore, OBC is
measured by one-half the arc C/D. Similarly,
the angle O B A is measured by one-half the
arc A D. Therefore, the angle 4 B C is meas-
ured by one-half the arc 4 D plus one-half the
arc D C; that is, by one-half the arc 4 C.

1
[}

]
[}
]
[

D

Fi6. 97

157. Inthe same circle, or equal
circles, equal arcs are intercepted by
equal inscribed angles.

158. All angles inscribed in the ) B
same segment are equal.

159. Any angle inscribed in a
semicircle is a right angle.

The angle 4 C B, Fig. 98, is measured
by one-half the arc 4 D B, which is a semi-

circumference. As a semi-circumference contains 180°, the angle 4 C8
is measured by one-half of 180°, or 90°, and is, therefore, a right angle.

D
Fio. 98
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160. The vertexes of all the angles of a given magni-
tude whose sides pass through two fixed points, lie on a
circle that passes through the two fixed points and any one
of the vertexes.

In Fig. 99, let 4 PB be an angle of the given magnitude and A4
and B the fixed points. Through -
A, B, and P, pass a circle. Now,
any angle, as A P,B or AP, B,
whose sides pass through 4 and B
and whose vertex lies on the arc
A PRB is (Art. 158) equal to the
given angle 4 PB.

Again, any angle, as A P' B,
whose sides pass through A4 and
B and whose vertex lies without
the arc A PB is less than the
angle A PB. For if APis pro-
duced to meet B P at Q, the
angle 4 P B being an exterior angle
of the triangle B PQ, is equal to N
PQB+ PB(Q and is therefore el
greater than PQ B, and, as PQ R Fio. 99
is greater than 4 P’ B (since PQB = A P' B + Q A P'), it follows that
A P B is greater than 4 /' B.

In like manner it can be shown that any angle, as 4 P’ B, whose
sides pass through 4 and 2B and whose vertex lies within the arc 4 P B,
is greater than the given angle 4 PB.

161. An angle formed by a tangent, as 7 M, Fig. 100,
A and a chord, as 772, is measured by
one-half the intercepted arc 7 £ P.

Draw the diameter 70.A. Then M T A
is a right angle and is, therefore, measured
by one-half the semi-circumference 7K P A.
The angle PT A is measured by one-half
the arc P A. Hence, the angle M T P,
N +# M equal to M 7T A minus P 7 A, is measured
by one-half the difference between the semi-
circumference and P A; that is, by one-

-
-
-

S m———— e

FiG. 100
half the arc 7 £ P.
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EXAMPLES FOR PRACTICE

C 1. Prove that the angle B PA4, Fig. 101,
o formed by two secants intersecting without the
circumference is measured by one-half the dif-
ference of the intercepted arcs 4 8 and C.D;
that is, by $ (4 B — CD).
SUGGESTION.~Join C and B. Then angle BCA is an

exterior angle of the triangle B C P, ltld ungle BPC is
equal to angle 4 C8 minus angle DB C.

B
Fie. 101

2. Show that the angle A PB, T
Fig. 102, formed by two tangents P7° Py
and P 7' is measured by one-half the
difference of the intercepted arcs 7Q 77
and TR T,

SuGGESTION.—Join T and 7/. Then AT T/
is an exterior angle of trian?le T T’ P, while
ATT'and PT' Tare angles formed by a tan-
gent and a chord.

Q
Fia. 102

162. The angle of intersection of two tangents is
the angle formed by one tangent with the prolongation of the
other tangent. Thus, the angle A P 77,
Fig. 103, is the angle of intersection of
the two tangents 7P and P 7”.

163. The angle of intersection of two
tangents is equal to the central angle
whose sides pass through the points of
tangency.

In Fig. 103, join 777”. Then, theangle A P 7Y
is equal to the sum of the equal angles P 777

Fio. 103 and P7T’ T. But each of these angles is made by
a tangent and a chord and is, therefore, measured by one-half of the
arc 7S 77. Hence, the angle A P 7’ is measured by the arc 77S 77.
The central angle O is also measured by this arc; therefore, the
angle O is equal to the angle A P77,

164. The opposite angles of an inscribed quadrilateral
are supplementary; that is, their sum is equal to two right
angles or 180°.
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In Fig. 104, the angle B is measured by one-half the arc 4 D C, and
the opposite angle D is measured by one- D
half the arc A BC. The sum of the
arcs A DC and A B Cis a circumference,
or 360°. Hence, the sum of the angles
A D C and A4 B C is measured by one-half
of 360°, or 180°. C

165. If the opposite angles of a
quadrilateral are supplementary, the
quadrilateral can be inscribed in a
circle. Fie. 104

ExaMPLE 1.—What is the number of degrees in each angle of an
equilateral triangle?

SOLUTION.—The sum of the three angles of the triangle is two right
angles, or 180°. Since the three angles are equal, each angle is one-

0
third of 180°, or 1?— = 60°. Ans.

ExaMPLE 2.—The unequal angle of an isosceles triangle is
75° 32’ 10”; what is the magnitude of each of the equal angles?

SoruTtioN.—Since the sum of the three angles is 180°, the sum of the
two equal angles is 180° minus the other angle, or*180° — 75° 32 10/
= 104° 27’ 50", and each of them is one-half of this sum, or
(104° 27/ 50”) + 2 = 52° 13’ 65”. Aaus.

ExaMPLE 3.—The exterior angle of a triangle is 124° 3’ 40/, and
one of the opposite-interior angles is 60°; find the other two angles of
the triangle.

SoLuTtioN.—Let the given exterior angle be denoted by A4, the given
interior angle by 2, the other opposite-interior angle by C, and the
third angle of the triangle by 4’. (Let the student draw the triangle
and mark these angles.) Then, 4 = B+ C;, whence, C = 4 - B
= 124°3 40" — 60° = 64°3' 40. Ans. Also, A + A’ = 180°; whence,
A = 180° — 4 = 180° — 124° 3’ 40/’ = 55° 56/ 20””. Ans.

EXAMPLES FOR PRACTICE

1. Show that the only parallelogram that can be inscribed in a
r circle is a rectangle.

2. Show that if from a point 4, Fig. 105,
on the arc of a circle a chord 4 B and a
tangent 4 7" are drawn, the perpendiculars
D C and D E drawn to them from the mid-
dle point D of the subtended arc are equal.
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3. The angle of intersection of two tangents is 100°; find the num-
ber of degrees in each angle formed by the tangents and the chord
through the points of contact. Ans. 50°

4. One of the acute angles of a right triangle is 50°; what is the
magnitude of the other acute angle? Ans. 40°

5. Each of the equal angles of an isosceles triangle is 45°; show
that the triangle is right-angled. .

6. Two angles of a triangle are 37° 41° 33" and 86° 51’ 2”; what is
the value of the other angle? Ans. 55° 27 22/



GEOMETRY

(PART 2)

PROPORTION

DEFINITIONS AiWD GENERAL PRINCIPLES
1. A proportion is an equality of ratios or of fractions.

Thus, the fractions % and %, being equal, form a proportion.

In general, if i; is equal to 5, these two ratios or fractions

form a proportion, which may be written in any of the fol-
c

lowing forms: % = a:b=c:d a:b:c:d When writ-
ten in either of the last two forms, the proportion is read
a is to b as ¢ is to d.

2. Properties of Proportions.—The first and the fourth
term of a proportion are called the extremes; the second
and the third, the means. Thus, in the ,proportion a:é
= ¢ : d, the extremes are a and d, and the means, 4 and ¢.

3. If any four quantities are in proportion, the product
of the extremes is equal to the product of the means. This
principle follows at once from the definition of a proportion,
as will be explained presently. If a, b, ¢, and 4, are in pro-
portion, then, by the definition,

a_¢
a_¢ 1
3= 2 (1)

This equation may be treated the same as any other

algebraic equation. Both members of the equation may be

COPYRIOHTED BY INTERNATIONAL TEXTBOOK COMPANY. ENTERED AT STATIONERS® HALL, LONDON
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multiplied or divided by the same quantity, or the same
quantity may be added to or subtracted from both members,
and the proportion may thus be changed to a great number
of forms without destroying the equality of the ratios.
Different names are applied to these changes, some of the
most common of which are given in the following articles.

In order to show that the product of the means is equal to
the product of the extremes, multiply both .members of
equation (1) by &d to clear of fractions; the equation then
becomes

ad=bc (2)

4., 1t is evident that if two fractions are equal, their
reciprocals are also equal. If E = f_i' then g = :—1; that is, if
a:b=c:d wehavealsob:a =4d:c.

Taking the reciprocal of a fraction is called inverting
the fraction. The operation of inverting the two fractions
of a proportion is called inversion.

5. If both members of equation (2), Art. 3, are divided

by cd, there results
a

c =g,ora:c=b:d

Or, if both members of equation (2) are divided by ba,

the result is
‘—i= f,ord:b =c:a
b a
Therefore, either the means or the extremes of a proportion

can be interchanged. This operation is called alternation.

6. If1 is added to each member of equation (1), Art. 3,
the equation becomes

a c
~“4+1==+1
b + d +
Reducing each member to an improper fraction,
a:b=‘%‘i,ora+b:b=c+d:d (1)

In a similar manner it can be shown that
a+b:a=c+d:.c (2)
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The proportions (1) and (2) are said to be derived from
the original proportion by composition.

7. 1f1 is subtracted from each member of equation (1),
Art. 3, the equation becomes

a (4
2_1=°%_1
b d

. Reducing each member to an improper fraction,
“;’=‘;{ma—m5=c-wd (1)
In a similar manner it can be shown that
a—b:a=c—d:c (2)
The proportions (1) and (2) are said to be derived from
the original proportion by division.

LINES DIVIDED PROPORTIONALLY

8. Two straight lines are divided proportionally when
the corresponding segments or parts are in proportion; or
when the ratio of the E
two segments of one
is the same as the
ratio of the two seg-
ments of the other. gr », —D
Thus, the lines 4 B Fie.1
and CD, Fig. 1, are divided proportionally in the points £
and Fif AE:EB = CF: FD.

9. A line parallel to one of the sides of a triangle divides
the other two sides proportionally. Thus, in Fig. 2, where
DE is parallel to BC,L AD:DB

=AE:.EC
Suppose that the ratio of 4 D to DB is
. AD _ 3 ..
as 3 to 2; that is, let B=7% Divide

A B into five equal parts, and through the
points of division draw lines parallel to B C.
These lines will intercept equal distances
on A C (see Geomelry, Part 1),

As the ratio of A D to D B is that of 3 to 2, 4 D will contain three,
and D B will contain two, of the equal parts into which A4 B is divided.

(/)

Fi16.2
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Also, A E will contain three and £ C two of the equal parts into which
A E is divided; sothat A £ = 3 X A G, and EC = 2 X A G; whence

AE _3XAG _3_AD
EC 2XAG 2 DB
or, AE:EC=AD:DB
10. Any two sides of a triangle are to each other as the
segments into which they are divided by any line parallel to
the third side. Thus, in Fig. 2, AB: AC = AD:AE
= DB:EC
From the preceding article, we have
AD:DB=AE::EC
whence (Art. 6),
AD+DB:DB=AE+EC:EC -
that is, AB:DB=AC:EC
and, interchanging the means (Art. 5),
AB:AC=DB:EC
In the same manner it may be shown that
AB:AC=AD:AE

11. If a line divides two sides of a triangle proportion-
ally, it is parallel to the third side. Thus, if D £, Fig. 3,
divides 48 and AC sothat AD: DB = AE: EC, then
D E is parallel to B C.

If D E were not parallel to B C, a line D £’ could be drawn through
D parallel to BC. Then, by Art. 9, we

AD _ AFE :
should ha\.re PE=E O whence, since
AD AE
we have assumed that PB=EC
dE A&
EC  FEC

c By interchanging the means of this pro-

Fic. 3 portion, we obtain
AE _EC
AE T EC

This equality is evidently absurd, since 4 £ is greater than A4 £/,
whereas £ C is less than £/ C. Therefore, no other line than D £ can
pass through 0 and be parallel to B C.

ExampLE 1.—Find the length of the line 4 B, Fig. 4, of which the
end B is inaccessible.
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SorLuTioN.—There are several ways of solving this problem in
practice. The one illustrated in the figure is as follows: Any con-
venient distance A4 C is measured and the angle C observed with a
transit or compass. From C, a distance C £ is measured, and at £ an
angle 4 £ D equal to C is ‘turned off, The point D where the line
of sight £ meets 4 B i ‘marked, dnd the dis-
tances A D and A E' are measured. Then,
since 4 £ D equals C, the lines £ and CAB
are parallel (see Geomelry, Part 1) and, there-
fore (Art. 9), ..

" AB:AC=AD:AE
whence (Art. 3),

ABXAE=ACXAD
and, dividing by 4 £,

ACXAD
AE - Avs F1o. 4

AB =

ExaMpLE 2.—Divide a line 4 B, Fig. 1, of given length into two
parts A £ and £ B whose ratio shall be the same as that of two given
numbers m and #; thatis, sothat 4 £ : EB = m:n.

SoLuTiOoN.—Since A £ : EB = m : n, we must have (Art. 8),

AE+EB_m+n AB/ m+n

EB =" '°"EZB n '
whence, solving for £ B, )
EB=”—>—<AB. Ans
m+n

A E can be found in a similar manner, or b'y subtracting the
value of £ 8 from A B.

EXAMPLES FOR PRACTICE

1. If the measured distances in Fig. 4 are 4 C = 100, feet, A £
= 45.2 feet, 4 D = 48.36 feet, what are the distances 4 B and D B?
Aus. A B=108.99 ft.

D B= 058.63 ft.

2. If, in Fig. 3, A D = 75 feet, D B = 16.25 feet, and A C
= 80 feet, find A £ and £ C. Ans {AE = 65.75 ft.
‘\E C = 14.25 ft.

3. 1f AB, Fig. 1,is eqilal to 125 feet, find the distances 4 £ and
E B so that the line will be divided at £ in the ratio of 5 to 2.

AE = 89.286 ft.
~ Aus.{Z % 3574 11,
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12. If two lines, as 4 B and C D, Fig. 5, are cut by any
number of parallel lines, as £ M, G N, / O, etc., the corre-

sponding intercepts

are proportional; that is, £G: G/

=MN:NO; G/:IK = NO: OP, or, by interchanging
themeans, £EG . MN = G/: NO = [K: OP, etc.

A o Through £, draw £ Fparallel to C D.
E o Then, EH =MN, H/=NO, JL
o/m e = OP. (See Geometry, Partl.) Also,
AT o by Arts. 9 and 10,
\
x/ L \P _EA’=EG=GI_IIf
Yy X EL EH HJ JL
/ \» \ that is,
z Pro.s ut EK_EG _GI _IK
1o MP~ MN = NO~ OP
or, EK-MP=EG:-MN=G/:NO=IK:0P

13. In any triangle 4 B C, Fig. 6, the bisector B D of an

angle divides the side opposite proportionally to the inclu-
ding sides; thatis, 4B : BC = AD:DC.

Draw C £ parallel to B /) and meeting A4 B produced in £. Then, in
the triangle 4 /2 C, by Art. 9,

AB.:BE=AD:DC (1)

The angles DBC
and M, being alternate-
interior angles, are equal;
that is, #/ = 4 B. The
angles D B A and £,
being exterior-interior
angles, are equal; that
is, /2 = } B. Therefore,
V= M andBE = BC.
(See Geomelry, Part 1.)

B
(29
\ S~
\ Y
[} “\B
[}
\
\ B
\ear,
\
1
o D 4
FiGc. 6

Substituting, in equation (1), B C for its equal B E,
AB:BC=AD:DC
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POLYGONS

SIMILAR POLYGONS

SIMILAR TRIANGLES

14. Similar polygons are those whose corresponding
angles are equal and whose corresponding sides are pro-
portional.

In order that two polygons may be similar, it is manifestly
necessary that each angle of the one shall be equal to the
corresponding angle of the other. But this is not sufficient;
the corresponding sides must be proportional. For example,

Dl
D
ol
o
4 B 4 B’
DD
7
A" B”
F16.17

the quadrilaterals 4 B CD and A’ B’ C I, Fig. 7, have their
corresponding angles equal, but they are not similar, because
their corresponding sides are not proportional. The quadri-
laterals 4 B CD and A” B ' D' have their corresponding
angles equal and their corresponding sides proportional,
and are, therefore, similar.

115—8
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The corresponding sides of similar polygons are called
homologous sides.

15. Two triangles are similar when the angles of one
are equal to the angles of the other.

In Fig. 8, let the angles of the triangle 4 B C be equal, respectively,
A4 a’ to those of the triangle A’ B’ C'.
Place the triangle 4’ B’ C' upon
A B C, so that the angle A’
will coincide with its equal A.
Then B’ will fall along 48
and C’along A4 C,as at B” and
C", respectively, and B’ C’ will
take the position B” C”. The
angle B”, which is equal to &,
is equal to 2, and the angle C”,
B c which is equal to (7, is equal
Fio.8 to C; hence, B"” C" is parallel

to B C (see Geometry, Part 1). Then, by Art. 10,

AB:AB"'"=AC:AC"

Substituting A’ B’ and A’ C’' for their respective equals A B
and 4 C”,

B c” B’ vl

AB:AB =AC:AC
In like manner, ft can be proved that
AB:AB =BC:BC
Therefore, the triangles, having their angles equal and their corre-
sponding sides proportional, are similar.
16. Two triangles are similar when two angles of the
one are equal respectively to two angles of the other.

17. Two right triangles are similar when an acute angle
of one is equal to an acute angle of the other.

18. A triangle is similar to any triangle formed by a line
parallel to one of its sides and the segments it intercepts on
the other two sides oi the other two sides prolonged.

19. Two triangles are similar when the three sides of
one are either parallel or perpendicular to the three sides of
the other.

20. Two triangles are similar when their corresponding
sides are proportional.

In Fig. 9, AB: AB =AC:AC = BC:8C
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On A B, lay off A D equal A 4’
to A’ B'; on AC, lay of A E
equal to 4’ C, and join DE.
Then, since AB:AD=AC
: AE, DE is parallel to BC.
Hence, by Art. 18, triangles
ABC and ADE are simi-
lar, and, consequently, tri- p E B’ c’
angles A B C and A' B/ C are
similar if it can be shown that B g
DE =B C. Now, F16.9

AB:AD =BC:DE,orAB:A'B = BC:DE
But, . AB:AB =BC:BC
The last two proportions are the same, term for term, excepting the last

term; hence, D £ is equal to B C’, and the triangles A D £ and A’ B’ C’
are equal. Therefore, the triangles 4 B C and A4’ B’ C’ are similar.

21. Two triangles are similar when an angle of the one
is equal to an angle of the other and the including sides are
proportional.

22. In two similar triangles, corresponding altitudes
have the same ratio as any two corresponding sides.

Let CD and C 2, Fig. 10, be the corresponding altitudes of the
P two similar triangles 4 8C
and A’ B’ C'. The right
triangles 4 CDand 4A'C' Y,
having angle A4 equal to the
o angle A’, are similar; hence,
CD:C'D =AC:A'C
But, since the triangles
A B Cand A’ B’ C! are sim-
ilar,
A D B A7 B AC:A'C'=AB: A B
Fic. 10 =BC:BC(C

Therefore,
CD:C'D=AC:A'C'=AB:AB =BC:BC
23. As stated in Art. 14, two polygons are similar when
their corresponding angles are equal and their correspond-
ing sides are proportional. . It has now been shown that, in
triangles, either of these conditions includes the other. This
could have been expected from the fact that either the three
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angles or the three sides of a triangle fix its shape. This is
not true of a polygon of more than three sides, as the angles
can be changed without altering the sides, or the proportions
of the sides can be changed without altering the angles.

ExXAMPLE 1.—In the triangles 4 B C and A4’ B’ C’, Fig. 11, angle
A = angle A/, angle B = angle B, and angle C = angle (', and the

B d
o —— e — T —
Frc. 11

sides BC, CA, A B, and B’ C’ have the dimensions that are marked

on them; find the lengths of the sides ' 4’ and A’ B'.
SoLuTION.—Since the two triangles are equiangular, they are similar,

and hence the value of A4’ B’ and that of A’ C’ are conveniently found

as follows:
2.75:242 =25: A B

whence AB = &4—22.;‘52;5 =22in. Ans.

2.75:2.09 =25: 4 C

whence =~ =19in. Ans.

ExampLE 2.—In Fig.
12, C D is perpendicular
to AC and is 170 feet
long; D B is 60 feet; and
B E, perpendicular to
B D, is 55 feet long; find
the distance 4 C.

SoruTtioN.—The right
triangles A4 CD and
D B E have the angles

v
B'._;o—" ADC and B DE equal;
T hence, they are similar,
H and
1 AC:CD = BE:BD,

Pic. 12 or AC:170 = 55 :60
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whence, 7«
1
170 X 55 [N
60

AC = = 155.83 ft. Ans. I,' \
]
!

from a triangular plate 4 B C,
Fig. 13, having the dimensions shown,
a trapezoidal plate B D E C whose
upper base D £ shall be 6 inches; find
the distances 4 D and A4 E that must
be cut off.

SoLuTION.—The similar triangles Bl'———lo’uﬂ—'lc

]

ExamMPLE 3.—It is required to cut !
TN

N

A D E and A4 B C give, F16. 13
AD _DE, ABXDE _125X86 .
Z_E__B.C__'Apa 50 10 = 7.5 1n. Ans.
AE_DE'AE=ACXDE_= 15X 6 = 9in. Augs.

AC  BC BC 10
ExaMpLE 4.—In order to measure the height £ /A of a pier 4, PQ R,
Fig. 14, whose base and top are, respectively, 22 feet and 12 feet
square and whose sides all have the same inclination, a transit was set
at a point O distant 250 feet from the side A4, of the pier; that is, so that
OM, = 250 feet. A, B, was a rod on which the horizontal line of
sight O M, intercepted a distance 4, M, = 4.5 feet. The same rod was

r
ab— 18— 0
/’/
”/
//
~ -~
B /" B,
"
0. ’i - M, K

A A H J

Fic. 4

held at a distance OM = 20 feet from the instrument, and the
height .4 A above the ground noted. Then the telescope of the tran-
sit was directed to the top X of the pier, and, with the rod still held at 4,
the height 4 N was read on the rod. By subtracting 4 M from A N,
the distance M N intercepted between the lines O M, and O R was
found to be 6 feet. What was the height R AH?
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SoLuTioN.—The inclination of 4, R and that of £ Q being equal,
we have, 4, H = JP,and HJ = R (Q = 12 ft. Now,

AP=AH+HI+IP =24 H+12
A P-12  22-12

whence, AH =~ g =g = 5 ft.
The similar triangles O ## N and O K’ R give
oM _ OK KR = OKXMN
MN ~— KR - oM .
_(OM +MK)XMN _ (OM,+ A H)XMN
oM - oM
(250 +5) X 6 _ 255X 6 _
= 20 =" 76.5 ft.
Finally,

RH=RK+KH=RK+M A, =175+45 = 81 ft. Ans.

EXAMPLES FOR PRACTICE

|

E 1. In Fig. 15, the lines
i of sight OPand OQof a
! transit intercept on a rod
| distances, 4 B = 2 feet
\ and 4, B, = 4.75 feet; if
§ the distance O A is 100
'\ feet, what is the distance

|
_______ Ja_____l] A4 ip
0 A, Ans. 237.5 ft.
%)«1?”7 B SRR I LA v 5701 o \

Fi16. 15

2. In order to find the stress in the member B /), Fig. 16, by the
method of moments, it is necessary to find the distance 2 O from Dto

the point of intersection O of 0 .4 and C B, both produced; the dimen-
sions being as shown, what is that distance? Ans, D O = 80 ft,
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3. A BCD, Fig. 17, is a trapezoid whose non-parallel sides pro-

duced meet at O; the line A N is parallel o

to the bases 4 D and B C,; the dimensions

of AD, BC,BM, and M A being as /

shown, find O B and &/ N.

Ans {03 = 3151t / o\
\M N = 85.714 ft. s& 75 \C
4. In a triangle 4 B C, side A B NH

= 32 feet, B C = 34 feet, and 4 C = 48 feet; 100’

if side A’ B of a similar triangle A’ B/’ is 4 D

72 feet long, what are the lengths of the Fro. 17

other two sides? Ans {A’ C’ = 108 ft.
| B C = 76.5 ft.

5. The base of a right triangle is 24 inches, and its altitude 72 inches;
at what distance from the top is the triangle 16 inches wide?
Ans. 48 in.

IMPORTANT CONSEQUENCES OF THE THEORY OF
SIMILAR TRIANGLES

24. When the first of three quantities is to the second
as the second is to the third, the three quantities are in
continued proportion; the second is a mean propor-
tional between the first and third; and the third is a third
proportional to the first and second. Thus,ifa: 46 = 6% ¢,
the three quantities a, 4, and ¢ are in continued: proportion;’
b is a mean proportional between a and ¢; and ¢ is a third
proportional to a and 4. '

25. In a right triangle, as 4 B C, Fig. 18, the per-
pendicular CD drawn from the vertex of the right angle
to the hypotenuse, divides the triangle into two triangles
A CD and CD B that are similar to the whole triangle and
to each other.

c The right triangles 4 BC and 4 CD

. are similar, by Art. 17, as the angle 4

is common. Also, the triangles 4 B C

and C B D, having angle 2 in common,

are similar. Again, the triangles 4 CD

4 D B and CB D, being each similar to 4 B C,
F1G. 18 are similar to each other.

26. In a right triangle, the perpendicular to the hypote-
nuse from the vertex of the right angle is a mean
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NS
opbnfonal between the two parts or segments into
< whidhit dlvtdes the hypotenuse; that is, Fig. 18, 4 D:C D
)

¥ CD:DB
"7 As the tr}angles BCD and A4 BC are similar, and the angle 5

"is common,.the’angle B C D must equal the angle A4, and similarly,
~--the angle 4 C 2 must equal the angle B. The triangles 4 CD and .
BC D-’tre similar, hence the sides opposite equal angles are in
propomon, that is,

A D*(cn opposite 4 CD) C D (side opposite A4)

" S

i

; { Clﬂ ide opposite B) D B (side opposite B C D)
A "'B 5‘?.‘7' AD:CD=CD:DB
‘: m me.; side 4 C, Fig. 18, is a mean proportional

Y,

By n the whole hypotenuse and the segment 4 D on the
samesside of CD as the side AC; that is, AB: AC= AC
:Ay Similarly, AB: BC = BC: BD.

)
"The triangles 4 B C and 4 C D are similar, hence the sides oppo-
site equal angles are proportional; that is,

A B (opposite right angle) __A__C (opposite B)
A C (opposite right angle) A D (opposite 4 C D)
Or, AB:AC=AC:AD

ExAMPLE 1.—In the right triangle 4 B C, Fig. 19, find the length
of the perpendicular CD.

SoLuTiON.—The perpendicular is a mean

proportional between the parts A4 2 and

D B into which it divides the hypotenuse;

therefore,
64:CD=CD:36

g S—y —«{»—a =)B whence, D' =64x36
Fi6.19 and CD = V6.4 X 3.6 = 4.8 in. Ans.
ExaMPLE 2.—Find the length of the sides of the right triangle 4 BC,
Fig. 20, in which CD is the perpendicular c
from the vertex of the right angle to the
hypotenuse.
SoLuTiON.—The hypotenuse is 7.2 in.
+4.9in. = 12.1 in. The side C B is a mean 4 B
24 —4.9-

proportional between the hypotenuse 4 B
and the part D B; therefore,

121:CB = CB:4.9
CB =121x4.9
B =+121X4.9 = 7.7in. Ans.

Fic. 20
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The leg A C is a mean proportional between 4 B and 4

AB:AC=AC:AD =3
AC=NABXAD =

= W121X 7.2 = 9.34 in. AnsE

28. Since an angle inscribed in a semm%l
angle, it follows from Arts. 26 and 27, that:

(a) A perpendicular CD, Fig. 21, drawn f% a
on the circumference of a circle to a
diameter A4 B, is a mean proportional
between the segments into which it
divides the diameter; that is,

AD:CD=CD:DB

(6) A chord C A drawn from a point
in a circumference to the end of a diam-
eter is a mean proportional between the
whole diameter and the adjacent segment 4 D; that is,

AB:4C=AC:AD

29. If from a point without a circle, a tangent and a
secant are drawn, the tangent is a mean proportional
between the whole secant and the
exterior segment; that is, in Fig. 22,
PB:PT=PT:PA.

In the triangles B P 7 and A P7, the
angle /7 is common. The angle B, an
inscribed angle, and the angle 27 4, an
angle formed by a tangent and a chord,
are equal, since each is measured by one-

half the same arc 4 7. Hence, the tri-
angles are similar by Art. 16, and

PB (opposite angle P7°B) _  PT (opposite angle B)
PT (opposite angle PAT) = P4 (opposite angle P 7°4)
PT = PBXPA
PT = NPBXPA

NATINAL

'gaa
A, *

3

P
THXTBOOK

4

%

B2t

Fic. 22

30. If from a point without a circle any two secants are
drawn, the product of one secant and its external segment is
equal to the product of the other secant and its external
segment.
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E S P
D

In Fig. 23, PB and PC are secants. Draw
the tangent 7. Then, from Art. 29,
PT ' =PAXPB
and PT' = PCx PD
hence, PAXPB = PCXPD

Fi10.28

31. If any two chords be drawn through a point within a
circle, the product of the segments of one is equal to the
product of the segments of the other.

In Fig. 24, the angies D and B, being meas- o
ured by one-half the arc 4 C, are equal. The A
angles B PC and D P A, being vertical angles, B

are equal. Hence, by Art. 16, the triangles 4
CB Pand A D P are similar. Therefore,

42 _PD
cCP=PB
and APXPB=CPXPD Fic. 24

EXAMPLES FOR PRACTICE

1. The perpendicular from the vertex of the right angle of a right
triangle divides the hypotenuse into parts of 23.04 inches and
1.96 inches. Find: (@) the length of the perpendicular; (4) the length

of the two sides of the triangle. (@) 6.72 in.
Ans.{ (5} 24'in. and 7 in.

2. If, in Fig. 22, the distance C P of the point P from the center of
the circle is 65 feet, and the radius C R is 25 feet, what is the length
of the tangent P 7°? . Ans. 60 ft.

3. The chord of the arc of a segment is 14 inches long and the
height of the segment is 2 inches; what is the radius? Ans. 134 in.

OTHER SIMILAR POLYGONS
32. Two polygons are similar when they are composed
of the same number of triangles similar each to each and
similarly placed.

Thus, in Fig. 25, the polygons 4 BCDE and A'B' C' ) E' are
composed of the same number of similar triangles similarly placed.
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Since the triangle 4 £ D is similar to the triangle 4’ £’ IV, angle E
= angle £’ and angle A D E = angle A’ D' E'. Also, in the similar
triangles 4 D C and D
A'DC, angle ADC
= angle A' D' C'. c
Hence, the sum of the D'
angles 4 DE and » c’
A D C, or the angle
E DC, is equal to the E{
sum of the angles B
A'DE and A' D' C, B’
or the angle £/ D' C'. ’
In like manner, angle 4 A’
DCB = angle D' C' B, Fio. 25 o
angle B = angle 5, and angle B A E = angle B’ A’ E'. Since the
triangles are similar, .
ED:ED =AD:ADand AD:AD =DC:DC

hence, ED:EFFD=DC:DC

In like manner, ‘

DC:DC' =CB:C'B=BA:B A =AFE:AF

Therefore, as the angles of the one polygon are equal to the corre-
sponding angles of the other and the sides of the one polygon are pro-
portional to the sides of the other, the polygons are similar.

33. Two similar polygons can be divided into the same
number of similar triangles similarly placed.

34. The perimeters of two similar polygons are in the
same ratio as any two homologous sides.

In Fig. 25, let P be the perimeter of the polygon 4 BCD E, and P
the perimeter of the polygon A’ B’ C' [’ E'. Since the polygons are
similar

AE _ED _DC _ CB _ BA 1)
AE ED DC CB BA
Let each of these equal ratios be denoted by &; that is, let

AE ED DC CB B A

a6~ ®pp-Rpo=-Rop=Fa

From these equations we obtain,

AE=RXAE ,ED=RXED,DC=RXDC,

CB=RXCB,BA=RXBA

Adding the sides of these equalities,

AE+ED+DC+CB+BA4
RXAE +RXED+RXDCH+RXCB+RXBA
R(AE+ED+DC +C B +BA4)

= R.
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AE+ED+DC+CB+BA4
whence A/E/+EID+D’C’-+C’B’+B'A'=R
AE ED DC

But R=ge =FD = D0t
threforé £—-AE=ED—DC t
e J P A ~FD =~ DCr "™

35. Equation (1) of the preceding article is a series of
equal ratios, of which the numerators are the antecedents
and the denominators the consequents. The general truth
was shown in that article, that in a series of equal ratios the
sum of the antecedents is to the sum of the consequents as
any antecedent is to its consequent.

AREAS OF POLYGONS

36. Definitions.—The area of a surface is the super-
ficial space included within its boundary lines. Area is
expressed by the ratio of the surface to a surface of fixed
value chosen as a unit and called the unit of area.

37. A square whose side is equal in length to the unit of
length is usually taken as the unit of area, and its area is
called the square unit. For example, if the unit of length
is 1 inch, the unit of area, or square inch, is the square whose
sides measure 1 inch, and the area of any surface is expressed
by the number of square inches that the surface contains.
If the unit of length were 1 foot, the unit of area would
measure 1 foot on each side, and the area of the surface
would be expressed in square feet. Square inch and square
foot are abbreviated to sq. in. and sq. ft., respectively, and
are often indicated by the symbols (0 and O’.

38. Two surfaces are equivalent when their areas are
equal.

39. Comparison of the Areas of T'wo Rectangles.
The areas of two rectangles 4 BCD and A’ B’ C' D/, Fig. 26,
having equal altitudes are to each other as their bases; that
is,area A BCD:area A’ B C'D' = AB: A B.

Suppose that 4’ B’ is four-fifthsof A B,orthat 4 B: A’ B =5 .4.
Divide 4 B into five equal parts 4 £, E F, etc., and A’ B into four
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equal parts A’ £/, E' F', etc. It is evident that A’ E' = A4 E, for,
since A4 B is to A’ B’ in the ratio of 5 to 4, any quantity, as 4 £, that
is contained five times in 4 B must be contained four times in A’ 5.
Through the points of division £, F, £/, F/, etc., draw perpendiculars

D—r— 0 Dr— <

\ \ !

P !

: | ]

o '

b !

P | ,
A—F 7> B A7 B

Fi16.28

to A B and A’ B. Each large rectangle is thus divided into small
rectangles, all of which are equal. As 4 B CD contains five, and
A’ B’ C' D contains four, of the small rectangles, the ratio of the two
large rectangles is that of 5 to 4, which is also the ratio of their bases.

40. Since any of the sides of a rectangle can be consid-
ered as the base, it follows that the area of two rectangles
having equal bases are to each other as their altitudes.

41. The areas of any two rectangles are to each other as
the products of their bases by their altitudes.

'} A a o
@’ B
. ’l .I
F16. 27

Let A and B, Fig. 27, be two rectangles whose altitudes are g and a’
and whose bases are 4 and #, respectively. Construct a rectangle C
with an altitude @ and a base 4’. Then, by Arts. 39 and 40,

A:C=b:¥ (1)
and C:B=a:a 2
Multiplying equation (1) by equation (2),
AC:BC=ab:ad¥ 3)
Dividing the terms of the first member of equation (3) by C,
A:B=ab:ad¥
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42, Area of a Rectangle.—The area of a rectangle is
equal to its base multiplied by its altitude; that is, in Fig. 28, ‘
A=5bh. .

Construct a unit ‘
square a. Then (Art.
41),
A:a=kXb:1X1;
a A hXbd
o, @ T 1x1
1 But aisa unit square,
and its area is therefore
4 Fio. 28 equal to 1; hence,
A=0bhk

43. AreaofaTriangle.—The 4

area of a right triangle is equal to

one-half the product of the two ]i
!
!

legs of the triangle; that is, in e
Fig.29,area ABC = %ab.
For the triangle 4 B C is one-half B

the rectangle 4 B C D and the area of
the latter is a 6.

F16. 29

44. The area of any triangle is equal to one-half the
product of its base and altitude.
In Fig. 30 (a), let 4 C be the base and B A the altitude of the

triangle A BC. The area A B C is equal to the sum of the right tri-
angles A H/ B and C H B, which, by the last article, is

YBHXAH+{BHXHC=3}BHX(AH+ HC) =4BHXAC

B

. 4
@ Fi16. 30 @
In Fig. 30 (&), the area A’ B’ ("’ is the difference between the areas
of the right triangles B' A’ C’ and B' H' A’; that is,
YyBHXHC-YyBHXHA =yBHX(HC-HA)
=B HXAC
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Let & be the base, £ the altitude, and 4 the area of any
triangle; then,
A=16k
45. Two triangles having the same base are to each
other as their altitudes, and two triangles having the same
altitude are to each other as their bases.

46. Two triangles having the same base and the same
altitude are equivalent.

It should be borne in mind that any side of a triangle can
be taken as the base, the altitude being the perpendicular to
that side from the opposite vertex.

47. To find the area of a triangle from the lengths of
its three sides, apply the following:

Rule.—From half the sum of the three sides subtract each
side separately, multiply together the half sum and the three
remainders and extract the square root of the product.

Let a, 4, and ¢ be the three sides of a triangle, and A4 the
area; let
s=%(a+b6+¢)

Then A=Vs(s—a)(s—8)(s—c¢)

The geometrical proof of this rule is very laborious,
and will not be given here. A proof will be found in
Trigonometry.

ExaMpPLE.—What is the area of a triangle having two sides 19.8 feet
long, and one side 28 feet long?

SoLuTiON.—It is immaterial which side is called a, 4, or c.
_a+b+c _ 28+198+19.8
- 2 - 2 -
sides, s —a = 33.8 — 28 = 5.8, and s — band s — care each 33.8 — 19.8
= 14. Then, applying the formula
A=A\s(s—a)(s=08)(s—c) = V33.8X 568X 14 X 14 = 196 sq. ft.,
nearly. Auns.

= 33.8; taking 4 and ¢ as the short

48. A triangle equivalent to any given polygon may be
constructed as follows:

Let ABCDEF, Fig. 31, be the given polygon. Produce any of
the sides, as 4 F, in both directions, as indicated by X V. This line
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will be referred to as the base. Starting from one of the ends of A4 F,
as A, draw a diagonal 4 C forming a triangle with 4 B and BC.
Draw B B, parallel to C A, meeting the base at B,, and join C to B,.

The polygon B, C D E F has one side less than the given polygon, ‘

and is equivalent to it. For

ABCDEF = B,BCDE F + triangle B,B A4
B, CDEF =B,BCDEF +triangle B,BC

The two triangles B, B A and B, B C are equivalent, for they have
the common base £, B, and their altitudes, being each equal to the
distance between the parallels 4 C and B, B, are equal. Proceeding
with the polygon B, C D F as with the original polygon, draw the
diagonal B, D, forming a triangle with B,C and CD. Draw CGC,
parallel to D B,, and join D and C,. It can be shown as before that
the polygon C, D E F is equivalent to B, C D E F, and, therefore, to
the original polygon. Finally, draw the diagonal C, £, and DD,
parallel to it, meeting the base at /J,. Then will the triangle D, £ F
be the required triangle equivalent to the given polygon.

In practice, it is more convenient, as well as more accurate, to
reduce about one-half of the polygon on one side of 4 and the rest on
the other side of /. Thus, having reduced the polygon to tne quadri-
lateral C, D £ F, the diagonal /' /) is drawn from F/; £ E, is drawn
through £ parallel to D F, and £, joined to . This gives C,DE,
as the required triangle.

49, Areaof a Parallelogram.—The area of a parallelo-

¢ gram is equal to its base mul-
tiplied by its altitude; that is,
in Fig. 32, area ABCD = AD
X MN.

For A B CD is equal to the sum

g ©of the equal triangles ABC and

A D C, or to twice either of them, as

Fia. 82 ADC;thatis, ABCD =2X} AD
XCH=ADXCH=ADXMN.

/‘\

-
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ExAMPLE 1.—What is the cost of paving a street 1,800 feet long
and 36 feet wide with asphalt, the price being $2 per square yard?

SoLuTiOoN.—The surface to be covered is a rectangle whose sides
are 36 ft. and 1,800 ft., or 12 yd. and 600 yd., and whose area is, there-
fore, 12 X 600 = 7,200 sq. yd. The cost of paving is, then, 2 X 7,200
= $14,400. Ans.

ExaAMPLE 2.—One side of a triangular plot of land is 125 feet long
and the perpendicular distance from the opposite vertex to this side is
174.24 feet; it is desired to find a side of a rectangle that has the same
area as the triangle and one side 75 feet long.

SoLUTION.—The area of the triangle is 4 X 1256 X 174.24 = 10,890
sq. ft. Then the other side of the rectangle is 10,890 = 76 = 145.2 ft.
Ans,

ExaMpLE 3.—Divide a triangular plot of land into any number of
equal parts by lines from a vertex to the opposite side.

SoLuTtioN.—Divide the side opposite the vertex through which the
lines are to be run into the required number of equal parts and run
lines from the vertex of the triangle to the points of division. Then,
since the triangles thus formed have equal bases and their vertexes in
the same point, they are equivalent. Ans.

ExaMpLE 4.—Divide a given triangle into parts proportional to any
given numbers by lines run through a vertex. A

SoLuTION.—Let the given triangle be 4 B C,
Fig. 33, and let it be required to divide it into
parts proportional to 3, 4, and §, by lines drawn
from the vertex A.

The base B C is divided into parts proportional
to the numbers 3, 4, and 5, by dividing it into
3 + 445 = 12 equal parts, and then marking the
third and the seventh points of division. From 5—i-4
the points thus marked, lines are run to the Fro. 83
vertex 4. Then, by Art. 45, )

CAD:ADE =38:4
and, ADE:ABE =4:5 Ans.

EXAMPLES FOR PRACTICE
1. Find the area of a square whose side is 5 feet 9 inches.
Ans. 33.062 sq. ft.
2. Find the area of a rhombus whose length is 12.5 feet, and whose

height is 9.25 feet. Ans. 115.62 sq. ft.
115—6
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3. One side of a room is 16 feet long; if the floor contains 240 square
feet, what is the length of the other side? Ans. 15 ft.

4. In a trapezium two not adjacent sides are 16 and 14 inches,
respectively. A diagonal divides the trapezium into two triangles
whose altitudes from their vertexes to the given sides as bases are

17 inches and 3 inches, respectively; what is the area of the trapezium?
Ans. 167 sq. in.

5. The base B C of a triangle is 150 chains and the perpendicular
from the opposite vertex 4 to B C is 45 chains; it is desired to divide
the triangle into two parts equal in area by a line from A4 to B C;

how far from B is D, the intersection of this line with BC?
’ Ans. 75 ch.

6. From the mid-point £ of the side A4 B of a parallelogram 4 BC D,
lines are drawn to the vertexes 2 and C and to the mid-point of the
side C D; show that these lines divide the parallelogram into four tri-
angles that are equal in area.

7. Find the area of a triangle whose three sides are 13, 14, and
15 feet. Ans. 84 sq. ft.

8. Find the area of a right triangle whose hypotenuse is 50 feet
and one of whose legs is 40 feet, Ans. 600 sq. ft.

50. Area of a Trapezoid.—The area of a trapezoid is
E._D Y equal to one-half the sum of
- the parallel sides multiplied
-~ by the altitude; that is, in
Fig. 34, area of trapezoid
ABCD =}(AB+ DC) X MN.

B The area of the trapezoid is
Fic. 84 equal to the sum of the areas of

the two triangles 4 B C and A4 D C; hence,

R

F)

\
e ———

z".

4
a

ABCD =1ABXCH+3DCXAE
=3ABXMN+DCXMN

=4(AB+DC)XMN
Let 4, = length of lower base;
b, = length of upper base;

& = altitude.
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‘Then, the area 4 of the trapezoid 4 BCD is
A= 16, + 8.)4

* 81. Since the median line 7 G, Fig. 34, joining the mid-
points of the non-parallel sides is equal to $(4 B 4+ D C),
the area of a trapezoid is equal to the product of the median
line by the altitude.

ExaMpPLE.—Divide a plot of ground in the form of a trapezoid into
any number of equal parts by lines intersecting the two bases.

SoLuTioN.—Divide each of the bases into the same number of equal
parts into which the trapezoid is to be divided and run lines through
the corresponding points of division. The trapezoids thus formed
have equal bases and the same altitude and are, therefore, equal in
area. Ans.

EXAMPLES FOR PRACTICE
1. The parallel sides of a trapezoid are 321.51 and 214.24 feet, and

the perpendicular distance between them is 171.16 feet; what is the
area of the trapezoid? Ans. 45,849 sq. ft.

2. Find the area of a trapezoid whose parallel sides are 20.5 and
12.25 chains, the perpendicular distance between them being 10.75
chains. Ans. 17.603 A.

3. The parallel sides of a trapezoidal plot of ground are 400 feet
and 360 feet long; the distance between the parallel sides is 100 feet.
It is desired to divide this plot into five lots by lines intersecting the
parallel sides; what will be the length of the front and the rear of one
of the lots? Ans. 80 ft. and 72 ft.

4. How many square feet are there in a board 12 feet long,

18 inches wide at one end, and 12 inches wide at the other end?
Ans. 15 sq. ft.

52. Area of Any Polygon.—The area of any polygon
can be found by dividing the polygon into triangles,
determining the area of each triangle, and adding the
results.

53. Comparison of the Areas of Similar Polygons.
The areas of two similar triangles are to each other as the
squares of their homologous sides.
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In Fig. 35,
Area ABC =4} AB XCD (1)
Area A'B'C'={ ABXCD (2)
Dividing equation (1) by equa-
. ABC AB CD
tion @), g o= g5 ¥ o 3
CcD AR
’, 2] el T = I .
4 ‘B 4 D B’ but, by Art. 22, D = A5
F16. 85 hence, substituting in (3)
AB CD ABC _AB , AB _ 4B

a8 D A0 T AB AP T 55
that is, ABC:ABC =AB :AF

54. The areas of two similar triangles are to each other
as the squares of any two homologous lines.

585. The areas of two similar polygons are to each other
as the squares of their homologous lines.

By Art. 33, two similar polygons can be divided into the same
number of similar triangles. - The sums of these triangles will, by
Art. 35, be to each other as any triangle of one polygon is to the
corresponding triangle of the other. But these triangles are to each
other as the squares of any two homologous lines. Hence, the sum of
the triangles, or the polygons, are to each other as the squares of any

two homologous lines.

ExaMpPLE 1.—Divide a given triangle by a line parallel to the base
into parts such that the given triangle shall be to the triangle cut
off as m : n.

SorutioN.—Let 4 B C, Fig. 38, be the given triangle, and A D E
be the triangle cut off sothat A BC: ADE =m :n. By Art. 18,
A D E and A B C are similar; hence, by Art. 563, :

ABC:ADE=AB :AD

But by the conditions of the problem,

ABC:ADE =m:n

Therefore, A8 :AD =m:n;

- D, E
whence, AD=ARB oot Ans.
When the triangle 4 B C is to be divided into
Fi0. 38

two equal parts,
AD = AB\g =.,707111 4B
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ExaMPLE 2.—Let the length A B of example 1 be 32 chains and the
area of A B C be 25.6 acres; what is the length of A D, if it is desired
to make the triangle 4 D £ contain 15 acres?

SoLUTION.—The area A BC is to be to the area of ADE as
25.6 : 15; hence, m : n = 25.6 : 15.

Then, AD = 32q[30 = 24495 ch. Aus.
ExampLE 3.—Divide a given triangle 4 B C, by lines parallel to the

base, into # equal parts.

SoLurioN.—Let 4 B C, Fig. 87, be
the triangle, and D E, FG, H1, etc.,
divide it into # equal parts. Then
A DE is one part, A F G is two parts,
and so on. Hence,

ABC:ADE =mn:1

4

ABC:AFG =n:2; etc. y
Then, by example 1, H)
J K
AD=AB\/1;AF=AB\/2; ] . A
n ” ;[ \g

AH = AB\E; etc. Ans. F16. 87

ExAMPLE 4.—Two triangles 4 B C and A’ B’ C’ are similar. The
sides of the triangle 4 B C are: A B ‘= 10 inches, B C = 21 inches,
A C = 17 inches, and in the triangle A" B' C' the side B’ C! = 42 inches;
what is the area of the triangle 4 B C?

10+17+21

SoLuTION.—In the triangle A BC, s = B = 24. Then

s—a=28, s—b=17 s—c =14, and the area is V24 X 3 X 7 X 14
= 84 sq. in. By the principle of Art. 53,

areaof 4’ B' C' :areaof ABC=BC" :BC;

that is, area of A’ B'C' : 84 = 42*: 21*
But 42 :21' =4:1
hence, areaof A’B/C':84 =4:1

whence, area of A’ B/ C' = 4 X 84 = 336 sq. in. Ans,

EXAMPLES FOR PRACTICE
1. Suppose that the sides of the triangle 4’ B’ C’ in example 4 of
Art. 65 are A’ B’ = 20 inches, B’ C' = 42 inches, and C’ A’ = 34 inches;
show that the answer that is given to the example is correct.
2. The triangles A B C and A’ B' C' are similar; being given B C

= 13 inches, C A = 14 inches, A4 B = 15 inches, and B’ C’ = 19.5 inches;
find the area of the triangle 4’ B’ C'. Ans. 189 sq. in.
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3. Let A B, one side of a triangle 4 B C, be 60 chains long, and let
it be required to divide, by lines parallel to B C, the triangle 4 B C
into five equal parts. (a) What are the lengths of thelines 4 D, 4 F,
AH, and A T? (b) Let the area of 4 B C be 120 acres; by means of

Art. 53, prove your results. AD =26ch.83.31
Ans AF =37ch.94.7 1.

‘A H =46 ch. 47.6 1.

AT =53ch.66.6 1.

4. Find the lengths of 4 D and A F when the triangle of
example 3 is divided into three parts, whose areas shall be proportional
to the numbers 3, 4, and 5. Ans {A D = 30 ch.

‘\4 F =45ch. 82.6 1.

HINT.—This is the same as if the trlangle were divided into 8 + 4 + § equal parts
and A D E contained three, and 4 F G, seven of these equal parts.

56. The Theorem of Pythagoras.—In any right tri-
angle, the square described on the hypotenuse is equivalent
to the sum of. the squares described on the other two sides.

Let A B C, Fig. 38, be a right triangle. Draw an equal triangle in
the position C B’ C’, so that C B’ will be in the prolongation of B C.
Construct the squares A B D E and B/ C'FD on A B and B C’,
respectively. Since M+ N, (= M+ N) is a right angle, A CC’ is
also a right angle. Produce £ F to A’, making F 4’ = BA = DE.
Then, since £ Fis the differ-
ence between D Fand D E,
or BC and A B, E A
= BC. Draw A A and
C'A'. Each of the right
triangles 7, and 7, is equal
to 7, since their legs are
respectively equal. The
quadrilateral A CCA’,
having all its sides equal
and a right angle C, is a
square—the square on the
hypotenuse 4 C. This
square is equal to the shaded
8’ figure plus the sum of the

triangles 7, and 7;; or to

Fra. 38 the shaded figure plus twice

the triangle 7. The sum of the squares A BDE and B C'FD is

equal to the shaded figure plus the sum of the triangles 7 and 7, or

to the shaded figure plus twice the triangle 7. Therefore, square
ACC' A" = square A B DE + square 5 C' FD.

B
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A particular case of the proposition just proved is shown
in Fig. 39.

Let ¢ be the hypotenuse, and A *
a and & the other two sides of 'Y e ® A
any right triangle. AV A ’9 €
J
Then, oo
: [} (] ® y v 4|4
c=a+6b (1) A »
7|89
€= Na'+ b (2) i|a]|s|alf
a= -4 (3) e| 7|8
Formula 3 may be written 0|20zl
a=ViZOlrd @ o2 [sa] ]
F1e. 99

ExampPLE 1.—If 4 B8 =3 inches
and B C = 4 inches, what is the length of the hypotenuse A C, Fig. 38?

SOLUTION.—
\ZZ +5C
V3'+ 4" = v25 = 5in. Ans.

ExampLE 2.—The side given is 3 inches (= 4, say), the hypotenuse
is 5 inches (= ¢); what is the length of the other side?

AC

SoLuTiON.—Applying formula 4, Art. 56,

a=Vb6—-3)(5+3) = V16 = 4 in. Ans.
Also, a= V=06 = 5" -3 =4in. Ans.

ExaAMPLE 3.—If, from a church steeple that is 150 feet high, a rope

is to be attached at the top and to a stake in the
4 ground 85 feet from its foot (the ground being sup-
posed to be level), what must be the length of the
rope?

-~ SoruTtioN.—In Fig. 40, 4 B represents the steeple

180 150 ¢, high; C, a stake 85 ft. from the foot of the

steeple; and A C, the rope. Here we have a tri-

angle right-angled at 2, of which. 4 C is the

C 5 B hypotenuse. The square of A4 C = 85° + 150°
‘ = 7,225 4+ 22,500 = 29,725. Therefore,

AC = 29,725 = 172.4 ft., nearly. Ans.

P16. 90

ExAMPLE 4.—Referring to Fig. 16, it is required to find the length
of the post 4 B and that of the member B C.
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SOLUTION.—Draw B K parallelto £ D. Then, BK = ED = 16 ft.
and CK =CD—-DK =CD—-EB =156-12 = 3 ft. The right
triangles 4 £ B and B CK give

4B=NAE +EB = VI ¥1 = Vi00 = 20ft. Ans.
BC = NBR' +CK' = V16" +3' + v265 = 16.279 ft. Ans.

EXAMPLES FOR PRACTICE

1. If the two sides about the right angle in a right triangle are
62 and 39 feet long, how long is the hypotenuse? Ans. 65 ft.

2. A ladder 65 feet long reaches to the top of a house when its foot
is 25 feet from the house; how high is the house, supposing the ground
to be level? Auns. 60 ft.

3. The shortest distance from a point to a line is 25 inches; the
distances from this point to the extremities of the line are 54 inches

and 40 inches, respectively; what is the length of the line?
Ans. 79.08 in.

4. Show that the diagonal of a square is equal to the side multi-
plied by V2.

REGULAR POLYGONS

87. A regular polygon is a polygon that has equal sides
and equal angles, that is, it is equilateral and equiangular.

58. A circle can be circumscribed about any regular

polygon.

Take any three vertexes of the regular polygon 4 B CD E,
Fig. 41, as the vertexes 4, B,C, and pass
a circle through them. Let O be the center
of 'this circle. Join Oto A, B, C, D, and E.
The polygon being equiangular, the angle
ABC = angle BCD. The angles OCAH
and OB C, being opposite equal sides OC
and OB of the triangle O B C, are equal.
Hence,

ABC-0BC=B8CD-QCB
Fro. 41 or, ABO=0CD

The polygon being equilateral, the sides 4 B and CD are equal.
Hence, the triangles 4 O B and O C D, having two sides and included
angle of one equal to two sides and included angle of the other equal,
are equal. Therefore, O D = O A4, and a circle passing through A4,
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B, and C must pass through D. In like manner, it can be shown that
the circle passes through £.

59. A circle can be inscribed in any regular polygon.

In Fig. 41, 0 A, OB, 0 C, O D, and O E, being radii of the circum-
scribed circle, are equal and divide the polygon into equal isosceles
triangles that have a common vertex O. The altitudes of these
equal triangles are equal, hence the perpendicular distances, as O F,
from O to each of the sides are the same. Therefore, a circle drawn
with O as center and a radius equal to O F will be inscribed in the
regular polygon.

60. The center of a regular polygon is the common
center of the circumscribed and the inscribed circle.

61. The radius of a regular polygon is the radius of
the circumscribed circle, as O A4, Fig. 41.

62. The apothem of a regular polygon is the radius of
the inscribed circle, as O F, Fig. 41.

63. The angle at the center of a regular polygon is
the angle included by the radii drawn to the extremities of
any side.

64. The angle at the center of any regular polygon is
equal to four right angles, or 360°, divided by the number of
the sides.

65. If n is the number of sides of a regular polygor, the
sum of its interior angles is 2(»z — 2) right angles (see
Geometry, Part 1), or, 90° X 2(n — 2) = 180° X (2 — 2), and,
since all the angles are equal, each angle is equal to
180°X (n = 2) _ gp0 _ 360°

n n
on the number of sides, all regular polygons of the same
number of sides have the same angles.

. Since this value depends only

66. Regular polygons of the same number of sides are
similar; their perimeters are to each other as any two homolo-
gous lines, and their areas are to each other as the squares
of any two homologous lines.

67. The area of a regular polygon is equal to one-half
the product of the perimeter and the apothem.
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Let / be the side M NV of a regular polygon, Fig. 42, # the number
of sides, p(= n/) the perimeter, a(= O F) the
apothem, and' A4 the area. As A is equal to the
sum of n triangles, each equal to #/ O NV, we have,
A=FMNXOF)Xn=4%laXn=4%4nlXa,
or, A= 1pa

ExampPLE.—Find the area of a regular pentagon
whose side is 25 feet and apothem is 17.2 feet.

SoruTiON.—The figure is a pentagon, hence it

65X 2 x17.2
2

has five sides. The perimeter is 6 X 256 and the area is
= 1,075 sq. ft. Ans.

68. The areas of regular polygons each of whose sides
is equal to 1 are given in the following table:

TABLE 1
AREAS OF REGULAR POLYGONS

Namo | Nomberol | AmSWND | yume | Nepberol | Are when
Triangle 3 .4330 Octagon . 8 4.8284
Square . . 4 1.0000 Nonagon . 9 6.1818
Pentagon . 5 1.7205 Decagon . 10 7.6942
Hexagon' . 6 2.5981 Undecagon 11 9.3656
Heptagon . 7 3.6339 Dodecagon 12 .11.1960

From the principle of Art. 55, the following rule is
derived:

Rule.—70 find the area of any regular polygon, square the
length of a side and multiply by the area of the similar polygon
whose side is equal to the unit of length.

Let 4 = area; / = length of side of required polygon;
a = area of similar polygon whose side is 1; then, by Art. 55,
A:ia=0:1

whence, A=al’
ExaMpPLE.—The side of a regular octagon is 3 inches, find its area.

SoruTiON.—From the table, the area of a regular octagon whose
side is 1 in. is 4.8284 sq. in. Hence, the area of the octagon whose
side is 3 in. is 4.8284 X 3* = 43.456 sq. in. Ans,



§8 GEOMETRY 33

69. If the vertexes of a regular inscribed polygon are
joined to the middle points of the arcs F
subtended by the sides of the polygon, 4 B
the joining lines form aregular inscribed
polygon of double the number of sides. g G
Thus, the octagon 4 F B G, etc., Fig. 43,
is formed by joining the middle points

of the arcs subtended by the sides of » ¢
the square 4 BCD. F,f‘a
F € 5 70. If tangents are drawn at the

4
middle points of the arcs between
E g adjacent points of contact of the sides

of a regular circumscribed polygon, a

regular circumscribed polygon of
z T double the number of sides is formed.

Thus, in Fig. 44, the octagon £ F G H,
D—%x 5

etc., is formed by drawing tangents at

Fio. ¢4 the middle points of the arcs between

adjacent points of contact of the sides of the circumscribed
square A BCD.
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CIRCULAR MEASUREMENTS

THE CIRCLE

LENGTH OF ANY ARC

71. If any two circles are taken, and two regular polygons
of the same number of sides are inscribed in them, the perim-
eters of these polygons are to each other as the radii of the
circles (Art. 66). This relation holds whatever the number
of sides of the polygon. Now, it is evident that, as this
number increases, the perimeters of the two polygons
approach the circumferences of their respective circles. We
may, therefore, consider these circumferences as extreme
cases of the perimeters of regular polygons, in which the
number of sides is increased indefinitely; whence we conclude
that the circumferences, also, are to each other as their radii.

If ¢ and ¢ are the circumferences of any two circles,
and » and # their respective radii, we may write,

c:dd =r:v

whence, cir=dc:7r
c_¢
o r 7

Dividing both numbers by 2, and denoting the diameters
by 4 and 4/,

€ _
2r 27
that is, ‘fi=§,

As ¢ and ¢ are any two circumferences, it is seen that the
ratio obtained by dividing any circumference by its diameter
is the same for all circumferences. This ratio is usually
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denoted by the Greek letter = (pronounced p7): We have,
therefore, for any circle,
c

—-_= T
d
whence, c=nd=2nr

72. The quantity = can be determined by elementary
geometrical methods, which may be found in treatises on
geometry; but these methods are very laborious. A much
better method is afforded by the theory of series, which is
treated in works on trigonometry and the differential calculus.
It is found that 7 cannot be expressed as an exact fraction,
either decimal or vulgar. Its value can, however, be cal-
culated to any desired degree of approximation. The follow-
ing value is approximate to fifteen decimal places:

, = 3.141592653589793 +
For nearly all practical. purposes, 3.1416 is a sufficiently clase
value. This value is used very generally, and will be used
in this Course, unless otherwise stated. The student should .
commit it to memory. A value that is often used in rough
calculations is %2; it can be used when no more than three
significant figures are required in the result.

73. The length of an are, when the number of degrees
in the arc and the radius of the circle are given, may be
found as follows:

The length of the arc is evidently the same part of the
length of the circumference (2 7 ») as the number of degrees
in the arc is of the number of degrees in the whole circum-
ference, or 360°. Thus, if 2 is the number of degrees in the
arc, and / is its length, we shall have,

2_7r: 360
l n
h , =xrns
whence 180

In applying this formula, minutes and seconds should be
expressed as fractions of a degree.

ExaMPLE 1.—Find the length of a rope that will go around a wheel
or drum 7.5 feet in diameter.
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SOLUTION.—The required length is equal to the length ¢ of the cir-
cumference of the wheel or drum. Here d = 7.5 ft., and, taking
7 = 3.1416, we have, by formula of Art. 71,

= 3.1416 X 7.5 = 23.562 ft. Ans.

Using 2% for x, the result, to three significant figures, is

c= -272x7.5 = 23.6 ft. Ans.

ExampLE 2.—Find the diameter of a circular race track 1 mile
in length.

Sorution.—Here ¢ is given (= 1 mi. = 5,280 ft.) and the quantity
required is d. From the formula ¢ = xd, we get

¢ 5280 -
= < =37416 = 16907 ft. Ans.

ExampPLE 3.—What is the length of a railroad circular curve having
a radius of 1,540 feet and subtending an angle at the center equal
to 26° 35/'?

SoLuTION.—To apply formula of Art. 73, we have r = 1,540 ft.,
n = 26}§° = 26.583°, nearly. Therefore,

l= ?&':‘.‘.‘W_li;f‘o_"_@;@ = 714.50 ft. Ans.

74. When only the chord 4 3, Fig. 45, of an arc and the
height, or “rise,” C D of the segment are known, the follow-
ing approximate method gives good results. 4 C, the chord
of half the arc, has the value

= _ _[(4B\", 5
Ac=N4D +CcD = C§>+CD

Then, to find the length of the arc:

[§
Rule.—From eight times the chord of half the arc, subtract
the chord of the whole arc and divide the remainder by 3.

That is,
c arcACB=8XAC:-_AB

3
/ -\ Let ¢ = chord of whole arc;

4 B .
D 4 = height of segment;
Fio. 6 ! = length of arc.

Then, AC?,E+r=é%ﬁ3?
and ! = ﬂi'f_g.h’ - ¢



§8 GEOMETRY 37

This formula gives the length of an arc less than one-sixth
of the circumference correct to four figures, and it gives the
length of an arc less than one-third of the circumference cor-
rect to three figures. '

ExaMpLE.—Find the length of the arc 4 C B, Fig. 46.

SoLuTioN.—In this example, ¢ = 72, & = 8. Therefore,

- . 0% 1 4 % R
ir/ /= 4472 +43><8 2 _ e in.
—

Ans.
Fic. 46

75. For very flat arcs, that is, when A is very small (say
¢

not greater than .1), the following approximate formula may
be used, the notation being the same as in the preceding
article:
84
l=c+ —
+ 3¢

ExaMPLE 1.—Find the length of the arc 4 B, Fig. 46.
SoLuTION.—
8 x 8

I=72+557

This is not a very close approximation, because the ratio

= 72+ 2.37 = 74.37. Ans.

§(= % = %) is not very small; however, the approximate value thus
found would be close enough for most practical purposes.

; EXAMPLE 2.—The chord of a railroad curve is 675 feet long, and the
rise (or, ‘‘middle ordinate,’”’ as the rise is called in railroad work) is
40 feet; what is the length of the curve?

SorLuTtioN.—Here ¢ = 675, £ = 40, and therefore

= 6754 3 X40° =
l= 615-{-3 X675 = 675 + 6.32 = 681.32 ft. Ans.

76. Circular Measure of an Angle.—The following
equation follows from the formula of Art. 73:

! _mn _ T
>~ 180 ~ 180°"

If we assume the radius to be 1, then

= T
1—180Xn (1)
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This equation gives the length of the arc that the angle
subtends on a circle whose radius is equal to unity. The
length of such arc is called the circular measure of the
angle, and the angle is often referred to by stating that
measure. Thus, an angle of 1.34, circular measure, means
an angle that subtends an arc of length 1.34 on a circle
whose radius is 1. An angle expressed in circular measure
is also said to be expressed in radians.

If in equation 1 we make » = 180°, we obtain, for the cir-
cular measure of 180°, / = =, that is, 180° is equivalent to

w radians. Likewise, 90° is equivalent to g radians, etc.
EXAMPLES FOR PRACTICE
1. Find the distance around the outside of a waterwheel whose out-
side diameter is 22 feet 8 inches. Ans. 71.21 ft.

2. The wheel of a carriage is observed to turn 375 times in going
from a certain place to another; the diameter of the wheel is 3.5 feet;
what is the distance between the two places? - Ans. 4,123.4 ft.

3. A circular column measures 45.5 inches around the outside;
what is its diameter? Ans. 14.483 in.

4. A belt covers an arc of 50° on a pulley whose diameter is 5 feet;
what length of the belt is in contact with the pulley? Ans. 2.1817 ft.

5. How long will it take a train to move over a curve subtending
an angle of 100°, the radius of the curve being 1,800 feet, and the train
going at the rate of 20 miles an hour? Ans. 1.79 min.

6. The length of arc of a circle is equal to the radius; find the
number of degrees in the arc. Ans. 57.3° = 57° 18/, nearly

7. The chord of a railroad curve is 600 feet long and the middle
ordinate is 80 feet; what is the length of the curve? Ans. 628 ft.

AREAS BOUNDED BY CIRCULAR ARCS
77. The area of a circle is equal to one-half the product
of its circumference and radius (Art. 67). This at once
follows by considering the circle as an extreme case of a
regular polygon.
Let A = area of circle;
¢ = circumference of circle;
r = radius of circle.
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Then, A= tcr
or, since c = 2 7,
A=327nrXr
or, simplifying,
A = rn7r = 3.1416 »* (1)

Writing g for », we obtain for the area in terms of the

diameter,

- ’%’ = 7854 a* (2)

These formulas serve likewise to find » or 4 when A4 is
given. Since 2 7» = ¢, we have

=< S A
r 27 and n.r 7r<27r) i

that is, A= (3)
47

This formula gives the area of a circle when its circum-
ference is known.

ExaMPLE 1.—The steam pressure on a piston is 75 pounds per
square inch, and the diameter of the piston is 15 inches; what is the
pressure on the whole surface of the piston?

SoLuTION.—T'he required pressure is evidently seventy-five times the
number of square inches in the surface of the piston, or seventy-five
times the area A of the piston. Here d = 15 in., and formula 2 gives

A = 7854 X 15°
whence the total pressure is
75 X .7854 X 15* = 13,254 1b. Auns.

ExaMpLE 2.—The distance around a circular park is 2.75 miles;
what is the area of the park, in acres?
SoLutioN.—Here ¢ is given equal to 2.75 mi. = (2.75 X 80) ch.
Therefore, the area of the park, in square chains, is (formula 3)
(2.75 X 80)*
4 X 3.1416
The area, in acres, is one-tenth of this, or
(2.75 X 80)* 220°
10 TX3.0416 © 125061 ~ 58015 A, Ans.
ExaMpLE 3.—What must be the diameter of a circular sewer pipe
that its cross-section may be 12.75 square feet?

SoLruTiON.—Solving formula 2 for d,

d= \/ ]2- “? = 4.03 ft. Ans.
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EXAMPLES FOR PRACTICE

1. The cable of a suspension bridge measures 40 inches around its
circumference; find: (a) the diameter d of the cable; (4) the area A

of the cross-section. Ans {(a) d = 12.732 in.
‘L(6) A = 127.32 sq. in.

2. Find a formula for the area 4 of the
space enclosed between two circles 4 B C and

D » DEF, Fig. 47, the diameter of the outer
circle being D, and that of the inner circle d.
A=W -a)
= Ans. x
F16. 47 A=30+d)(D-a)

3. What must be the inner diameter of a circular chimney, that
its inner cross-section may be 14 square feet? - Ans. 4.2221 ft.

4. The diameter of a circular airway of a mine is 10 feet; find:
(a) the circumference c¢; () the area A of the cross-section.

(a) ¢ = 31.416 ft.
Ans.{(3) 9 2 7851 sq. tt.

78. A sector is the same part of a circle as its arc is of
the circumference.

Let A = area of circle;
A’ = area of sector;
n = number of degrees in arc of sector.

Then, A : A =n:360
y_nA _=nr'n
whence, A = 360 360

ExaMpPLE.—The angle of a sector of a circle is 75°; the diameter of
the circle is 12 inches; what is the area of the sector?

SoLuTiON.—The area A4 of the circle is 12* X .78564 sq. in. Then
the area of the sector is
nA _ T5X12 X .78 _ .
360 = 30 = 23.562 sq. in. Aans.
79. The area of a sector is equal to one-half the product

of its base by the radius of the circle.
A =3%rl



§s GEOMETRY 41

If / is the length of the arc, or base, of a sector, we have
(Art. 73), .

Trn

=&

whence, n = l—l
Ty

This value of # substituted in formula of Art. T8 gives

= 71807
A= 360 X s
or, reducing, A =}rl"

ExAMPLE.—If the radius of an arc is 5 feet and the length of the
arc is 4 feet, what is the area of the sector?

SoLuTiOoN.—By formula of Art. 79,
A = szr = 1—:(-—5 = 10 sq. ft. Ans.

80. The area of a segment, as A DB, Fig. 48, is

evidently equal to the area of the sector 4 OB D minus
the area of the triangle 4 O B.

ExAMPLE 1.—The diameter of a circle is 10 inches, and the chord
of the arc of g segment is 7 inches; what is the area of the segment?

SorvuzioN.—In Fig. 48, let 4 B = 7 in. and the diameter = 10 in.
Then, OB = 5 in., and CA = 3.5 in. Hence,

OC= \5"—385" = 357 in., and CD = 5

— 3.57 = 1.43 in. Then, by formula of Art. T4, ‘L B
~2 1 A s 1 493 - A

arc ADB = 4V "’4);1'43 T = 7.75 in. ‘V

Hence, area of sector 4 OB D = $ X5X1.75

= 19.38 sq. in. The area of the triangle

AOB = $ X357 X7 =1250 sq. in. There-

fore, the area of the segment is 19.38 — 12.50

= 6.88 sq. in. Ans. Fic. 48

C ExaMpLE 2.—The chord of the arc of a seg-
ment is 79 inches and the height of the segment
B is 20 inches; find the area of the segment.

SorutioN.—Let 4 CB E, Fig. 49, be tke
circle; let A B = 79 in.and CD = 20in. Then,
AD =}X179in. = 39.5in. By Art. 28,

CD:AD=AD :DE
or, 20:395=23895: DE
whence, DE = 78.01
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Henoe, the diameter = 20 4+ 78.01 = 98.01 in., and the radius = 49.
N -
Then the arc 4CB = +43x -7

area of sector AOBC = 91.7 X } X 49 = 2,246.65 sq. in. The area
of the triangle A OB = } X 79 X 29 = 1,145.5 5q. in. Therefore, the
area of the segment = 2,246.65 — 1,145.50 = 1,101.15 sq. in. Ans.

= 91.7 in. Hence, the

THE ELLIPSE

81. An ellipse is a plane figure bounded by a curved
line such that the sum of the distances of any point on that
line from two fixed points within is always equal to the
length of the line passing through the fixed points and
terminating at both ends in the curved line.

In Fig. 50, the fixed points
are 4 and B, and if C and D
are any two points on the
r : curve, AC+CB = AD

+ DB = FE. Thetwo fixed

points are the foci. The line

F E through the foci is the

transverse, Or major, axis.
The line G D, which is the perpendicular bisector of FE, is
the conjugate, or minor, axis. The foci may be located
from G or D as a center by striking arcs with a radius equal
to one-half FE.

C.

F16. 50

82. There is no simple and exact method of finding the
periphery (perimeter) of an ellipse. The following formula
gives values very nearly exact:

Let C = periphery;
a = half the major axis;
b = half the minor axis;
_a—19b
T a + 6

64 — 3 D*
Then, = 643D
en C=rla+ 06

ExaMpPLER.—What is the periphery of an ellipse whose axes are
10 inches and 4 inches long?
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i =5 6= 5-2_3
SoLUTION.—In this example, :4 = 5,3?’)— 2, D 542 =7
Then, C = 3.1416(5 + 2) 81 =16(8) — 23.013
Therefore, the periphery is 23.013 in. Ans. <

83. The area of an ellipse is equal to the product of its
two semiaxes multiplied by 7.

Let a = half the major axis;
4 = half the minor axis;
A = area.
Then, A=mab=3.1416a5

ExampLE.—What is the area of an ellipse whose axes are 10 inches
and 6 inches?

SoLuTtioN.—Here,a = $ X 10 =5, 6 = $ X6 = 3.

Then, A = 31416 X5 X 3 = 47.124

Therefore, the area is 47.12 sq. in. Ans.

EXAMPLES FOR PRACTICE

1. The number of degrees in the angle formed by drawing radii
from the center of a circle to the extremities of an arc of the circle
is 84; the diameter of the circle is 17 inches; what is the area of the
sector? Ans. 52.96 sq. in.

2. Given the chord of the arc of a segment equal to 24 inches, and
the height of the segment equal to 6.5 inches, find: (a) the diameter
of the circle; (4) the area of the segment. Ans {(a) 28.7 in.

*1(6) 109.5 sq. in.

3. (a) What is the perimeter of an ellipse whose axes are 15 inches

and 9 inches? (4) What is the area? Ans {(a) 38.29 in.
*1(6) 106.03 sq. in.

4. The base of a sector is 24 inches and the diameter of the circle

is 54 inches; what is the area of the sector? *  Ans. 324 sq. in.
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THE MENSURATION OF SOLIDS

84. A solid, or body, has three dimensions: length.
breadth, and thickness.

85. The entire area of a solid is the area of the whole
outside of the solid.

The convex area of a solid having one or two flat ends
is the same as the entire surface, except that the areas of
the ends or bases are not included.

86. The volume of a solid is expressed by the number
of times that it will contain another volume, called the unit
of volume. Instead of the word wzo/ume, the expression
cubical contents is frequently used.

THE PRISM AND CYLINDER

87. A prism is a solid whose ends are equal polygons
in parallel planes, and whose sides are parallelograms.

88. A parallelopipedon, Fig. 51, is a
prism whose bases (ends) are parallelograms.

pPeccccccvannbe

4 [

Fic. 81

89. A cube, Fig. 52, is a parallelopipedon
whose faces and ends are squares. S —

Fio. 52

90. The cube whose edges are equal to the unit of
length is taken as the unit of volume when finding the
volume of a solid.
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Thus, if the unit of length is 1 inch, the unit of volume
will be the cube each of whose edges measures 1 inch, or
1 cubic inch; and the number of cubic inches the solid con-
tains will be its volume. If the unit of length is 1 foot, the
unit of volume will be 1 cubic foot, etc. Cubic inch, cubic
foot, and cubic yard are abbreviated to cu. in., cu. ft., and
cu. yd., respectively.

91. Prisms take their names from their bases. Thus, a
triangular prism is one whose bases are triangles; a pentago-
nal prism is one whose bases are pentagons, etc.

92. A cylinder, Fig. 53, is a round body of
uniform diameter with circles for its ends.

93. A right prism, or right cylinder, is
one whose center line (axis) is perpendicular to its
bases. Fic. 53

94. The altitude of a prism or cylinder is the perpen-
dicular distance between its two ends.

95. To find the convex area of any right prism, or right
cylinder: .

Rule.—Multiply the perimeler of the base by the altitude.

Let p = perimeter of base;
Ak = altitude;
¢ = convex area.
Then, Cc=phk
ExaMPLE 1.—What is the convex area of a right prism whose base

is a square, one side of which is 9 inches, and whose altitude is
16 inches?

SoLuTION.— 9 X 4 = 36 in., the perimeter of the base. Applying
formula of Art. 95,

¢ = 36 X 18 = 576 sq. in., the convex area. Ans.

To find the entire area, add the areas of the two ends to
the convex area.

ExaMPLE 2.—What is the entire area of the parallelopipedon men-
tioned in the last question?
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SoLuTION.—The area of one end is 9* = 81 sq. in. 81 X 2 = 162
sq. in., is the area of both ends. 5764 162 = 738 sq. in., the entire
area of the parallelopipedon. Ans.

ExAMPLE 3.—What is the entire area of a right cylinder whose base
is 16 inches in diameter, and whos= altitude is 24 inches?

SoLUTION.— 16 X 3.1416 = 50.27 in., or the perimeter (circumfer-
ence) of the base. 50.27 X 24 = 1,206.48 sq. in., the convex area.
16" X .7854 X 2 = 402.12 sq. in., the area of the ends.
1,206.48 + 402.12 = 1,608.6 sq. in., the entire area. Ans.

96. To find the volume of a prism, or cylinder:

Rule.—The volume of any prism or cylinder is equal to the
area of the base multiplied by the altitude.

Let A = area of base;
A altitude;
Vv volume.
Then, V=Ak

If the given prism is a cube, the three dimensions are all
equal, and the volume equals the cube of one of the edges.
Hence, if the volume is given, the length of an edge is
found by extracting the cube root.

If the volume and the area of the base are given, the

altitude is 2 = Z If the cylinder or prism is hollow, the

volume is equal to the area of the ring or base multiplied by
the altitude.

ExAMPLE 1.—What is the volume of % rectangular prism whose
base is 6 inches by 4 inches, and whose altitude is 12 inches?

SoLuTION.—The base of a rectangular prism is a rectangle; hence,
6 X 4 = 24 sq. in., the area of the base. Applying formula of Art. 96,
V = 24 X 12 = 288 cu. in., or the volume. Ans.

ExAMPLE 2.—What is the volume of a cube whose edge is 9 inches?
SOLUTION.— 9 = 9 X 9 X 9 = 729 cu. in., the volume. Ans.

ExaMPLE 3.—What is the volume of a cylinder whose base is 7 inches
in diameter, and whose altitude is 11 inches?

SoLuTION.— 7* X .7854 = 38.48 sq. in., the area of the base.
Applying formula of Art. 96,
V = 38.48 X 11 = 423.28 cu. in., the volume. Ans.



§8 GEOMETRY 47

THE PYRAMID AND CONE

97. A pyramid, Fig. 54, is a solid whose base is a
polygon, and whose sides are triangles
uniting at a common point, called the
vertex. If the base is a regular polygon,
and the sides have the same inclination to
the base, the pyramid is a regular pyr-

amid. )
98. A come, Fig. 55, is a solid whose Fio.54
base is a circle,’and whose convex surface tapers
uniformly to a point called the vertex. .

99. The altitude of a pyramid or cone is
the perpendicular distance from the vertex to
the base.

100. The slant height of a regular pyr-
amid is a line drawn from the vertex perpen-
dicular to one of the sides of the base. The slant height of
acone is a straight line drawn from the vertex to the circum-
ference of the base, and lying on the surface of the cone.

F16. 55

101. To find the convex area of a regular pyramid or
a cone:

Rule.—7ke convex area of a regular pyramid or of a cone is
equal to the perimeter of the base multiplied by one-half the
slant height.

Let p = perimeter;
s slant height;
¢ = convex area.
Then, = %

ExAMPLE 1.—What is the convex area of a regular pentagonal
pyramid, if each side of the base measures 6 inches and the slant
height measures 14 inches?

SoLuTiON.—The base of the pentagonal pyramid is a pentagon,
and consequently it has five sides. 6 X 5 = 30 in., or the perimeter
of the base. Applying formula of Art. 101,
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= ,_o?s = 110_>2<_l§ = 210 sq. in., the convex area. Ans.

ExaMPLE 2.—What is the entire area of a cone whose altitude is
15 inches, and whose base is 16 inches in diameter?

SoruTioN.—The slant height of the cone is the hypotenuse of a
right triangle whose legs are the radius of the base and altitude of
the cone, respectively. Therefore, the slant height is equal to
V15 + 8" = 17 in. (Art. 56). The perimeter of the base is 16 X 3.1416
= 50.2656 in. Applying formula of Art. 101,

50.2656 X 17
€= ———
2
The area of the base is 16® X .78564 = 201.06 sq. in. Theentire area
.is, therefore, 427.26 + 201.08 = 628.32 sq. in. Ans.

102. To find the volume of any pyramid or cone:

= 427.26 sq. in.

Rule.—7ke volume of any pyramid or cone equals the area of
the base multiplied by one-third of the altitude.

Let 4 area of base;
k& = altitude;
V = volume.

Then,

=A*
3

ExaMpPLE 1.—What is the volume of a triangular pyramid, each
edge of whose base measures 6 inches, and whose altitude is 8 inches?

SoLuTiON.—The base is an equilateral triangle; hence, applying
the rule of Art. 68, the area is 6® X .433 = 156.69 sq. in. Applying
formula of Art. 102,

V= Ak = ]jf)? X8 = 41.57 cu. in. Aans.
3 3
ExAMPLE 2.—What is the volume of a cone whose altitude is
18 inches, and whose base is 14 inches in diameter?

SoLuTiOoN.— 14* X .7854 = 153.94 sq. in., the area of the base.
Applying formula of Art. 102,

V= %h = 153'9; x 18 = 923.64 cu. in., the volume. Ans.

103. It has been stated that the volume of a cone or a
pyramid is equal to one-third the product of the area of the
base multiplied by the altitude. Similarly, the volume of
any solid whose base is a plane figure and which tapers to a
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point like a cone or a pyramid is equal to one-third of the
product of its base and altitude.
ExaMPLE.—Find the volume of an elliptical cone, whose base is an

ellipse with diameters 8 inches and 6 inches, and the altitude is
7.5 inches.

SorutioN.—The area of the ellipse at the base is 3.1416 X 4 X 3.
The volume is equal to one-third the product of the area of the base
and altitude; that is,

V=§x3.1416x4x3x7.5=94.248

Hence, the volume is 94.248 cu. in. Aans.

EXAMPLES FOR PRACTICE

1. Find the volume of a triangular pyramid of which the altitude
is 4 inches and the base is an equilateral triangle having each side
3 inches long. Aaus. 5.2 cu. in,

2. Find the weight of a steel bar 16 feet long and 2 inches in
diameter, the weight of steel being taken as .28 pound per cubic inch.

Ans. 168.89 1b.
3. What is the entire area of a hexagonal prism 12 inches long,
each side of the base being 1 inch long? Ans. 77.196 sq. in.

4. (a) Find the convex area of a cone whose altitude is 12 inches,
and the circumference of whose base is 31.416 inches. (4) Find the

volume of the cone. (@) 204.2 sq. in.
Ans.{(3) 31516 ou. .

THE FRUSTUM OF A PYRAMID OR A CONE
104. If a pyramid is cut by a plane parallel to the base,

as in Fig. 56, so as to form two parts, the lower \
part is called a frustum of the pyramid.

105. If a cone is cut in a similar manner,
as in Fig. 57, the lower part is called a frus- <
tum of the cone.

106. The upper end of a frustum of a
pyramid or cone is called the upper base, and
the lower end the lower base. The altitude Fro. 5
of a frustum is the perpendicular distance between the bases.

3358194 -
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107. To find the convex area of a frustum of a regular
pyramid or of a cone:

Rule.—7%e convex area of a frustum of a regu-
lar pyramid or of a cone equals one-half the sum
of the perimelers of ils bases multiplied by the

o slant height of the frustum.
Let p = perimeter of lower base;
P’ = perimeter of upper base;
s = slant height;
FiG. 57 ¢ = convex area.

Then, ¢ =<”';'bl>s

ExaMPLE 1.—Given the frustum of a triangular pyramid in which
each side of the lower base measures 10 inches, each side of the upper
base measures 6 inches, and whose slant height is 9 inches; find the
convex area.

SorutioN.— 10 in. X 3 = 30 in., the perimeter of the lower base.

6 in. X 3 = 18 in., the perimeter of the upper base. Applying formula
of Art. 107,

¢ = (%’1’): = 30—; 18 X 9 = 216 sq. in., the convex area. Ans.

ExaMPLE 2.—If the diameters of the two bases of a frustum of a
cone are 12 inches and 8 inches, respectively, and the slant height is
12 inches, what is the entire area of the frustum?

SOLUTION.— (12 X 3.1416) ; (8 X 3.1416) X 12 = 376.99sq.in.,the
convex area. 8’ X .7854 = 50.27 sq. in.
12* X .7854 = 113.1 sq. in.
113.1 4 50.27 = 163.37 sq. in., the area of the two ends. 376.99
+ 163.37 = 540.36 sq. in., the entire area of the frustum. Ans.

108. To find the volume of the frustum of a pyramid or
a cone:

Rule.—Add the areas of the upper base, the lower base, and
the square root of the product of the areas of the two bases; mul-
tiply this sum by one-third of the altitude.

Let A == area of lower base;
a = area of upper base;
h altitude;
V = volume.
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Then, V= (A+a+VAa)g

EXAMPLE 1.—Given a frustum of a hexagonal pyramid in which each
edge of the lower base measures 8 inches, and each edge of the upper
base measures 5 inches, and whose altitude is 14 .inches, what is its
volume?

SoLuTION.—A hexagonal pyramid is one whose base is a regular
hexagon, as shown in Fig. 58. Hence, applying §
formula of Art. 68, )

= 8 X 2.5981 = 166.28 sq. in.
In a similar way, the area of the upper base is
found to be 64.85sq. in. Then, applying formula
of Art. 108,

V = (168.28 + 64.95 + V166.28 X 64‘.(53).‘3!

= 835.15 X % = 1,664.03 cu.in.,thevolume. Ans. P16. 58

ExAMPLE 2.—What is the volume of a frustum of a cone whose
upper base is 8 inches in diameter, whose lower base is 12 inches in
diameter, and whose altitude is 15 inches?

SoLuTION.—The area of the upper base is 8® X .7854 = 50.27 sq. in.
The area of the lower base is 12* X .7854 = 113.1 sq. in., nearly. The

square root of their product is V50.27 X 113.1 = 75.4.
Then, V= (50.27+ 1131+ 75.4)y

=-23877X§5—119385cu in., the volume. Ans.

THE WEDGE

109. A wedge, as here considered, is a solid whose
base is a rectangle, two of whose oppo-

site faces are parallel triangles, and

two are parallelograms whose intersec-

E tion is called the edge of the wedge.
A wedge may therefore be defined as a

triangular prism having one rectangu-

C ar face, called the base. In Fig. 59,

4 ABCD is the base and E£ F the edge
1 of the wedge.

Fio. 59 110. The altitude of a wedge is

the perpendicular dlstance between the base and the oppo-
site edge.
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111. To find the volume of a wedge:

Rule.—7%e volume of any wedge is equal to the area of thAe
base multiplied by one-half the altitude.

Let A = area of base;
k = altitude;
V = volume.

Then, V= ‘:’2£ :

ExAMPLE.—What is the volume of a wedge whose base is a rect-
angle 6 feet long and 4 feet wide, and whose altitude is 10 feet?

SoLUTION. — The area of the base is 4 X 6 = 24 sq. ft. Applying
formula of Art. 111,

V= 2“—;‘-5’ =120 cu. ft. Aus.

EXAMPLES FOR PRACTICE

1. Steel weighs .28 pound per cubic inch; find the weight of a steel
wedge whose base is a rectangle 3 inches by 1} inches and whose alti-
tude is 8 inches. Ans. 5.04 1b.

2. Find the volume of the frustum of a square pyramid of which
the larger base is 15 inches square, the smaller base, 14 inches square,
and the altitude, 3 inches. Ans. 631 cu. in.

3. A round tank is 8 feet in diameter at the top (inside) and 10 feet
at the bottom; if the tank is 12 feet deep, how many gallons will it
hold, there being 231 cubic inches in a gallon? Anps. 5,734.2 gal.

4. (a) What is the convex area of the frustum of a square pyramid
whose altitude is 16 inches, one side of whose lower base is 28 inches
long, and of the upper base 10 inches? (4) What is the volume of the

frustum. a) 1,395.18 sq. in.
A“s'{fb) 6,208 cu. in.

THE SPHERE

112. A sphere, Fig. 60, is a solid
bounded by a uniformly curved surface
every point of which is equally distant
from a point within, called the center.

The word ball is commonly used instead

F16. 60 of sphere.
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113. To find the area of the surface of a sphere:

Rule.—7ke area of the surface of a sphere equals the square
of the diameter multiplied by .

Let S = surface;
& = diameter.

Then, S=rnd

ExaAaMpPLE.—What is the area of the surface of a sphere whose
diameter is 14 inches?

SoLuTION. — Applying formula of Art. 113, S = 3.1416 X 14*
= 3.1416 X 14 X 14 = 615.75 sq. in., the area. Ans.

114. To find the volume of a sphere:

Rule.—The volume of a sphere equals the cube of the diameter

multiplied by ’é.

Let V = volume;
d = diameter.

Then, V= ’éd‘ = .52364"

ExAMPLE.—What is the weight of a lead cannon ball 12 inches in
diameter, a cubic inch of lead weighing .41 pound?

SoLuTION.—Applying formula of Art. 114, V = .5236 X 12 X 12
X 12 = 904.78 cu. in., the volume of the ball. )
904.78 X .41 = 370.96 Ib. Ans.

The volume of a spherical shell, or hollow sphere, is equal

to the difference in volume between two spheres having,

respectively, the outer and the inner diameter of the shell.

115. To find the diameter of a sphere of known volume:

Rule.—Divide the volume by 5236 and extract the cube root
of the quotient. The result is the diameter.

/_K_ -
d = {5535 = 1240741V

ExaMPLE.—The volume of a sphere is 98.1 cubic inches; what is
its diameter?

SoLuTtioN.—Applying formula of Art. 115,

VBT = 5.68i
d= "Tsﬁ = \p2gg = 1-2407%96.1 = 5.68in. Ans.
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116. If any solid is cut into two parts by a plane, the
surface of either part exposed by the removal of the other
part is called a plane section of the solid.

Plane sections are divided into three classes: longitudinal
sections, cross-sections, and right sections. A longitudinal
section is any plane section taken lengthwise through the
solid. Any other plane section is called a cross-section.
If the surface exposed by taking a plane section of a solid
is perpendicular to the center line of the solid, the section
is called a right section. The surface exposed by any
longitudinal section of a cylinder is a rectangle. The sur-
face exposed by a right section of a cube is a square; of a
cylinder or a cone, a circle. An oblique cross-section of a
cylinder is an ellipse.

THE CYLINDRICAL RING

117. A cylindrical ring is a solid that may be gen-
erated by a circle revolving about an external axis in its
plane.

118. To find the convex area of a cylindrical ring:

Rule.—Multiply the circumference of an imaginary cross-
section on the line AB, Fig. 61, by the length of the center
line D.

ExAMPLE.—A piece of round iron rod is bent into circular form to
make a ring for a chain; if the outside diameter of the ring is 12 inches
and the inside diameter is 8 inches, what is its convex area?

SoLuTiOoN.—The diameter of the center circle eqﬁals one-half the
sum of the inside and outside diameters, 1—2—;-—8 = 10, and 10 X 3.1416
= 31.416 in., the length of the center line. The radius of the inside
circle is 4 in., of the outside circle 6 in.; therefore, the diameter of
the cross-section on the line 4 Bis2in. Then, 2 X 3.1416 = 6.2832in.,

and 6.2832 X 31.416 = 197.4 sq. in., or the convex area. Ans.
119. To find the volume of a cylindrical ring:

Rule.—7%e wvolume will be the same as that of a cylinder
whose altitude equals the length of the dotted center line D,
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Fig. 61, and whose base is the same as a cross-section of the ring
on the line A B, drawn from the center O.
Hence, to find the volume of a cylindrical
ring, multiply the area of an imaginary
cross-section on a line A B, by the length B
of the center line D.

ExAMPLE.—What is the volume of a cylin-

drical ring whose outside diameter is 12 inches,
and whose inside diameter is 8 inches? Fic. 61

/

SoLuTioN.—The diameter of the center circle equals one-half the
sum of the inside and outside diameters, 121 ° = 10. 10 X 3.1416
= 31.416 in., the length of the center line. The radius of the outside
circle is 6 in., of the inside circle, 4 in.; therefore, the diameter of the
cross-section on the line 4 B is 2 in. Then, 2* X .7854 = 3.1416
sq. in., the area of the imaginary cross-section; and 3.1416 X 31.416
= 98.7 cu. in., the volume. Ans.

EXAMPLES FOR PRACTICE
1. (a) What is the area of the surface of a sphere 30 inches in
diameter? (6) What is the volume of the sphere?
: (a) 2,827.44 sq. in.
Ans.{ (5] 14.157.2 on. in.

2. (a) What is the convex area of a cylindrical ring, the outside
diameter of the ring being 10 inches and the inside diameter 7§ inches?
(6) What is the volume of the ring? Ans {(a) 107.95 sq. in.

*1(6) 33.734 cu. in.

3. The volume of a sphere is 606.132 cubic inches; what is the con-
vex area of a cone whose slant height is 10 inches, and the diameter
of whose base is the same as the diameter of the sphere?

~ Ans. 164.934 sq. in.

THE PRISMOID

120. A prismoid is a solid whose two bases are any
polygons in parallel planes, and whose lateral faces may be
divided into triangles and trapezoids by lines joining the
vertexes of one base with those of the other. Thus, the
solid shown in Fig. 62 is a prismoid; its bases are the penta-

gon A B C D E and the quadrilateral /G A/, which lie in
115—8
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parallel planes; and its faces are the triangle G B C and the
trapezoids GCDH, HDEIl, [ EAF,
and F A4 BG.

121. The altitude of a prismoid
is the perpendicular distance between
the bases or parallel faces.

122, The parallel faces or bases
of a prismoid are commonly called its
end sections.

A prismoid is also defined as a solid
having two parallel end faces, and composed of any com-
bination of prisms, wedges, and pyramids, whose common
altitude is the perpendicular distance
between the parallel faces.

Fro. 62

123. The middle section of a
prismoid is the polygon formed by a
plane, parallel to the bases, and cutting
the prismoid at equal distances from
the two bases or end sections. Thus,
polygon PQ R S is the middle section 3
of the prismoid shown in Fig. 63. Fio. 63

124. Any dimension of the middle section of a prismoid
may be taken equal to one-half the sum of the corresponding
dimensions of the two end sections or bases. Thus, in Fig. 63,
PO=3$AB+ FG), QR=3BC RS =3(GH+ CD),
and SP =3(HF+DA).

125. The area of the middle section of a prismoid may
be measured directly, or calculated from its dimensions as
determined from the dimensions of the end sections. It is
not, in general, equal to one-half the sum of the areas of
the bases.

The area of the middle section of a prism is the same as
the area of either base; the area of the middle section of a
wedge is equal to one-half the area of the base; the area of
the middle section of a pyramid is equal to one-fourth the
area of the base.
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126. To find the volume of a prismoid:

Rule.—Multiply the sum of the areas of the two end sections
Dlus four times the arvea of the middle section by one-sixth the
altitude.

Let A4 = area of one base or end section;
A’ = area of opposite base or end section;
M = area of middle section;
k = altitude;
V = volume of prismoid.

Then, V= %(A+A’ +4M)

This formula for finding the volume of a prismoid is known
as the prismoidal formula. It is theoretically exact for
determining the volumes of those solids to which it applies.

The derivation of this formula is as follows:

A prismoid can always be divided into elementary parts that will be

prisms, wedges, and pyramids. From formula of Art. 96, the volume
of a prism is V' = A A; from formula of Art. 111, the volume of a

wedge is V = A—h; and from formula of Art. 102, the volume of a

2
pyramid is V = % If these expressions are reduced to a common
denominator, there will result,
. 6A4Ah
For a prism, V== 1)
For a wedge, V= 3—‘: A (2)
For a pyramid, - V= 2:;}‘ (3)

Since any prism is of uniform cross-section throughout its length,
every section will have the same area 4, and equation (1) may be

written
v=24%_ a4t a4

For a wedge, evidently 4’ = 0,and M = } A. Hence, equation (2)
may be written
3Ak
V=—6———(A+0+2A) —(A+A’+4M)
For a pyramid, A’ = 0, and / = 4 A. Hence, equation (3) may
be written

y=24 24k

. 6(A+0+A) 6(A+z‘1’+41'f)
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Each of these formulas is the same as the formula given in this
article; which shows that the latter formula applies correctly to the
volume of a prism, pyramid, or wedge, and since it applies to each, it
applies also to their sum, or the volume of a prismoid.

ExaMpLE.—Find the volume of the prismoid shown in Fig. 64,
whose altitude is 14 inches.

SoruTiON.—Let P Q R be the middle section. Then,
PQ = HAB + DE) =413

+4) = 8.5 in.
QR=4BC + EF) = }(37
+ 13) = 25 in.
RP=4AC+ DF) = }(40
+ 15) = 27.5 in.

The areas of the triangles
are calculated by formula of
Art. 47, which gives the area
of AB C = 240 sq. in., area

Fro. 64 of DEF =24 sq. in.,, and
area of PQ R = 105.2 sq. in., nearly. Hence,

V= % X (240 + 24 + 4 X 106.2) = 1,697.9 cu. in., nearly. Auns.

127. A familiar example of a prismoid is a railway cut-
ting where the roadway is a horizontal plane, the side slopes
are inclined planes, and the original surface of the ground is
more or less inclined and irregular.

For calculating the volume of cuts and fills the prismoidal
formula, though theoretically exact, gives results that are
only approximate, on account of the inequalities of the sur-
face of the ground. The nearer to each other the cross-
sections are taken, the more accurate will be the result.

ExaMpLE 1.—Find, by the prismoidal formula, the volume of the
frustum of a square pyramid of which the larger base is 2.5 feet
square, the smaller base is 1 foot square, and the altitude is 16 feet.

SoruTtioN.—The area of the larger base is 2.5 X 2.6 = 6.25 sq. ft.;
the area of the smaller base is 1 X 1 = 1 sq. ft. The middle section
is a square whose side is one-half the sum of the side of the upper and
lower base; that is, § X (2.5 +1) = 1.76 ft. The area of the middle
section is 1.76* = 3.0625 sq. ft. Applying formula of Art. 126, the
volume of the frustum is

3 X 16 X (6.26 + 1 + 4 X 3.0625) = 52 cu. ft. Ans.’
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ExAMPLE 2.—In a railway cutting 200 feet long, the following are
the areas, in square feet, of the cross-sections taken every 50 feet,.
namely: 2,700, 2,619, 2,656, 2,484, 2,610. What is its volume?

SorLutioN.—The volume between the first and the third cross-section
is, by formula of Art. 126,

v = 102,700 + 2,556 + 4 X 2,619) = 262,200 cu. ft.
‘The volume between the third and the fifth section is
V= 1(;—(’(2.556 + 2,610 + 4 X 2,484) = 251,700 cu. ft.

The volume of the cutting is the sum of the volumes of the two
prismoids, which is 513,800 cu. ft. = 19,033 cu. yd. Ans.

128. Average End Areas.—In practice, the volume of
cuts and fills is often calculated by what is known as the
method by average end areas, or simply as the end area
method. By this method, the volume of the solid is found
by multiplying one-half the sum of the two end areas by the
distance between the two sections. Thus, let

A = area of one cross-section;
A’ = area of next cross-section;

& = perpendicular distance between sections;
V = volume.

Then, V = g(A + A’)

Results obtained by this formula are approximate and
slightly larger than those given by the prismoidal formula.
On account of its simplicity, the average end area formula is
much used in practical earth-work calculations. The inequal-
ities of the surface of the ground make it impossible to
find the exact volume of a cut or fill, however accurate may
be the formula applied.

ExampPLE.—The areas of two cross-sections of a fill 50 feet apart

are 2,700 and 2,619 square feet respectively; find the volume of the
section, in cubic yards.

SoLuTION.—In this case, 4 = 2,700; A’ = 2,619; and 4 = 50; then
V= 570(2,700 +2,619) = 132,975
Hence, the volume is 132,975 cu. ft. = 4,925 cu. yd. Ans.
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EXAMPLES FOR PRACTICE

1. Find the volume of a right prismoid whose bases are rectanigles
that measure 10 inches by 8 inches and 8 inches by 6 inches, and
whose height is 40 inches. Ans. %2,533.3 cu. in.

2. A railway cutting is 800 feet in length; the areas, in square
yards, of cross-sections taken every 100 feet are: 237, 220, 204, 187,
171, 186, 204, 210, 220. Find the number of cubic yards in the cutting:
(a) by the prismoidal formula; (4) by average end areas.

a) 53,633 cu. yd.
“‘“s'{fo; 53,683 cu. yd.

3. Find, by the prismoidal formula, the volume of a frustum of a
hexagonal pyramid, each side of the lower base being 12 inches; of
the upper base, 8 inches; and the altitude being 12 inches.

Ans. 3,159.3 cu. in.

4. Find, by the prismoidal formula, the volume of a wedge whose
base is a rectangle 15 feet in length and 9 feet in width, and whose
altitude is 12 feet. Ans. 810 cu. ft.



PLANE TRIGONOMETRY

(PART 1)

THE TRIGONOMETRIC FUNCTIONS

DEFINITIONS

1. Trigonometric Functions and Trigonometry
Defined.—Let 4, Fig. 1, be any acute angle; A M and A N,
its sides; 2 C, a perpendicular drawn to the side A VNV from
any point on the side 4 M; and B’ C’, a perpendicular drawn
to the side A4 A from any point on the side A N. In the
right triangle 4 B C, one of the

M
vertexes of which is the vertex o
of the angle A, the hypotenuse 2
A B will be referred to as the
hypotenuse; the perpendicular A [4 B ol

B C, opposite the vertex of the Fia.1

angle A, as the side opposite; and the leg A C, containing
the vertex of the angle A, as the side adjacen!. Likewise, in
the right triangle 4 B’ (', the hypotenuse is A4 B’; the side
opposite is B’ (’; and the side adjacent, or the leg containing
the vertex of the angle A, is 4 C’. It should be borne in
mind that these terms are used in connection with, or with
reference to, the angle A4.
The two right triangles 4 BC and A B’ C’, having the
acute angle 4 in common, are similar. Therefore,
AB _AB BC_PBC BC_BC
AC  AC' AB AB’ AC AC
It will be observed that, from whichever side the perpen-
dicular is drawn, and whatever the point from which it
is drawn, the ratio of the hypotenuse to the side} adjacent
OCOPYRIONTED BY INTERNATIONAL TCXTBOOK COMPANY. ENTERED AT STAT MHALL, L
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remains unchanged, or is constant. The same is true of
the ratio of the side opposite to the side adjacent, and, in
general, of the ratio of any two of the three lines—hypotenuse,
side adjacent, and side opposite. Evidently, these ratios are
different for different angles. Thus, if 4 is 45°, both acute
angles B and B’ are also 45°; the triangles A 8Cand 4 B’ C
are isosceles; and therefore
BC _BC _
AC  AC
If A4 is greater than 45°, B C is greater than A C, and the

ratio ﬁ——g , having its numerator greater than its denominator,

is greater than 1.

Confining ourselves to the ratio %—g of the side opposite

to the side adjacent, it is seen that the value of this ratio
depends on the magnitude of the angle, and may, therefore,
be used for the determination
of the angle. Thus, it has just
been shown that when the angle
is 45° the ratio is equal to 1;
hence, if in the solution of a
problem it is found that the
two legs of a right triangle are
equal, or that their ratio is 1, it can be at once concluded
that each of the acute angles is 45°.

Consider now an angle A4, Fig. 2, of 30°. The right tri-
angle A B C having been constructed, B C is the side oppo-
site and A C the side adjacent. If A is the middle point

of the hypotenuse, the line AZ C is equal to 4 A, or f42—8;

Pre. 2

for, if a semicircle is described on 4 B as a diameter, with
H A as a radius, that semicircle must pass through C, since
the angle 4 C B is a right angle. Now, & C being equal to
H B, the angle A C B is equal to B, or 60°; and, as the sum
of the three angles of the triangle B H C is 180°, the angle
B H C must be 60°. The triangle A B C being equiangular,

it is also equilateral, and therefore 8C = B H = 42£, and
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the ratio of the side opposite to the hypotenuse is :{i—g
= iﬁ = % Suppose, now, that in dealing with a right

triangle the hypotenuse is found, by measurement, to be
1,500 feet and one of the sides 750 feet. Since the ratio of

750 to 1,500 is %, we at once conclude that the angle opposite

the 750-foot side is 30°, and the other angle of the triangle, 60°.

These illustrations give a general idea of the practical
value and use of the ratios under consideration. These ratios
are determined for each angle, by methods that will be again
referred to further on, and collected together in a table,
from which the angle corresponding to any given ratio can
be determined. Thus, if in a certain angle the ratio of the

opposite side to the hypotenuse is %, this ratio is looked

for in the table, where it is found as that belonging to 30°.
In this manner, the value of
the angle is determined from
the ratio in question, that
ratio being obtained from
the measured lengths of cer-
tain lines.

2. The ratios considered
in the preceding article are 4
called trigonometric func-
tions of the angle 4. In the
triangle 4 B C, Fig. 3, two ratios are obtained by dividing
any of three sides by each of the other two. Hence, there
are six trigonometric functions of the angle 4. This is true
of any angle, since A is here used to represent any angle
whatever. These functions have very important and useful
properties, which make them exceedingly valuable for the
solution of geometrical problems by computation.

N

Side adjacent ==b C
F16.8

3. Trigonometry is that branch of mathematics that
treats of the properties of trigonometric functions and of
their application to the solution of triangles.
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4. The Sine and the Tangent.—Two of the most
important of the trigonometric functions are the ratio of the
side opposite to the hypotenuse, and that of the side opposite

to the side adjacent; that is, f—and %, Fig. 3. They are

called, respectively, the sine of 4 and the tangent of A.
The words sine and langent! are abbreviated to siz and Zax) -
respectively, and the expressions siz 4, tan A, are for brevity
read sine A, tangent A, instead of sine of A, and fangent of A.
We have, then,

sin A4 = side opposite _a (1) -
hypotenuse c
side opposite a

tan 4 = > = = 2
side adjacent b (2)

If these formulas are fixed in the mind, little difficulty will
be experienced in remembering the others that will be given.
It should be noticed that the side opposite is the numerator
in both ratios. The occurrence of the letter a in both the
words adjacent and tangent will help one to remember which of
the two fractions represents the tangent and which the sine.

?
27
R
A ©
|
A —%i—¢ dP——oer—=¢

Fi16. 4 F16.5
ExAMPLE 1.—In the right triangle 4 B C, Fig. 4, the lengths of the
sides are shown; find the sine and the tangent of 4.
SorLuTtioN.—In this case, the hypotenuse 4 B = 10; the side adja-
cent, A C = 8; side opposite, B C = 6. These values in formulas
1 and 2 give

xI®» Sle

sin A = .6. Ans.

tan A = = .75. Ans.

ExaAMPLE 2.—In the right triangle A4 B C, Fig. 5, the hypotenuse is
12 chains, and the side 4 C is 9 chains; find: (a) the sine and the tan-
gent of 4; (&) the sine and the tangent of B.
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SoLuTioN.—(a) For the angle 4, we have
hypotenuse A B = 12
! side adjacent, A C = 9

side opposite, BC = NAB -~ AC = VIZ' =9 = 7.9372

Substituting in formulas 1 and 2,

. BC 179372
sin A = Z—E = T = .66143. Ans.
BC 7.9372
tan 4 = 4c="9 = .88191. Ans.

(6) For angle B, we have
hypotenuse B4 =12
side opposite, A C =9
side adjacent, B C = 7.9372

. AC 9
Therefore, sin B = AB-1 = .76. Ans.
AC 9
tﬂnB—B—C.=m—7—2— 1.1339. Ans.

EXAMPLES FOR PRACTICE

1. In a right triangle 4 B C (make a sketch of this triangle),
A and B are the two acute angles; the hypotenuse = 40 feet; side
opposite B = 16 feet; find: (a) sin 4 and tan A4; (4) sin B and tan B.

Ans {?1) sin A = .92708, tan 4 = 2.47207
‘1(6) sin B = .37500, tan B = .40452

2. From a point on one side of an angle J, a perpendicular is
drawn on the other side; it is found that this perpendicular is 12.5
- inches long, and that it meets the other side at a distance of 7.75
inches from the vertex; find the sine and the tangent of the angle Af.

(Make a sketch of this triangle.) Ans {sin % = .84988
‘\tan M/ = 1.61290

3. From a point on one side of an angle A4 distant 10 inches from
the vertex, a perpendicular is drawn on the other side; the distance
from the vertex to the foot of the perpendicular is 6 inches; find sin 4

and tan 4. sin 4 = .80000
Ans.{tan 4 = 1.33333

4. The two acute angles of a right triangle are P and Q; the side
opposite P is 150 feet, and that opposite Q is 225 feet; find: (a) sin P
and tan P; (8) sin Q and tan Q.

Ans {(a) sin P = .55469, tan P = .66667
*1(8) sin Q = .83204, tan Q = 1.50000
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5. The Cosine and Cotangent.—The cosine and
cotangent of an angle are, respectively, the sine and the
tangent of the complement of the angle. The words cosine
and cofangent are abbreviated to cos and cof, respectively, and
the expressions cos A, cot A are read cosine A, cotangent A.
Denoting any angle by A, its complement is 90° — A4; there-
fore, according to the definitions just given,

cos A = sin (90° — A4) (1)
cot A = tan (90° — 4) (2)

Since the complement of 90° — A4 is A, it also follows that

cos (90° — 4) = sin A4 (3)
cot (90° — 4) = tan 4 (4)

With reference to the ‘angle B, Fig. 3, BC is the side
adjacent and A4 C the side opposite. Therefore, by formulas
1 and 2, Art. 4,

b
t’
and therefore, since A4 is the complement of B,

4

sin B = -,tan B =
a

cosA=sinB=g

cotA=tanB=g

or, again referring to the angle 4, which is the angle under
consideration,
cos A = Side adjacent (5)
hypotenuse
side adjacent
sice acjacett — (6)

cot A = = $
side opposite

The student will, after some practice, become familiar
with these formulas. Whenever he forgets them, he should
refer to the definitions of the cosine and cotangent, which
will at once enable him to write down the formulas, pro-
vided that he remembers those for the sine and the tangent.

6. The BSecant and Cosecant.—The secant of an
angle is the reciprocal of the cosine of the angle; that is,
1 divided by the cosine.
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The word secant is abbreviated to sec. According to the
definition, we have

1
= 1
sec 4 cos A @
It follows that
1
A= 2
cos sec A (2)

7. The cosecant of an angle is the secant of the comple-
ment of the angle. The abbreviations cosec and csc are used
for cosecant. According to the definition, we have

csc 4 = sec (90° — A) (1)
Since A4 is the complement of 90° — A4, we have also
csc (90° — 4) = sec 4 (2)

By means of formula 1, Art. 6, this relation may be written

1
= o _ = _
csc A = sec (90° — A4) o5 (90° = A)
or, since cos (90° — 4) = sin 4 (formula 3, Art. 5),
csc A = 1 (3)

sin 4

Therefore, the cosecant of an angle may also be defined as
the reciprocal of the sine. Notice very particularly that

secant = reciprocal of cosine
cosecant = reciprocal of sine

From formula 8 above follows

sin A4 =1 (4)

8. Cofunctions and Complementary Functions.
The functions cosine, cotangent, and cosecant are sometimes
called cotunctions of the angle considered; while the sine,
tangent, and secant are called fundamental functions.
As has been. explained, the cofunctions of an angle are the
corresponding fundamental functions of the complement of
the angle. Thus, the cosine of A4 is the sine of 90° — A4;
the cotangent of A is the tangent of 90° — A4; etc.
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A fundamental function and its corresponding cofunc-
tion are called complementary functions of each other,
The sine, for example, is the complementary function of
the cosine; and the cosine is the complementary function
of the sine.

ExXAMPLE 1.—Find: (a) the cosine of the angle A4, Fig. 5; (b) the
cotangent; (c) the secant; (d) the cosecant.
SoLUTION.—(a) The cosine of A is equal to the sine of B, or
AC 9
AB=T2=’75' Ans.

() The cotangent of A is equal to the tangent of B, or (see
example 2, Art. 4)
AC 9
(¢) The secant of 4 is 1 divided by cos A4, or
9 12
1+ 12 = -9 = 1.33333. Ans.
(d) The cosecant of A is 1 divided by sin A, or

BC _AB 12

L+ L 8= BC =430 = 151187, Ans,

ExampLE 2.—Find the functions of 30°,
N SoLuTION.—Let the angle M 4 P, Pig. 6,

B be 30°. Draw BC perpendicular to A4 2,
produce it to B’, making C& = CB, and

) e draw A B’. The triangle B A B thus
30° formed is isosceles, and angle CA B

A<—5 g P = CAB = 30°. Therefore, B A B = 30°

I +30° = 60°. Also, angle B = 90° — 30°

= 60°; and angle B = angle B = 60°. As

B’ the three angles of 4 B B are equal, the

sides are also equal, and ¢ = B8 = 2 a.
Now, the figure gives,

b= N —a'=+(2a)y —q* = V3a® = a3
Bearing these values in mind, we have

Fio0. 6

ing0°e=% =92 _1
sin 30° = c =34 3 Ans.
a a 1 V3
unwoa = = —— = o An'c
b6 av3 V3 3

a3 _ V3

b .
° = - = -
cos 30 ha 5 9 Ans.
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cot30°=2=a—"—§= V3. Ans.
a a
o__ 1 _ . M8_2_2
sec30° = o =1+ = \15_3‘5' Ans
°—___l__— ..:..1_‘—
csc 30 _sin30°-1'2_2' Ans.

NoTte.—It is only in a few cases that the values of the trigonometric functions of
an angle can be derived by elementary principles, as above. The general method for
determining the functions of any angle is comparatively complicated, and is beyond
the scope of this work. The trigonometric functions of any angle can be obtained
from a table, as will be presently explained.

EXAMPLES FOR PRACTICE

1. The acute angles of a right triangle are B and C; the side
opposite B is 1,200 feet; and that opposite Cis 1,500 feet; find the
fundamental functions of B, and from them the cofunctions of C.

Ans.{sin B = .62471, tan B = .8, sec B = 1.2808
cos C = .62471, cot C = .8, csc C = 1.2806

2. From example 2, Art. 8, derive the functions of 60°
(= 90° - 30°). 3

sin 60° = V , tan 60° = 3, cos 60° = 1
Ans 2 2
' 3 2
cot 80° = 1, sec 60° = 2, cse 60° =3 V3
8. Givensin 4 = gand cos B = ;. find csc A and sec B.

cscA =15
Ans. sec B =1.25

4. Find the trigonometric functions of 45°. (Notice that here the
side opposite is equal to the side adjacent. Denote the hypotenuse by ¢,
and express the other two sides in terms of ¢.)

sin 45° = cos 45° = }V2
Ans.{tan 45° = cot 46° =1
sec 45° = csc 45° = 2

9. The Versed Sine and Coversed 8ine.—The versed
sine (vers) of an angle is 1 minus the cosine; and the
coversed sine (covers) is 1 minus the sine.

vers A =1—cos A4 (1)
covers 4 = 1 —sin A4 (2)

These two functions are not much used, except in railroad
work.

— A
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10. Summing Up.—The foregoing definitions are
summed up in the table given be-

B low, which contains the expressions

° for the functions of the angle A,

* Fig. 7, in terms of the hypotenuse ¢,

A ry ] N the side opposite, ¢, and the side
F10.7 adjacent, b.
TABLE I

Function sin | tan | cos | cot | sec | csc vers | covers

b b ¢
Value. . .| ¢ 2 = = = 2 l—él—g
c b ¢ a b c c

. . c c
The ratios — and 2 for the secant and cosecant are

b
obtained from the formulassec4 = 1+cos 4 =1 + f_- ;,

cscA=1+sind=1+2 .
c a

11. Representation of the Trigonometric Func-
tions by Lines.—Let A, Fig. 8, be any angle. From its

F16.8

vertex O, describe a circle of radius 1; or, otherwise, describe
any circle and take its radius as unity. This circle intersects
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the sides of the angle at B and C. Draw the tangent C7,
meeting O B produced at 7 the radius O C’ perpendicular to
O C; the lines B P and B P’ perpendicular to OC and O C/,
respectively; and the tangent C’ 77, meeting OB produced
at 77.

Since the angle A4 is measured by the arc C2B, the trigo-
nometric functions of the angle are said to be likewise the
trigonometric functions of the arc. It is, for instance,
immaterial whether we say that 1 is the tangent of an angle
of 45° or of an arc of 45°.

In the figure constructed as just explained, the trigono-
metric functions of the angle 4, or of the arc C2A, may be
represented by lines, as marked. For, in the right triangle
O P B, in which B P, O P, and O B are, respectively, the side
opposite, the side adjacent, and the hypotenuse, we have

ingd =B°F = 0P
sin 4 = B,cosA—OB
or, since OB = 1,
sinAa=B—lp=BP,cosA=Ql—e=0P

In the triangle O C7, in which C7 and O C are, respect-
ively, the side opposite and the side adjacent, and O 7 is the

hypotenuse,
cr_cr

tan 4 = c= 1 = C7
oTr OT
A=——"=""=-=

sec c 1 oT

By the same reasoning, it can be shown that C’ 77 and
O 7" are, respectively, the tangent and the secant of the
angle (" O7”, or the cotangent and the cosecant of A4, since
C 07T is the complement of A.

Let the student verify that, according to the definitions
of the versed sine and coversed sine, these functions are
represented by PC and /' C, respectively.

115—9
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o B

TIONS AMONG THE FUNCTIONS OF
»“#. x) g“ AN ANGLE

- e ?|:
,?}'5 2. deﬁ&l of Marking a Triangle.—The triangle
A B C“?lg has the angles marked by the capital letters
=Y, B, a.gd the sides opposite these angles marked by the
e sms}mttetga, b, and ¢, respectively. This method of mark-
e mg a I'laﬂg{; is very useful and convenient, as it points out
" at once the:ﬁ’elatlve position of the sides and the angles. In
-Ya rlgbt tnangle the right angle is usually designated by C.
\;-';. th& @es that follow, when only the angles are marked,
s sidégigpposite are taken as marked by the small letters
= %&spﬁnﬂmg to the capital letters that mark the angles.

@3. Relation Between Tangent and Cotangent.

Fig. 7,
tan A4 =q,cotA = L4
b a
Multiplying these equations together gives
tanAXcotA=gXé=l‘
b a
1
hence, cot A =
v tan A
1
tan 4 = ——
cot A

~ That is, the tangent and cotangent are each the reciprocal

of the other. This is a very important relation, and should
be committed to memory, together with those given in the
two articles following.

14. Tangent and Cotangent in Terms of Sine and
Cosine.—In Fig. 7,

. a b
sinA =-,cos A = -
c

N

Dividing these equations member by member gives

sind _a_ b _a
cosd ¢ ¢ b
that is, since ¢ = tan 4, ¢

(S
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the top with the given number of degrees, in the subdivi-
sion of that column headed by the name of the given func-
tion, and horizontally opposite the number in the left-hand
column (marked /) that expresses the number of odd min-
utes in the angle. When the function considered is a sine
or a cosine, it is taken from the table headed Natural Sines
and Cosines; when a tangent or cotangent, from the table
headed Natural Tangents and Cotangents.

ExampLE.—Find the natural functions of an angle of 37° 23/,

SoruTtioN.—On page 30 of the table headed Natural Sines and
Cosines, the double column headed 37° is found. Looking in the left-
hand minute column for 23 (number of odd minutes in the given angle),
and glancing along the horizontal row to the right of 23, the number
.60714 is found in the single column marked Sine under 37°; and the
number .78459 is found in the column marked Cosine. Therefore,

sin 37° 23’ = .60714. Ans.
cos 37° 23/ = .79459. Aans.

The tangent and cotangent are taken in a similar manner from the
table headed Natural Tangents and Cotangents, page 39. The results
are: tan 37° 23’ = .76410. Ans.

cot 37° 23’ = 1.30873. Ans.

EXAMPLES FOR PRACTICE

Verify the following values:

.(a) sin 39° 55’ = .64167; cos 39° 55’ = .76698; tan 39° 55 = .83662;
cot 39° 55 = 1.19528.

(6) tan 16° 32’ = .29685; cos 16°32' = .95865; sec 16° 32’ = 1.04313;
csc 16° 32/ = 3.51407.

(¢) cot 43°2 = 1.07112; csc 43° 2/
cos 43° 2’ = .73096.

1.46537; tan 43° 2’ = .93360;

19. To Find the Natural Functions of an Angle
Greater Than 45° and Containing No Odd Seconds.
The required function is found in the double column marked
at the bottom with the given number of degrees, in the sub-
division of that column having at the bottom the name of the
given function, and horizontally opposite the number in the
right-hand column (marked /) that expresses the odd minutes
in the angle. It will be observed that the number of degrees
at the bottom of the pages decrease as the pages increase,
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and that the number of minutes in the right-hand column
increase from bottom to top.

ExaMpLE.—Find the functions of 53° 43’.

SoLuTiON.—The double column marked 53° at the bottom is found
on page 30 of Natural Sines and Cosines. Looking along the hori-
zontal row determined by the number 43 in the right-hand minute
column, the number .80610 is found in the single column marked Sine
at the bottom, and the number .59178 in the single column marked
Cosine at the bottom, these two columns forming the double column
marked 53° at the bottom. Therefore,

sin 53° 43’ = .80610. Ans.
. cos 53° 43’ = .59178. Ans.

The tangent and cotangent are similarly taken from page 39 of
Natural Tangents and Cotangents. The results are:

tan 53° 43’ = 1.36217. Ans.
cot 53° 43’ = .73413. Ans.

EXAMPLES FOR PRACTICE
Verify the following values:
(a) sin 67°45 = .92554; cos 67° 45 = .37865; tan 67° 45’ = 2.44433;
cot 67° 45 = .40911.
(8) cot 74° 3’ = .28580; csc 74° 3’ = 1.04004; sin 74° 3' = .96150.
(¢) cos 48° 9 = .66718; cot 48° ¥ = .89567; csc 48° ¥ = 1.34248.

20. To Find the Natural Functions of an Angle
Containing Oda Seconds.—The method of solving this
problem by means of the table is founded on the following
principle, which applies within the limits of approximation
with which the table is constructed:

If several angles are taken within an interval not greater
than 1/; that is, so that the difference between the greatest
and the smallest shall not exceed 1/, the ratio of the differ-
ence between any two of these angles to the difference
between any other two is the same as the ratio obtained by
dividing the difference between the values of any trigono-
metric function for the first pair of angles, by the difference
between the values of the same function for the second pair
of angles. For instance, if the angles 43° 46’ 32, 43° 46/
34/, 43° 46/ 40”7, and 43° 47’ are taken between 43° 46’ and
43° 47/, then



§9 PLANE TRIGONOMETRY 19

_ 43° 47 —43° 46/ 40”7 _  sin 43° 47’ — sin 43° 46’ 40”
43° 46 34" — 43° 46/ 32"  sin 43° 46/ 34" — sin 43° 46/ 32"
In general, if 4, B, C, D are any angles within an interval
of 1/, then
A—B _sinAd—sinB _cosA—cos B
C—D sin C—sinD cos C—cos D
_tanA—tan B _ cot A —cot B
" tan C—tan D cot C—cot D
Similarly,
A—B _sinA—sinB _cos4—cos B
B—C sinB—sinC cosB—cosC’

etc.

Let A be the number of degrees and minutes in any angle,
and s the number of odd seconds. Then the angle, which
will be represented by A + s, lies between 4 and A4 + 1’
or between A4 and 4 + 60”. For instance, if the angle is
25° 15 377, it lies between 25° 15/, which is represented by
A, and 25° 16/, which is 25° 15/ + 1/, or A +1’, or 4 + 60”.
In this case s represents 37”. From the principle stated
above we have,

(4+60") — A4 _ sin (4 +60") —sin 4
(A+s")—A sin (A4 + s”) — sin 4
or 60 _ sin (4 +1') —sin 4
’ s sin (4 + s”) —sin 4
whence, solving this equation for sin (A4 + s"/),
sin (4 + s”) = sin 4 + [sin (4 + 1’) — sin 4] é (1)
Similarly,
tan (4 + s”) = tan 4 + [tan (4 + 1’) — tan A]é (2)
For the cosine, we have

cos (A4 + ") = cos A + [cos(4 + 1) — cos A]s%

but, since the cosine of an angle decreases as the angle
increases, cos A4 is greater than cos (A4 + 1’), and there-
fore it is better to write the formula thus,
cos (4 + ¢') = cos A — [cos A — cos (A+l’)]é (3)
Similarly,
cot (A4 +s"’) = cot A —[cot A — cot (A+1/)]6% (4)
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The functions of 4 and A4 + 1’ can be readily taken from
the table, as explained in the preceding articles, and from
them the functions of 4 + 5’ are determined by the formulas
just given, or by the following rule, which states in words
what the formulas express in symbols:

Rule.—Find, in the table, the sine, cosine, tangent, or cotan-
genl corresponding lo the degrees and minules in the angle.

For the seconds, find the difference between this value and the
value of the sine, cosine, langenl, or colangent of an angle |
minule greatler; mulliply this difference by a fraction whos
numeralor is the number of seconds in the given angle and whose
denominalor is 60.

If the sine or langent is sought, add this correctiof to thy vplue
first found; if the cosine or cotangent is sought, subltract the
correction.

ExampLE.—PFind: (a) the sine of 56° 43/ 17”; (4) the cosine; (c) the
tangent; and (d) the cotangent.

SoLUTION.—(a) Here A = 568° 4%, s = 17, A+ 1’ = 56° 44/.

sin (A + 1) = sin 56° 44’ = .83613
sin 4 = sin 56° 43/ = .83597

Difference = oorﬁs

Adding this product to sin 4, we have
sin 56° 43/ 177 = 83597 + .00006 = .83602. Ans.

() cos A = cos 56° 43’ = 54878
cos (A + 1) = cos 56° 44’ = .54854
Difference = .00024
17
s
.00007, nearly

Subtracting this product from cos 4, we have
cos 56° 43’ 17”7 = .64878 — .00007 = .54871. Ans.
(¢) tan (A4 + 1') = tan 56° 44/ = 1.52429
tan A = tan 56° 43’ = 1.52332

Difference = .00097
17
60

.00027, nearly

4
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Adding this product to tan 4, we have .
tan 56° 43’ 17”7 = 1.52332 + .00027 = 1.52359. Ans.
(d) cot A = cot 56° 43’ = .65646
cot (A + V') = cot 56° 44’ = .65604
Difference = .00042
17
el
.00012, nearly

Subtracting this product from cot 4, we have
cot 56° 43’ 17”7 = .65646 — .00012 = .65634. Ans.

EXAMPLES FOR PRACTICE

Verify the following values:

(a) sin 18° 54/ 45" = .32412; tan 18° 54/ 45" = .34262.
(6) cos 34° 17/ 18” = .82621; cot 34° 17/ 18” = 1.46659.
(¢) sin 72° 26/ 207 = .95340; cot 72° 26/ 20/ = ,31647.
(d) cos 65° & 97 = .42100; tan 65° 6’ 9 = 2.15457.

(e) sin 80° (¢ 3” = .98481; cot 80° ¢/ 3" = .17631.

(f) tan 14° 14/ 147 = .25373; cos 14° 14’ 14” = .96928.

21. To Find the Angle Corresponding to a Given
Function, When the Function Is in the Table.—This
case does not present any difficulty. Having found the
given function in the table, the degrees in the angle are
taken from the top or the bottom, and the minutes from
the left- or the right-hand column, according as the name
of the function is at the top or at the bottom of the page.

ExAMPLE 1.—The sine of an angle is .47486; what is the angle?

SoLuTioN.—Glancing down the columns marked Sine in the table
of Natural Sines and Cosines, .47486 is found (on page 28) in the
column headed 28°. The number of minutes, 21, is found in the left-
hand minute column, horizontally opposite .47486. Therefore, .47486
= sin 28° 21’. Ans.

ExaumPLE 2. —Find the angle whose cosine is .27032.

SoruTiON.—Looking in the columns marked Cosine at the top of
the page, the given cosine is not found; hence, the angle is greater
than 45°. Consequently, looking in the columns marked Cosine at the
bottom of the page, .27032 is found (on page 26) in the double column
marked 74° at the bottom, and in the horizontal row beginning with
19 in the right-hand minute column. Therefore, the angle whose
cosine is .27032 is 74° 1¥; or, .27032 = cos 74° 19. Ans.
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ExampLE 3.—Find the angle whose tangent is 2.15925.

SoLuTION.—On searching the table of Natural Tangents, the
given tangent is found to belong to an angle greater than 45°, so that
it must be looked for in the column marked Tangent at the bottom.
It is found in the column having 65° at the bottom and opposite 9 in
the right-hand minute column. Therefore, 2.15925 = tan 65°9. Ans.

ExaMPLE 4.—Find the angle whose cotangent is .43412.

SoLuTION.—From the table of Natural Cotangents, it is found that
this value is less than the cotangent of 46°, so it must be found in the
colurnn marked Cotangent at the bottom. Looking there, it is found
in the column having 66° at the bottom, and opposite 32/, in the right-
hand column of minutes. Therefore, the angle whose cotangent is
43412 is 66° 32/, or .43412 = cot 66° 32'. Ans.

EXAMPLES FOR PRACTICE

1. Find the angle whose sine is .47486. Ans, 28° 21/
2. Find the angle whose cosine is .74353. : Ans. 41° 58
3. Find the angle whose tangent is 2.06247. Ans. 64° 8
4. Find the angle whose cotangent is 1.20665. Ans. 39° 39
5. Find the angle whose sine is .76903. Ans. 50° 16/
6. Find the angle whose tangent is 9.93101. Ans. 84° 15

22. To Find the Angle Corresponding to a Given
Function, When the Function Is Not in the Table.
Since the table includes the functions of all angles containing
no odd seconds, a function not found in the table must corre-
spond to an angle having odd seconds. Let the odd seconds
that are to be determined be denoted by s, and the degrees
and minutes by A4, as in Art. 20. Now, two consecutive
functions including the given function can always be found
in the table; that is, two consecutive functions of which one
is greater and the other less than the given function. The
required angle must, therefore, lie between the two angles
corresponding to these two consecutive functions, and its
number of degrees and minutes, A4, is the number of degrees
and minutes in the smaller of the two angles. The larger
angle is 441/, or A + 60”, while the required angle is
A+ s'". Having determined A, it only remains to determine
the number of odd seconds, or s. This is done by means of

———— O o
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the following formulas, obtained by solving for s the for-
mulas found in Art. 20.
If the given function is a sine or tangent,

_sin (A4 ') —sin 4
s—sin(A+l’)—sinAx60 1)
s = tan (A +s")—tan 4 60 (2)

tan (A+ 1) — tan 4

If the given function is a cosine or cotangent,
cos A — cos (A + §)

= — 60 3
cosA——cos(A+1’)>< (3)

_ cot 4 —cot (A4 +57)
cot A —cot(A+1)

Observe that, although A4 + ¢ is not known, its sine,
cosine, etc., as the case may be, is known, or given. Thus,
if the problem is to find the angle whose cotangent is .97888,
we have cot (A4 + ¢/) = .97888.

The foregoing formulas lead to the following general rule
for finding the angle corresponding to a given function:

X 60 (4)

Rule.—Find the difference of the two numbers in the table
between whick the given function lies, and use that difference as
the denominator of a fraction.

Find the difference between the function belonging to the
smaller angle and the given function, and use that difference as
the numerator of the fraction mentioned above. Multiply this
fraction by 60. The result will be the number of seconds to be
added to the smaller angle in order to obtain the requirved angle.

ExaMpPLE 1.—Find the angle whose sine is .57698.

SoruTioN.—Looking in the table of Natural Sines, in the columns
marked Sine, it is found that the given sine lies between .57691
(= sin 35° 14/) and .57715(= sin 35° 15). The difference between
them is .57715 — .57691 = .00024. The difference between the sine of the
smaller angle, or .57691, and the given sine, or .57698, is .57698 — .57691

00007 _7 — 1an .
= .00007. Then, 00023 X 60 = 53 X 60 = 18", nearly, and the required
angle is 35° 14’ 18”; or, .57698 = sin 35° 14/ 18”. Ans.

Notr.—In practice, only the significant figures of the differences forming the terms
of the function are used, the decimal point being dispensed with. Thus, .57715 —

57691 = 24, it being understood that this means 24 units of the fifth decimal order,
or .00024.
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ExaMPLE 2.—Find the angle whose cosine is .27052.

SoruTtioN.—Looking in the table of Cosines, the given cosine is found
to belong to a greater angle than 45° and therefore it must be looked
for in the colurnns marked Cosine at the bottom of the page. It is found
between the numbers .27060( = cos 74° 18') and .27032(= cos 74° 19').
The difference between the two numbers is .27060 — .27032 = 28 units of
the fifth order. The cosine of the smaller angle, or 74° 18/, is .27060,
and the difference hetween this and the given cosine is .27060 — .27052
= 8 units of the fifth order. Hence, % X 60 = 17”; and, therefore,
27052 = cos 74° 18’ 17”. Ans.

ExaMpLE 3.—Find the angle whose tangent is 2.15841.

SoLuTION.— 2.15841 falls between 2.15760( = tan 65° 08’) and 2.15925
(=tan 65° ¢). The difference between these numbers is 2.15925
— 2.15760 = 165 units of the fifth order; 2.15841 — 2.15760 = 81 units
of the fifth order. Hence, Y% X 60 = 30”, nearly, and therefore
2.156841 = tan 65° 8’ 30”. Ans.

ExampLE 4.—Find the angle whose cotangent is 1.26342.

SoLuTIiON.— 1.26342 falls between 1.28395( = cot 38° 21’) and 1.26319
= cot 38° 22’). The difference between these numbers is 1.26395

— 1.26319 = .00076. Also, 1.26395 — 1.26342 = .00053. 88 X 60 = 42",

76
and therefore 1.26342 = cot 38° 21’ 42”. Ans.

EXAMPLES FOR PRACTICE

1. Find: (a) the sine of 48° 17/; (4) the cosine; (c) the tangent.
(a) .74644
Ans.{ (6) .66545
c) 1.12172
2. Find: (a) the sine of 13° 11’ 6”; (6) the cosine; (c) the tangent.
(a) .22810
Ans.{ (6) .97364
(c) .23427
3. Find: (a) the sine of 72° ¢/ 2"; (b) the cosine; (¢) the tangent.

(a) .95108

Ans. }6) .30901

c) 3.07778

4. (a) Of what angle is .26489 the sine? (4) Of what angle is it
the cosine? (a) 15° 21’ 37"
Aus. {(5) 70 33 oy

6. (a) Of what angle is .688 the sine? (4) Of what angle is it the

cosine? (¢) Of what angle is it the tangent? (a) 43° 28/ 20
Ans. (bg 46° 31/ 40"
(c) 84° 3V 4
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TABLE OF LOGARITHMIC FUNCTIONS

23. The student is already familiar with the use of the
table of logarithms of numbers. As stated in Art. 17, a
table of logarithmic functions is a table containing
the logarithms of the natural functions, these logarithms
being, for convenience, called logarithmic functions.
Thus, the logarithm of the sine of an angle is referred to as
the logarithmic sine of the angle.

The connection between the tables can be seen from the
following:

From table of natural functions,cot44° . . . . . = 1.03553
From table of logarithms, log 1.036563 . . . . . = .01516
From table of logarithmic functions, log cot 44° = .01516

Few tables give the logarithmic secants and cosecants.
These logarithmic functions may be obtained from the
relations,

1
sec A = cos A’ csc A=

sin 4
which give,

log sec A = — log cos A4, log csc A = — log sin 4
That is, instead of adding the logarithmic secant or cose-
cant, the logarithmic cosine or sine, respectively, may be
subtracted. Likewise, instead of subtracting the logarithmic
secant, the logarithmic cosine may be added, and instead of
subtracting the logarithmic cosecant, the logarithmic sine
may be added.

24. Description of the Table.—The table of loga-
rithmic functions contains for every minute the logarithms,
to five decimal places, of the trigonometric sines, cosines,
tangents, and cotangents of angles from 0° to 90°. From
0° to 45°, the degrees are placed at the top of the page
and the minutes in the column headed ’ on the left.
From 45° to 90°, the degrees are at the bottom of the
page, the minutes in the last whole column at the right,
and the name of the trigonometric function is placed at
the bottom of the column.
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This arrangement is similar to that in the table of natural
functions. It will be observed that the numbers of degrees
at the top of the pages increase in the order of the pages
from 0° to 44°, while those at the bottom decrease from
89° to 44°.

The general description of the table will be better under-
stood by referring to one of its pages. Take, for instance,
the page marked 11° at the top and 78° at the bottom. The
first column on the left (marked /) contains the natural num-
bers from 1 to 60. These numbers represent minutes.
Horizontally opposite to these numbers, and in the columns
marked at the top log sin, log tan, etc., are printed the log-
arithmic functions, each function being in the same horizontal
line as the number of minutes by which the corresponding
angle exceeds 11°. Thus, the logarithmic tangent of
11° 39/, which is 1.31425, is found in the column marked
log tan at the top, and in the same horizontal line as the
number 39 in the left-hand column. Similarly, the num-
ber 1.99072, being in the column marked at the top log cos,
and in the same horizontal line as 48 in the left-hand column,
is the logarithmic cosine of 11° 48’. In some tables, several
mantissas are printed under and to the right of the same
characteristic, and are understood to belong with that char-
acteristic. Thus, in the logarithm just considered, only the
mantissa .99072 is printed, the characteristic being the same
as the first one found above that mantissa.

The last column but one (marked ’/ at the bottom) con-
tains the natural numbers from 1 to 60, increasing from
bottom to top. It will be observed that any angle deter-
mined by the number of degrees at the bottom (78 in this
case) and any number of minutes in the right-hand minute
column, is the complement of the angle determined by the
number of degrees at the top (11 in this case) and the num-
ber of minutes in the left-hand minute column, horizontally
opposite the number of minutes in the right-hand minute
column. Thus, the number 18 in the right-hand minute col-
umn is horizontally opposite the number 42 in the left-hand
column, and we have, 78° 18’ + 11° 42/ = 90°. Therefore,
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since the fundamental functions of an angle are equal to the
cofunctions of its complement,

sin 11° 42/ = cos 78° 18/

cot 11° 42/ = tan 78° 18/, etc.
and log sin 11° 42’ = log cos 78° 18/, etc.

For this reason, the notation log tan is written at the bot-
tom of the column headed log cot, to indicate that the loga-
rithms in this column are the logarithmic tangents of angles
whose number of degrees is the number (78 in this case) at
the bottom of the page, and whose number of minutes is
opposite those logarithms in the right-hand minute column.
Similarly, the columns marked log sin, log tan, and log cos
at the top are marked, respectively, log cos, log cot, and
log sin at the bottom.

25. After the column marked log sin there is a column
marked d. This column contains the differences, expressed
in units of the fifth decimal order, between the consecutive
logarithmic sines given in the sine column. Thus, referring
to the page headed 11°, the first number in the d-column
following the sine column is 65; it will be observed that this
number is opposite the space between the logarithmic sines
1.28125 and 1.28060, and is the difference, in units of the
fifth decimal order, or expressed in hundred thousandths,
between these two logarithmic sines. These differences are
called tabular differences. Similar differences are printed
in the column marked d after the cosine column, and in the
column marked c. d. between the tangent and the cotangent
column. The notation c. d. means common difference, as the
differences between the successive logarithmic tangents are
the same as those between the corresponding cotangents.
although obtained by reversing the order in which the func-
tions are subtracted; that is to say, log tan 4 — log tan B
= log cot B — log cot A.

The tabular differences for the cosines are not given in the
first ten pages, both for want of space and because they are
so small that they can be readily determined by mental

subtraction.
115—10
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The use of the tabular differences, the use and contents of
the column marked p. p. in all pages but the first three, and
the peculiarities and applications of these first three pages
of the table will be explained further on.

26. To Find the Logarithmic Functions of an
Angle Having No Odd Seconds.

Rule.—For an angle less than 45°, look for the degrees at
the top of the page and for the minutes in the column (marked’)
al the left of the page on whick the number of degrees is found.
Then look across the page along the horizontal row containing
the given number of minutes, into the column headed by the
name of the function whose logarithm is required. The desired
logarithm is found in this row and column.

For an angle between 45° and 90°, find the degrees at the bot-
tom of the page and the minutes in the column (marked ') at the
right of the page. Then look across the page, along the horizon-
tal row containing the given number of minultes, tnto the column
marked at the bottom with the name of the function whose
logarithm is to be found. The row and column thus determined
contain the desired logarithm.

ExaMpLE 1.—Find the logarithmic sine and the logarithmic tan-
gent of 15° 24/.

SoLUTION.—On the page marked 15° at the top, in the column
headed log sin, and in the same horizontal row with 24, the number
1.42416 is found; and in the column headed log tan, the number
1.44004 is found. Hence,

log sin 15° 24’ = 1.42416. Ans.
log tan 15° 24’ = 1.44004. Ans.

ExaMpLE 2.—Find the logarithmic tangent and cosine of 73° 10,

SoLuTiOoN.—As 73 is greater than 45, it is found at the bottom of
the page. Looking for the number of minutes (10’) in the right-hand
minute column, and following the horizontal row determined by this
number into the column marked log tan at the bottom, the num-
ber .51920 is found. Likewise, the number 1.46178 is found in the
column marked log cos at the bottom, and horizontally opposite the
number 10 in the right-hand minute column. Therefore,

log tan 73° 10/ = .51920. Ans.
log cos 73° 10/ = 1.46178. Ans.
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EXAMPLES FOR PRACTICE
1. Find: (a) the logarithmic cosine of 36° 58/; (&) the logarithmic

tangent. Aﬂs-{fg)) }g%g;
2. Find: (a) the logarithmic tangent of 23°39; (&) the logarithmic
cotangent. ) Ans.{%zg 1.64140
3. Find: (a) the logarithmic sine of 79° 45/; (4) the logarithmic
cosine. Ans.{{Z; %9’2{%%

4. Find: (a) thelogarithmic tangent of 46°5%; (4) the logarithmic
cotangent. ' (a) .03009
A“s'{(og 1.96991

27. To Find the Logarithmic Functions of an
Angle Containing an Odd Number of Seconds.—Let
the number of degrees and minutes in an angle any of
whose logarithmic functions is required be denoted by A,
and the number of odd seconds by s. Thus, if the angle
is 87° 43’ 197, A will equal 37° 43/, and s will equal 19”;
also, 4 4+ 1/, or A + 60”, will equal 37° 43’ 4+ 1/, or 37° 44’.
(See Art. 20.) Since the table gives the logarithmic
functions of any angle containing no odd seconds, the
logarithmic functions of 4 and 4 + 1’ may be readily found,
as explained in the last article. Let these logarithmic
functions be denoted by / and /, respectively, and the
required logarithmic function by Z. In the geheral theory
of logarithms, treated in advanced works on mathematics, it
is shown that if two consecutive angles (as 37° 43’ and
37° 44’) are taken from the table, the difference between any
logarithmic function of the greater and the same logarithmic
function of the smaller angle is to the difference between the
same logarithmic function of any intermediate angle (as
37° 48’ 19”) and the same function of the smaller angle, as
the difference between the greater and the smaller angle is
to the difference between the intermediate and the smaller
angle. If the notation 7 (A), read function of A, is employed
to denote any logarithmic function of an angle 4, we have,
writing A4 4 60” instead of A + 1/,
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F(4+60")— F(A4) _ (4+60")—A4 _ 60
F(A+s)—1~‘(A,)_«I gg+s)—A s
that is, 2_; = ”
whence, L—-1= (1'_1)$
and L= ¢r+(1'—1)6‘—0

The difference between // and /, being the difference
between two consecutive logarithmic functions, may be taken
from the column of tabular differences in the table. (See
Art. 25.) Denoting the tabular difference / —/ by D, the
preceding equation becomes

L=I1+Dx3
+DX o5

It should be observed that, since the sine and the tangent
increase with the angle, while the cosine and cotangent
decrease as the angle increases, // — / is positive or negative
according as the functions considered are fundamental func-
tions (sine, tangent) or cofunctions (cosine, cotangent). In
the latter case, D in the formula should be treated as nega-
tive; that is, the product D X 556 should be subtracted from /.

It should also be borne in mind that the tabular difference D
is expressed in units of the fifth order of decimals, or hundred
thousandths: Thus, if the number of seconds s is 15, and the
tabular difference is 36, the quantity to be added to / is
.00036 X &5 = .00009.

If / = 1.59812, the work is arranged as follows:

! = 1.59812

DX > = 9
X 60

L = 1.59821

When, as in this case, the product Dxé) is small, it

can readily be added or subtracted mentally. Only the
significant figures of D (those given in the d-column) are
used, it being understood that the result expresses units of
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the fifth order of decimals. Thus, instead of writing D

= .00036, and D X é = .00036 X g%’ the following abbrevi-

ated notation is used: D = 36; D X GLO = 36 X é, the
latter product expressing decimal units of the fifth order, or
hundred thousandths.

The foregoing formula indicates the process by which the
logarithmic functions of an angle containing odd seconds are
obtained. It may be stated in words as follows:

Rule.—Drop the seconds, and find the logarithmic function of
the remaining angle. Find the tabular difference between this
logarithmic function and the same function of the angle next
higher in the table. Multiply this tabular difference by the
number of seconds in the angle and divide the product by 60.
Add this result to or subtract it from the logarithm found,
according as the logarithm to be determined is that of a funda-
mental function or that of a cofunction. The result thus
obtained is the required logarithmic function.

ExaMPLE 1.—Find: (a) the logarithmic sine of 15° 40/ 32; (4) the
logarithmic cosine.

SoLuTION.—(a) Dropping the seconds, 15° 40/ is obtained, whose
* logarithmic sine, found as in Art. 25, is 1.43143; that is, / = 1.43143.
Opposite the space between this logarithm and the following, and in
the column marked d, is found the tabular difference 45( = D).
Applying the formula given in Art. 27,

L = 1.43143 + .00045 X $3

! = 1.43143
s 32
Dxg=15xg=
L = 1.43167
that is, log sin 15° 40/ 32" = 1.43167. Ans.

In practice, it is not necessary to write all the figures of / before
s

%.
table, one places and keeps the finger on that value and calculates the

adding the correction D X Having found the value of / in the
correction D X ;7% In the majority of cases, this correction can be

added mentally to /. Thus, in the example just explained, the correc-
tion is 24, which, being mentally added to the number 43 formed by the
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last two figures of /, gives 67 as the last two figures of L. The other
figures of L are the same as those of /.

(6) The logarithmic cosine of 15° 4¢/ is 1.98356( = /). Horizon-
tally opposite the space between this logarithm and the following, the
tabular difference 4( = D) is found in the column marked d on the
right of the cosine column. As the function under consideration is
a cofunction, the correction D X 6s_0 must be subtracted for /. We have,

then,

! = 1.98356
Dxi—4x3—2= 2, to the nearest unit
60 60 !
L = 1.98354
Therefore, log cos 15° 40/ 32" = 1.98354. Ans.

In practice, the correction 2 would be subtracted mentally, without
previously writing the value of /.

ExaMPLE 2.—Find the logarithmic tangent of 63° 39 27/,

SorLuTioN.—Dropping the seconds, and referring to the page
marked 63° at the bottom, the logarithmic tangent of 63° 39’ is found
to be .30512( = /). Since in this case the angles increase from
bottom to top, the tabular difference to be used is that horizontally
opposite the space between the logarithm just taken and the one
immediately above it in the column (that is, .30543). This difference
is 31, printed in the column marked c. d. on the left of the cotangent
column. We have, therefore,

I = .30512
S xD= 21 X3l = 14, to the nearest unit
60 60 - !
L = .30526
Therefore, log tan 63° 39 27" = .30526. Ans.

ExaMPLE 3.—Find the logarithmic cotangent of 54° 8’ 9/,

SoLuTiON.—Dropping the seconds, the value of / is found to be
1.85913. The tabular difference in the c. d. column and horizontally
opposite the space between this logarithm and the one immediately

above it is 26. As the cotangent is a cofunction, the correction 6% X D
is to be subtracted from /. Then,

= 1.85913
$ 9
0 XD = 80 X 26 = 4
L = 1.85909
Therefore, log cot 54° 8’ 9 = 1.85909. Ans.
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EXAMPLES FOR PRACTICE

1. Find the logarithmic sine, tangent, and cosine of 33° 21’ 46”.
log sin = 1.74032
Ans.{ log tan = 1.81852
log cos = 1.92179
2. Find the logarithmic sine and cotangent of 23° 3’ 17”.
log sin = 1.59286
Aus'{log cot = .37100
3. Find the logarithmic tangent and cosine of 49° 12/ 127,
. log tan = 06395
Ans'{log cos = 1.81516
4. Find the logarithmic sine, tangent, and cosine of 72° 52/ 49/,
log sin = 1.98031
Ans.{log tan = .51143
log cos = 1.46889
5. Find the logarithmic sine and cotangent of 81° 38/ 28",
log sin = 1.99536
Ans‘{log cot = 1.16712
6. Find the logarithmic tangent and cosine of 65° ¢/ 47",
log tan = .33159
Ans. {108 (% = Te2s74
7. Find the logarithmic secant and cosecant of 59° ¢/ 9.

log sec
Aus. {log csc

.28819
06692

28. Use of the Column of Proportional Parts.—The
method described in the preceding article can be applied to
any table of logarithmic functions. Some tables, however,
among them the table furnished with this Course, contain a
column giving the products of the tabular differences by the
fractions &%, 3%, ¥, o0, 38, 33, 38, 48, and 8. These prod-
ucts are called proportional parts, and are given in the
right-hand column (marked p. p. at the top) of each page,
beginning with 3°. The tabular differences are here printed
in heavy figures. Under each tabular difference are given
the products of it by &%, so, etc., the number of sixtieths
being- printed horizontally opposite the product, on the left
of a vertical line. Thus, referring to the right-hand column
of the page marked 13° at the top, the numbers 54, 53, 52,
printed in heavy type, are tabular differences. The num-
ber 27, directly under 54, and horizontally opposite the
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number 30 on the left of the vertical line, is the product
of 54 by 3. Likewise, 17.3, found under 52, and horizontally
opposite 20, is the product of 52 by 4§. The proportional
parts for 1, 2, 3, 4, 5 are obtained from those for 10, 20, 30,
etc., by moving the decimal point one place to the left.
Thus, the proportional part for 20, under the tabular differ-
ence b2, is 17.3, as just explained. The proportional part
for 2, that is, the product of 52 by %, is 1.73.

In the first three pages of the logarithmic table, no propor-
tional parts are given, the use of these pages being different
from that of the others. In pages 45, 46, and 47, not all the
tabular differences are given in the p. p. column, owing to
want of space; but the proportional part for any tabular
difference is easily obtained by means of the proportional
parts for digits given at the bottom of the p. p. column.
Referring, for example, to page 45, the tabular difference 215,
which is found in the c. d. column, does not appear in the
p. p. column. If we wish to find the product of 215 by 8,
we look in the p. p. column for the tabular difference next
lower than 215, which is 212. Horizontally opposite 30, and
under 212, we find 108; that is, 212 X 3% = 106. As 215
= 212 4 3, we must add to the product just found (106), the
product of 3 X 48. This is taken from the column headed 3
near the bottom of the p. p. column: there we find 1.5 hori-
zontally opposite 30; that is, 3 X 4§ = 1.5. Therefore,
215 X 3% = 108 + 1.5 = 107.5. The addition of these two
products can usually be effected mentally.

The correction D X é‘% to be applied to / in order to find L
(formula of Art. 27) is found from the table of proportional
parts as follows:

Rule.—Having found the tabular difference D, look for this
difference in the column of proportional parts. If this difference
ts found in that column and the number of seconds is a digit
grealer than 5 or a digit followed by a cipher, look for il on
the left of the vertical line under D, the corrvection is then found
horizontally opposite this number, and dirvectly under D. If the
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number of seconds is a digit less than 6, add a cipher, find the
proportional part corvesponding to the resulting number, and
move the decimal point one place to the left. If the number of
seconds consists of two significant digits (as 39), find the correc-
tion for the first digit followed by a cipher, and that for the
second digit, and add the two corrections. (Thus, if the number
of seconds is 43, the correction is found by adding the corrections
for 40 and 3.)

If the tabular difference D is not found in the p. p. column
(which may happen only on pages 45 to 47) , take, as just explained,
the proportional part corresponding to the next lower tabular
difference found in the p. p. column,; then, from the digit columns
found at the bottom of the p. p. column, find the proportional
part corrvesponding to the difference between D and the tabular
difference just used. Add the two proportional parts thus found.

ExampLE 1.—Find: (a) the logarithmic tangent of 22° 17/ 8/; () the
logarithmic cosine.

SoLvuTioN.—(a) Dropping the seconds, we find log tan 22° 17
= 1.61256(= 7); D = 36. Turning to the column of proportional
parts, 38 is found in heavy type near the top of the page. Follow-
ing the horizontal row that begins with 8 (number of seconds) at the
left of the vertical line under 36, we find in that row, and directly
under 36, the correction 4.8, which may be called 5, as there are no
other numbers to be combined with it. Therefore,

1 = 1.61256
6_:) XD=p.p. = 5

L = 1.61261

That is, log tan 22° 17/ 8/ = 1.61261. Ans.

() ¢ = log cos 22° 17" = 1.96629; D = 5. Looking for the column
headed 5 among the proportional parts, the correction .7 (or say 1) is
found directly under 5 and horizontally opposite 8. Therefore,

1 = 1.96629

s
EXD=p.p.= 1

L = 1.96628
That is, log cos 22° 17/ 8” = 1.96628. Ans.

ExampLE 2.—Find the logarithmic sine of 3° 18’ 9/,

SoruTioN.— [/ = sin 3° 18’ = 2.76015; D = 219. The difference
219 is not found in the p. p. column; the tabular difference in the p. p.
column next lower is 216. Under 216, and horizontally opposite 9, is
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found 32.4. The difference between 219 and 218 is 3. Looking for 3
in the digit columns at the bottom of the p. p. column, .5 is found
under 3, and horizontally opposite 9. Therefore, 219 X ¢ = 32.4 + .5
= 33, nearly.

1 = 2.76015

9
219x66= 33

L = 2.76048
That is, log 3° 18/ 9/ = 2.76048. Ans.

ExaMpPLE 8.—Find: (a) the logarithmic tangent of 53° 47/ 04";
(6) the logarithmic cosine. )
SoLuTION.—(a) / = log tan 53° 47’ = .13529; D = 26; the pro-
portional part for 40, under D, that is, under 28, is 17.3; the propor-

tional part for 4 is %, or 2, nearly.
! = 13529

4
%Xa- 2

L = 13531

That is, log tan 53° 47/ 4" = .13531. Ans.

(8) ! = logcos53°47 = 1.77147; ) = 17. The number horizontally
opposite 40, in the column headed 17 among the proportional parts,
is 11.3; the proportional part for 4 is, therefore, _l_}0§ = 1, nearly.

! = 1.77147

4
l7><67)- 1

L =1.77146
That is, log cos 53° 47/ 4/ = 1.77146. Auns.

ExamMpLE 4.—To find the logarithmic cotangent of 72° 35/ 47/,

SoLuTioN.— [/ = log cot 72°35 = 1.49662; D = 45. Looking
among the proportional parts for the column headed 45, the correction
for 40 is found to be 30, and that for 7 is found to be 5.3. Therefore,

! = 1.49652
p. p. for 40 = 30.0
p. p. for 7= 5.3

p. p. for47 =~ 36
L = 1.49617
That is, log cot 72° 35’ 47" = 1.49617. Ans.

In practice, it would not be necessary to write down the corrections
30 and 6.3, which would be added mentally. The same remark
applies to all similar cases.
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EXAMPLES FOR PRACTICE

1. Find the logarithmic sine and cotangent of 9° 3¢ 17”.

log sin = 1.22456
Ans.{}08 S8 T bot

2. Find the logarithmic sine, tangent, and cosine of 39° 8’ 52.

log sin = 1.80025
Ans.{log tan = 1.910656
log cos = 1.88969

3. Find the logarithmic cotangent and cosecant of 80° 3’ 46”.

log cot = 1.24352
Am"'{log csc = .00857

4. Find the logarithmic sine, secant, and tangent of 49° 0/ 54".

log sin = 1.87788
Ans.{ log sec = .18319
log tan = .06107

5. Find the logarithmic tangent and cosine of 4° 2/ 4.

log tan = 2.84838
Am"'{log cos = 1.99892

29. To Find the Angle Corresponding to Any
Logarithmic Function When the Given Function Is
Found in the Table.—In this case, the angle, which con-
tains no odd seconds, is found as follows:

Rule.—Find the given logarithm in the column marked by
the name of the function whose logarithm is given. Then, if the
name of the given function is at the top of the column, the num-
ber of degrees in the angle is that at the top of the page, and the
number of minules is horizontally opposite the logarithm, in the
left-hand minute column. If the name of the function is at
the foot of the column, the number of degrees in the angle is that
al the fool of the page, and the number of minules is in the right-
kand minute column, horizontally opposite the given logarithm.

In searching the table for a given logarithm, it should be
borne in mind that the logarithmic sines and tangents
increase, and the cosines and cotangents decrease, from 0°
to 90°. Therefore, in the columns marked log sin and log
tan at the top, the logarithms increase, and in the columns
headed log cos and log cot the logarithms decrease, from the
first to the last page. The sines and tangents continue to
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increase, and the cosines and cotangents to decrease, from
the last page to the first, in the columns marked with the
names of these functions, respectively, at the bottom. Thus,
the last page contains, in the column headed log sin, the
logarithmic sines of the angles between 44° and 45°. The
sines are continued in the column marked log sin at the bot-
tom, which contains the logarithmic sines of the angles
between 45° and 46°; the preceding page contains the sines
of angles between 46° and 47°, etc. Here the logarithmic
sines increase from bottom to top, and in the inverse order
of the pages.

When looking for a given logarithmic sine, open the table
at random. Glance at both of the sine columns, that is, the
column marked log sin at the top and the column marked
log sin at the bottom, and compare the logarithms in them
with the given logarithm. If the given logarithm is less
than those found in the column marked log sin at the top,
said given logarithm must be in that column, but in a pre-
ceding page. If the given logarithm is greater than those
in the column marked log sin at the bottom, said given loga-
rithm must be in that column, but in a preceding page. If
neither of these is the case, the given logarithm must be in
a subsequent page. Turn a few pages forwards or back-
wards, as the case may be, and repeat the operation. The
comparison of the two columns, however, is not usually
necessary after the first three figures of the given logarithm
have been found in one of them, as that logarithm is then
found in that column, and can be readily seen among the
logarithms beginning with those three figures.

Proceed exactly in the same manner when the given func-
tion is a cosine; that is, treat the cosine as though it were a
sine; but, having found the given logarithm, treat it as that
of a cosine and take the angle accordingly.

As the tangents of angles less than 45° are less than 1,
their logarithmic tangents have negative characteristics, and
as the tangents of angles greater than 45° are greater than 1,
their logarithmic tangents have positive characteristics.
Therefore, a logarithmic tangent should be looked for in the
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column marked log tan at the top or at the bottom, accord-
ing as its characteristic is negative or positive. For a loga-
rithmic cotangent, the rule should be reversed.

ExamMPLE 1.—Find the angle whose logarithmic sine is 1.57669.

SoLuTioN.—Opening the table at random, say at the page marked
36° at the top, it is at once seen that the logarithms in the column
marked log sin at the top are greater than the given logarithm. This
logarithm must, therefore, be in that column, but in a preceding page.
Turning the pages backwards, a few at a time, the given logarithm is
found on page 64, among those logarithms whose first three figures
are 1.57. As the name of the function is at the head of the column,
the number of degrees (22) is taken from the top of the page, and that
of minutes (10) from the left-hand minute column. Therefore, the angle
whose logarithmic sine is 1.57669 is 22° 10/, or 1.57669 = log sin 22° 10/,

Suppose that the table had first been opened at page 56. Since the
given logarithm is greater than those in the column marked log sin
at the top and less than those in the column marked log sin at the
bottom (or log cos at the top), the given logarithm is to be found in a
subsequent page. Suppose also that, turning the pages forwards, a
few at a time, we come to page 63, and find the first three figures
(1.57) of the given logarithm in the column marked log sin at the top.
Then, without consulting the other column, we follow the former
column to the bottom, and into the next page, where we find the
given logarithm, and take the corresponding angle as before.

ExampLE 2.—To find the angle whose logarithmic sine is 1.89810.

SorLuTiOoN.—Open the table at random, say at page 73. Since the
given logarithm is greater than those in the column marked log sin at
the top, and less than those in the column marked log sin at the bot-
tom, it must be found in a subsequent page. Suppose that we turn
next to page 85. We see at once that the given logarithm is greater
than those in the column headed log sin, and also than those in the
column marked log sin at the bottom. Therefore, it must be in the
latter column in some preceding page. Turning the pages back-
wards, we find the first three figures (1.89) of the given logarithm on
page 79, and among the logarithms to which these three figures are
common, we find 1.89810. As this is a logarithmic sine, and the name
sine is at the bottom of the column, the degrees in the corresponding
angle are taken from the bottom of the page, and the minutes from
the right-hand minute column. Therefore, 52° 16/ is the angle whose
logarithmic sine is 1.89810; that is, 1.89810 = log sin 52° 16/. Ans.

ExampLE 3.—Find the angle whose logarithmic cosine is 1.86924.

SoLuTION.—Treating this as though it were a logarithmic sine, it is
found, as explained above, on page 84, in the column marked log sin
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at the bottom. Since the name cosine is at the top of the column, the
required angle is 42° 16/. That is, 1.86924 = log cos 42° 16/. Ans.

ExAMPLE 4.—Find the angle whose logarithmic cotangent is .15639.

SoLUTION.—As the characteristic is positive, the logarithm should
be looked for in the column marked log cot at the top. After looking
in a few pages, the first three figures (0.15) of the logarithm are found
on page 76, and among them is found the given logarithm. The °
name of the function being at the head of the column, the degrees in
the angle are taken from the top of the page, and the minutes from
the left-hand minute column. Therefore, .15839 = log cot 34° 54’. Ans.

EXAMPLES FOR PRACTICE’

1. Find the angle whose logarithmic sine is 1.57885. Ans. 22° 17/
2. Find the angle whose logarithmic sine is 1.66731. Ans. 27° 42
3. Find the angle whose logarithmic sine is 2.93740. Ans. 4° 58
4. Find the angle whose logarithmic sine is 1.08345. Auns. 74° 17/
6. Find the angle whose logarithmic cosine is 1.92086.
Ans. 33° 3%
6. Find the angle whose logarithmic cosine is 1.57232. Ans. 68° 4’
7. Find the angle whose logarithmic cosine is 1.84949. Ans. 45° O/
8. Find the angle whose logarithmic tangent is 1.97649.
Ans. 43° 27/
9. Find the angle whose logarithmic cotangent is 2.89274.
Ans. 85° 32/
10. Find the angle whose logarithmic tangent is .67377.
| Ans. 78° 2/
11. Find the angle whose logarithmic cotangent is .35517.
Ans. 23° 49/
12. Find the angle whose logarithmic tangent is 1.28060.
Ans. 87° O/

80. To Find the Angle Corresponding to a Glven
Logarithmic Function When the Function Is Not Iin
the Table.— Without the Use of Proportional Parts.—From
the formula given in Art. 27, the following may be obtained:

s= L—1)x60 _ (L-1) X60
D r—1
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Therefore, if the function L is given and it is found to lie
between the consecutive logarithms / and /, the correspond-
ing angle A + s is that corresponding to / increased by the
number of seconds determined by the formula just given. It
will be remembered (see Art. 27) that / and / are, respect-
ively, the logarithmic functions of two angles (4 and
A + 1’) differing by one minute. If the function is a funda-
mental function (sine or tangent) / is greater than /; and
since L lies between / and /, L is also greater than /; there-
fore, both L — / and // — / are positive. If the function is a
cofunction, / is greater than //, and also greater than L;

L—-1

therefore, both L — / and / — / are negative, and =7 is
positive. In such case, however, it is better to write this
fraction in the form %_ i;

From the formula and the explanations just given, the fol-
lowing rule is derived for finding the angle corresponding to
any given logarithmic function:

Rule.—Find in the table the two consecutive logarithmic
functions between which the given function lies. The degrees
and minules in the smaller of the angles corrvesponding to these
two functions are the degrees and minules in the required angle.

Find the difference between the given function and that of the
smaller angle; multiply that difference by 60, and divide
the product by the tabular difference between the two functions
in the table. The result will be the number of odd seconds in
the required angle.

As the tabular difference is expressed in units of the fifth
decimal order, the difference L — / should be likewise
expressed. Thus, if L = 1.25198, and / = 1.25168, the
difference L — / will be called 30.

ExaMpPLE 1.—Find the angle whose logarithmic sine is 1.47887 (= L).

SoLuTtioN.—The first three figures of the given logarithm are always
found in the table, and this makes it easy to determine the functions
between which the given logarithm lies. Searching the sine columns
of the table, it is found that 1.47867 lies between 1.47854(= /) and
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1.47894(= /) on page 69. The smaller of the two angles correspond-
ing to these two logarithms is 17° 31’'(= A4). Now, L -1 =13,/ -1
(tabular difference taken from table) = 40. Therefore,

s = —13—4):)@ = 19.5", or, say, 20"
and A+s=17°3'+20 = 17° 81’ 20/
that is, 1.47867 = log sin 17° 31’ 207, Ans.

ExaMpPLE 2.—Find the angle whose logarithmic tangent is .27743
(=L1).

SoLuTIiON.—AS the characteristic is positive, the logarithms between
which L lies should be looked for in the column marked log tan at the
bottom. These two logarithms are .27738(= /) and .27769(= /). The
smaller angle corresponds to .27738, and is 62° 10/(= A). Also,

L—-10l=56,0-!=D) =31
A+s=A+ TR 62° 10 + 10”, nearly, = 62° 10/ 10/
that is, .27743 = log tan 62° 10 10”. Aans.

ExampLe 3.—Find the angle whose logarithmic cotangent is
1.85899( = L).

SoLuTION.— L is found to lie between 1.85887(= Z) and 1.85913
(= 7). It will be noticed that here / is the greater, and // the smaller
of the two logarithms. Angle corresponding to / = 54° 8/(= A4).

! =185913"
L = 1.85809
I—-L = 14;,/-0=28
A+s =548+ 1-4;;62 = 54° 8’ 32", nearly
that is, 1.85899 = log cot 54° 8’ 32”. Ans. )

EXAMPLES FOR PRACTICE

1. Find the angle whose logarithmic sine is 1.45566.

Ans. 16° 8y 27/
2. Find the angle whose logarithmic tangent is 1.33471.

Ans. 12° 11 44/

3. Find the angle whose logarithmic sine is 1.89798. .
Ans. 52° 14/ 42

4. Find the angle whose logarithmic cosine is 1.67412.
Ans. 61° 49 23

5. Find the angle whose logarithmic cosine is 1.92386.
Ans, 32° 66/ 45"



§9 PLANE TRIGONOMETRY 43

6. Find the angle whose logarithmic cotangent is .54139.
Ans. 16° 2/ 20/

[ ]

7. Find the angle whose logarithmic tangent is 1.86712.

Ans. 36° 22/ 77
8. Find the angle whose logarithmic cosine is 1.99785.

Ans. 5° 42/ 0"

9. Find the angle whose logarithmic cotangent is 1.12345.
Ans. 82° 25 52

81. With the Use of Proportional Parts.—Having found the
degrees and minutes in the angle as in the pre-
ceding case, the number s of odd seconds may be 105
conveniently found from the column of propor- 6| 10.5
tional parts. Inorder to facilitate the explanations 7 [ 12.3
that follow, the proportional parts corresponding 8| 14.0
to the tabular difference 105 are here copied from 9| 15.8
page 48 of the table. It will, therefore, be assumed 10| 17.5
that the value of D is 105, and, for what is said 20| 35.0
below, the student shduld refer to these propor- 30| 52.56
tional parts. Such being the case, the formula 40| 70.0
given at the beginning of the preceding article 50| 87.5

~may be written,

(L — 1) x 60
105

The value L — /, which is the difference between the given
logarithm and the logarithm of the degrees and minutes (A)
in the required angle, is readily determined, as already
explained. It is only necessary to repeat that, if the function
is a cofunction, / — L should be used instead of Z — /. Since
the numbers on the right of the vertical line are the products
of 1% by the numbers on the left, it follows that the num-
bers on the left are the products of those on the right
by v%. Thus, 52.5 = 4% X 30, and 30 = 52.56 X %%
= %6—9 Therefore, if L — / is found among the num-
bers directly under 105, the value of s is the number on the
left of the vertical column horizontally opposite L — /. For

example, if L —/ = 35, thens = 20””. If L — ! = 16, then
115--11

S =




44 PLANE TRIGONOMETRY §9

s = 9/, the number 9 being opposite 15.8, which, to the
nearest unit, may be called 16. .

It will be remembered that the proportional parts opposite
10, 20, 30, 40, 50, when divided by 10 (that is, when the
period is moved one place to the left), give the products of
¥t by 1, 2, 3, 4, and 5. From those parts we may, there-
fore, find by inspection the products of %' by all the digits
from 1 to 9; and, in what follows, we shall proceed as if the
products 1.75, 3.50, 5.25, 7.00, 8.75 of 3£ by 1, 2,3, 4, and 5
were actually printed in the table opposite those digits; that
is, it will be assumed that the proportional parts run in this
order: 1.75, 3.50, 5.25, 7.00, 8.75, 10.5, 12.3, 14.0, etc., up to
87.5, the corresponding numbers on the left being, 1, 2, 3, 4,
5 6, 7, 8, 9, 10, 20, 30, 40, 50. The proportional parts
1.75, 3.50, 5.25, 7.00, 8.75 will be referred to as proportional
parts found in the table, corresponding to 1, 2, 3, 4, and
b seconds, respectively.

This being understood, the number s of odd seconds in the
angle is determined as follows:

Rule.—Find 1,I', L — I, and V' — ! (= tabular difference,
or D), as before. Look for the tabular difference D in the column
of proportional parts. Look for L — | in the column of propor-
tional parts divectly under D. [If L — | is found there, the num-
ber horizontally opposite it on the left of the vertical line is the
required number of seconds s. If L — ! is not found under D,
lake the proportional part next lower, whick call p. Find the
difference between L — | and p, and look among the proportional
parts under D for this difference, or the part nearest to it,
whether higher or lower. Call this part /. Add the numbers
horizontally opposite p and ¢/ on the left of the vertical line.
The resull will be the required number of seconds s.

ExamMpLE 1.—Find the angle whose logarithmic tangent is
T.42822(= L).

SoLuTtiON.— [/ = 1.428056, A = 16°0/, L — !/ = 17, D = 51. Look-
ing in the column marked p. p. for 51, the number 17(= L — /) is
found under it, horizontally opposite the number 20 on the left of the
vertical column. Therefore, s = 20/, and

1.42822 = log tan 15° ¢V 20”. Ans.
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ExampLe 2.—Find the angle whose logarithmic cosine is
1.52783(= L).

SoLurioN.— [/ = 152811, A = 70° 17",/ - L = 28, D = 38. The
proportional part under 36 next lower than 28 is 24; 28 — 24 = 4; the
proportional part nearest 4 is 4.2; the number horizontally opposite 24
is 40; and the number horizontally opposite 4.2 is 7; hence, s = 40 + 7
= 47", and therefore

1.52783 = log cos 70° 17/ 47”. Aans.

ExampLe 3.—Find the angle whose logarithmic sine is 1.66191(L).
SorutioNn.— [/ = 1.66173; A =27°19 L — [ =18; D =24. Look-
ing in the p. p. column for 24, the proportional part next lower than
18 is 18(= p), horizontally opposite which is 40. 18 — p = 18 — 16
= 2. This difference is found among the proportional parts in the table
(since it is the same as 20 with the decimal point moved one place to

the left), and corresponds to 5”(= 5—0)

10/
= 45", and
1.66191 = log sin 27° 19’ 46”. Ans.

Therefore, s =40+ 56

ExaMPLE 4.—Find the angle whose logarithmic cotangent is
1.00375(= L).

SoLutioN.— [/ = T1.00427; 4 =84°14'; ! — L =52; D = 126. The
proportional part under 126 next lower than 52 is 42(= p), which
corresponds to 20”; 52 — 42 = 10. The proportional part nearest to

10 is 10.50 (= %5(_)2) , which corresponds to 5"(= i,_g) . Therefore,

s = 20" + b/ = 25/, and
1.00875 = log cot 84° 14/ 25”. Ans.

EXAMPLES FOR PRACTICE
1. Find the angle whose logarithmic sine is 1.78988. Ans. 88° 3’ 20"

2. Find the angle whose logarithmic tangent is 1.78540.
Ans. 31° 23 15"

3. Find the angle whose logarithmic sine is 1.77777.
Ans. 36° 49 56"

4. Find the angle whose logarithmic cosine is 1.87341.
Ans. 41° 39 21/

5. Find the angle whose logarithmic cotangent is .31789.
Ans. 25° 41’ 9/

6. Find the angle whose logarithmic cosine is 1.34567.
Ans. 77° 11 38/
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7. Find the angle whose logarithmic cotangent is 1.00381.
Aps, 84° 14 227

8. Find the angle whose logarithmic tangent is 1.00300.
Ans. 84° 19/ 427

9. Find the angle whose logarithmic sine is 2.99001.
Ans. 5° 36’ 30”

82. Tabular Logarithms Increased by 10.—In
printing a table of logarithms of the trigonometric functions,
the characteristics cannot be omitted, since they cannot be
ascertained by inspection. To avoid printing the bars over
the negative characteristics, the latter are in many tables
increased by 10. The logarithms as then printed are
tabular logarithms, and are denoted by L sin, L cos, etc.
Thus,

L sin 27° = log sin 27° + 10 = 1.65705 + 10 = 9.65705

L cos27° = log cos27° + 10 = 1.94988 + 10 = 9.94988

GENERAL PRINCIPLE OF INTERPOLATION

83. It has been explained in some of the preceding arti-
cles how to determine the natural or the logarithmic functions
of any angle containing an odd number of seconds, and
therefore, not found in the table; also, how to find the angle
corresponding to a given function, when that function is not
in the table but lies between two values given in the table.
The operation by which such intermediate values are deter-
mined from a table is called Interpolation. The values
that are actually given in the table are called tabular
values. For example, in the table of logarithmic functions
already described are found all angles that lie between 0°
and 90° and contain no odd seconds, and also the logarithmic
sines, cosines, etc. of such angles; those are all tabular
values. Angles containing odd seconds are not in the table,
nor are their logarithmic functions. Both these angles and
their functions are intermediate values, and it is in connec-
tion with them that interpolation is used.
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34. The general principle of interpolation, to be explained
presently, is of the utmost importance, and of great value to
the engineer, whose work requires the frequent use of tables
of various kinds. That principle, although only approxi-
mately true, applies to nearly all tables with which the engi-
neer has to deal, and the student should endeavor to make
himself thoroughly familiar with it.

Let a table be constructed on the general type shown on the
margin, the left-hand column containing values of a quantity
X, and the right-hand column correspond-
ing values of some quantity whose values X F
depend on the values of X. Thus, the — —
values of X may be the natural numbers — —
1, 2, 3, 4, etc., and the corresponding — —

values of F may be the logarithms or x, f,
the square roots of those numbers; or |x f
the values of X may be angles, and X, £,

those of F may be sines, cosines, etc., — —
either natural or logarithmic. So far

as the principle of interpolation is concerned, it is imma-
terial what kind of quantity is represented by X, and what
kind of quantity is tabulated under /. It should be stated,
however, that the principle applies only to tables in which
the differences between consecutive values of X and the
differences between the corresponding values of F do not
vary very rapidly.

Let x, and x,, as shown in the above general form, be two
consecutive values of X given in the table, and £, and £, the
corresponding values of F. Let x be a value of X lying
between x, and x,, and f the corresponding value of £
Neither x nor / is in the table, but one of them is given, and
the problem is to find the other by interpolation. For
instance, if the table is one of natural tangents in which the
angles increase by whole minutes, x, and x, may be, respect-
ively, 31° 42’ and 31° 43/, and {, and /, their corresponding
tangents; while x may be any angle between 31° 42/ and
31° 43/, and f its tangent. Either x may be given to find f;
or f may be given to find x.
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The quantity by which the tabular value x, must be alge-
braically increased in order to obtain x will be called the
increment of x,, and denoted by 7(x,), read increment of x,
(mathematicians use the notation 4x,, read delta x,). We
have, then,

Using a similar notation for f£,,

If x is given, 7(x,) may be assumed as given, since #(x,)
= x —x,. Then Z(f,) is determined by interpolation, as
explained below, and f is found from formula 2. Similarly,
if £is given, 7(f,) is likewise given, and x is found by
interpolation.

The difference, as x, — x,, of two consecutive values of X,
will be called the interval of X; and that between two con-
secutive values of 7, the interval of /. The notation 7(x,),
read interval of x,, will be used to denote the interval
x, — x,. Similarly, /(f,) will denote the interval £, — f£..

The principle of interpolation is this: 7he increments
i(x,) and i({,) are to cack other as the corresponding intervals
I(x,) and I(f.); or, algebraically,

ix_,) _ 1(x)

i(£,)  I(£)

This formula is very easily remembered on account of its

symmetry. The following, derived from it, serve, respect-

ively, to find 7 (f,) when x is given, and 7 (x,) when £ is
given:

(3)

(f) = ix)
2(/l) = I([n) X I(xl) (4)
() — i(£,)

i(x,) = I(x,) X 70) (5)

The last two formulas may be stated in the form of a gen-
eral principle, as follows: Either increment is equal to the
corresponding interval multiplied by the ratio of the other incre-
ment to the other interval. It is easy to remember what the
numerator of this ratio is, by noticing that the ratio is
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always less than 1, and that, since the increment is always
less than the interval, the former must be the numerator
and the latter the denominator. It should be noted that
i(x,), i(£), I(x,), and 7(f.) may be expressed in any con-
venient units, it being understood that 7(f,), as deter-
mined from formula 4, is in the same units as /(f,);
and that 7(x,), as determined from formula 5, is in the
same units as /(x,). Thus, if the values of f, and £, in the
table are, respectively, 4.3476 and 4.3463, then, /(f,) = f, — {,
= .0013, or, if one ten-thousandth is taken as the unit, we
may write /(f,) = 13. The value of #(£,), determined from
formula 4, must be understood to express ten-thousandths.
For instance, if ;2; ‘; = .3, then, #(f,) = 13 X .3 = 3.9 (ten-
thousandths) = 4 (ten-thousandths), nearly.
The value of £ is then found thus,

f, = 4.3463
i(f)) = 4
! f = 4.3467

Usually, the correction #(f,) can be added to /, mentally, in
order to find 1.

ExaMPLE 1.—Find the logarithm of 57,846 by means of a five-place
table giving the logarithms of numbers consisting of four figures.

SoLvuTION.—Only the mantissas will be considered, since the charac-
teristics are determined by inspection. The given number lies between
57,840(=x,) and 57,850(= x,), whose logarithms are, respectively,
.76223(= f,) and .76230(= £,). We have, therefore, expressing f, — £,,
or /(f,), in units of the fifth order,

x = 57846 f, = .76230

x, = 57840 . f, = .76223

i(x) = 6 I(f,) = 7

I(x,) =2,— 2, =10
Then (formula 4),
i(,)) =7TX%X T% = 4.2 = 4, pearly
1, .76223
and f= = = .76227. Ans.

+i(f) +4

ExamMpLE 2.—Find, by means of a five-place table, the number
the mantissa of whose logarithm is .47693.



50 PLANE TRIGONOMETRY §9

SoLuTioN.—Here f(= .47693) lies between the tabular wvalues
.47683(= £,) and .47698(= £,), which are, respectively, the logarithms
of 29,980(= x,) and 29,990(= x,). We have, then,

f, = 47698 z, = 29,990
f = 47603 x = 29,980
f, = 47683 I(z)= 10

If)y="fi-fi= 15

if)y=r-fi= 10

Then (formula 5),
| i(x) =10 X 10 = 7, nearly

and xr =2+ i(x,) = 29,980 + 7 = 29,987. Ans.

This gives the significant figures of the number. The decimal
point should be placed according to the characteristic of the given
logarithm.

ExaMPLE 3.—Find the angle whose natural tangent is .56781(= £)
by means of a table giving the natural tangents of angles varying by
minutes.

SoLuTioN.—Here f is found to lie between .56769(= tan 29° 35
= f,) and .56808(= tan 29° 3¢/ = f,). Expressing x, — x,, or /(x,),
in seconds, we have

x, = 29° 3¢/ £, = .56808

x, = 29° 3% f = .56781

I(x,) = 60" 1, = .56769

1(t) = 39

i(f) = 12

Then (formula 5),
i(x,) = 607 X ;g = 18", nearly
and x =, +i(x,) = 29° 35 18”. Ans.

ExaMPLE 4.—In Searles’ field book is given a table of lengths of
arcs for different degrees of curvature. Part of it is as follows (lengths
in feet):

Degree Length of Arc
of Curve (=X) | for One Station (=F)

10° 10’ 100.131
10° 20’ 100.136
10° 30’ 100.140

Find the length of the arc between two stations for a 10° 26/ curve,
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SovruTtioN.—Here we have, + = 10° 26/, which lies between 10° 20/
(==x,) and 10° 30(= x,). Expressing /(x,) and i(x,) in minutes,
and /(/,) and #(f,) in thousandths, we have /(x,) = 10, i(x,) = 6,
I(f,) = 140 — 136 = 4.

Therefore (formula 4),

i(f) = 4 X % = 2, nearly

f=1+if) = {’“1‘;36} = 100.138. Ans.

In all simple cases like this the operations can be performed mentally
and very rapidly.

and

EXAMPLES FOR PRACTICE

1. From the following table, find, by interpolation, the cube root
of 347.3 and that of 349.7.

Number Cube Root
347 7.0271
348 7.0338
349 7.0406 7091
350 7.0473 Ans. {7553

2. PFind, from the following table, the diameter of a circle whose
circumference is 63.57318.

Diameter Circumference
20.1 63.14601
20.2 63.46017
20.3 63.77433 Ans. 20.236




52 PLANE TRIGONOMETRY §9

SOLUTION OF RIGHT TRIANGLES

. 35. Fundamental Equations.—Let 4 B C, Fig. 9, be
a right triangle, in which 4, B, and C are the angles and q, 5,
and ¢ are the lengths of the sides, ¢ being the hypotenuse.
Since 4 and B are complementary angles, we have

sin 4 = cos B tan 4 = cot B
cos A = sin B cot A = tan B

Also, from the definitions of the trigonometric functions,
sin 4 =% tan 4 = %,cos B = sin A4 =§,cot A=b;
¢

whence, expressing the value of a

B from each of these equations,

P N a =csinA (1)

a = btan A (2)

4 ? (7] ¥ a=ccos B (3)
Fra.9 a=bcotB (4)

From formulas 1 and 3, the following values are found
for c:

= a =
c 5in 4 a csc A (8)

= a =
c= 5= sec B (6)

Finally, from geometry,
c=a+8 (7)
Of the trigonometric formulas just given, it is only neces-
sary to commit to memory formulas 1 and 2, as the others

are immediate consequences of these. These two formulas
may be stated in words thus:

Either leg of a right triangle is equal lo the hypolenuse multi-
plied by the sine, or to the ollzer leg mul!zplted by the tangent,
of the opposite angle.
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It should be observed that, since a is either leg whose
opposite angle is A, and adjacent angle B, the letters a and &
may be interchanged in the preceding formulas, provided
that 4 and B .are likewise interchanged. Thus, by inter-
changing a and 4, 4 and B in formulas 1 and 5, we obtain,

b=csinBc=—b_=bcscB
n B

86. Solution of a Right Triangle.—In general, when
some of the parts of a triangle are given, the process of
determining the others is called solving the triangle, or
the solution of the triangle. The latter expression
is applied also to the triangle determined in accordance with
the given data.

In order to solve a right triangle, two parts, one at least
of which should be a side, must be known in addition to the
right angle. The two parts may be either (1) one side and
one of the acute”angles, or (2) two sides.

387. cCase 1.—Given a Side and an Acute Angle. The
other acute angle is found from the relation 4 + B = 90°,
and the other two sides by means of formulas 1 to 7,
Art. 35, as illustrated by the fol-
lowing examples:

ExampLE 1.—In Fig. 10, the length
of the hypotenuse A4 B of the right
triangle 4 C B, right-angled at C, is 24
feet, and the angle A is 29° 31’; find the
sides 4 C and B C, and the angle B. 4 4 0

Note.— When working examples of this
kind, make a sketch and mark the known parts, as shown in the figure.

SoLUTION WITHOUT LOGARITHMS.— B = 90° — 4 = 90° — 29° 31/
= 60° 29. By formula 3, Art. 35, interchanging a and 4, and A4
and B,

b = c cos A = 24 cos 29° 31’ = 24 X .87021 = 20.89 ft., nearly.

_By formula 1, Art 35,
a = 24 sin 29° 31’ = 24 X .49268 = 11.82 ft., nearly.
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SoLuTioN BY LOGARITHMS.—By formulas 8 and 1, Art. 35,
b = 24 cos 29° 31 (1)

a = 24 sin 29° 31 (2)
LoGARITHMS FOR (1) LOGARITHMS FOR (2)
log 24 = 1.38021 log 24 = 1.38021
log cos 29° 31’ = 1.93963 log sin 29° 31’ = 1.69256
log 6 = 1.31984 log a = 1.07277
b = 20.89 a = 11.82

In working examples of this kind, the two logarithmic functions
should be taken from the table at the same time. It saves time and
space to arrange the operations as follows:

log @ = 1.07277; a = 11.82
log sin 28° 31’ = 1.69256

log 24 = 1.38021
log cos 29° 31’ = 1.93963

log 6 = 1.31984; 6 = 20.89. Ans.
The logarithm of 24 is written first, and then the logarithms of the

sine and cosine, one over, the other under, log 24, the addition being
performed upwards in one case and downwards in the other.

ExaMPLE 2,—One leg of a right triangle 4 C B, Fig. 11, is 37 feet

B 7 inches long; the angle opposite is
25° 33/ 7”; what are the lengths of the
hypotenuse and the side adjacent, and
what is the other angle?

SorLuTiION WITHOUT LOGARITHNMS.
B = 90° — 25° 33’ 07" = 64° 26/ 53",
Reducing 37 ft. 7 in. to ft., we have,
a = 37.583 ft., nearly.

Qgag7/e Yin

, Fie. 11

By formula 5, Art. 35,
37.583 87.583
’sma’as, 07,‘, = :4—3135 = 87.133 ft., neaﬂy.
By formula 4, Art. 35, interchanging a and 4, and A4 and B,
b = a cot A = 37.583 X 2.09166 = 78.611 ft., nearly.

B = 64° 26/ 53"
Ans.{A C = 78.611
SOLUTION BY LOGARITHMS.—As before, A8 =818 ft.
S o 3158
sin 25° 33/ 7/
Also, b = 37.583 cot 25° 33/ 7/
log & = 1.89548; 6 = A4 C = 78.611 ft.
log cot 25°33/ 7" = 32049
log 37.583 = 1.57499

log sin 25° 33 7" = 1.63481
logc = 1.94018; ¢ = A B = 87.132 ft. Ans.
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It is to be noted that the value of 4 B given by logarithms is differ-
ent in the fifth figure from the result given by natural functions.
This is due to the fact that in using five-place tables the results can be
depended on to be correct to only four figures, and to have a very close
approximation to the fifth figure.

NotEe.—In the majority of cases, the solution by logarithms is far more expeditious
BBt Of solving Al tHigonometre problems by means of Jogarithas and the Joga:
rithmic functions, whenever these functions can be used.

38. CcCase I1.—Given Two Sides. If the given sides are
the two legs 2 and &, 4 is found from formula 2, Art. 35,
and B from the relation 44+ B = 90°. To find ¢, for-
mula 7, Art. 35, may be used; but, unless a and 4 are con-
venient numbers to square, it is preferable to determine ¢ by

4 formula 5, Art. 35, after having

determined A.
If the given sides are the hypot-
enuse ¢ and one leg, say a, the

B ¢ =4594.76' P

a=15 [+
PF1G. 12 F16.13
angle A4 is found by formula 1, Art. 35, B from the relation
A+ B = 90°, and 4 from either formula 4, or formula 7,
Art. 35. The latter gives

b= N"—a'

Unless ¢ and a are convenient numbers to square, the
quantity under the radical should be replaced by the product
(¢ +a) (c — a), and then

log b = % [log (¢ + a) + log (¢ — a]
from which 4 can be readily determined.

ExaMpLE 1.—Given a and b as shown in Fig. 12, to find 4, B, and c.
SoLutioN.—Formula 2, Art. 35,

a_15_ 56
tanA-—Z-—l—g—g—.
A = 39° 48 20/

B = 90° — 39° 48' 20" = 50° 11’ 40"
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Formula 5, Art. 35,
c= 1 _ 16
sin 4 sin 39° 48’ 20"
log 16 = 1.17609
log sin 39° 48’ 20/ = 1.80630

loge = 1.36979; ¢ = 23.431

Otherwise,
c=N15"+ 18" = V(8 X 6)"+ (3X6)* =3V5* + 6* = 3V6l = 23.431.
Ans,

ExaMPLE 2.—The hypotenuse ¢ and the leg & having the values
shown in Fig. 13, find the acute angles and the leg a.

SoLuTiON.—By formula 3, Art. 85, interchanging @ and 4, 4 and B,

cosA=%=305'45

596.76
log 305.46 = 2.48494 90° = 89° 59’ 60
log 596.76 = 2.77580 A = 59° 12/ 48"
log cos A = 1.70914; A = 59° 12/ 46" B = 30° 47 14/

Formula 2, Art. 35,
a = 305.45 tan 59° 12 47/
log 305.46 = 2.48494
log tan 59° 12’ 46/ = .22489

log a = 2.70083; a = 512.68

Otherwise, a=V" =8 =N(c+b)(c=0)
c+ 6 = 902.21 log (c+6) = 2.95531
¢ = 596.76 log (¢ = 8) = 2.46435
b6 = 305.45 2)5.41966
c—b6 = 291.31 loga = 2.70083; a = 512.68

B = 30°47 13"

A = 59° 12/ 47
Ans.
a = 512.66 ft.

EXAMPLES FOR PRACTICE

1. In a right triangle 4 C B, right-angled at C (let the student
make a sketch), the hypotenuse 4 B = 40 inches and angle 4 = 28°
14’ 14”; solve the triangle. {An le B = 61°45' 46"

Ans.{ A C = 35.239 in.
B C = 18.925 in.

2. In a right triangle A C B, right-angled at C, the side BC

= 10 feet 4 inches; if angle 4 = 26° 59 6, what are the other parts?
{Angle B = 63° 0/ 54"

Ans.{ A B = 22 ft. 8} in., nearly

A C = 20 ft. 3} in., nearly

v



PLANE TRIGONOMETRY

(PART 2)

LOGARITHMIC FUNCTIONS OF SMALL
ANGLES

1. Angles less than 3° are of comparatively rare occur-
rence in practice. When, however, they do occur, and they
contain odd seconds, their logarithmic sines, tangents, and
cotangents cannot be accurately determined by the general
formulas and rules given in Plane Trigonometry, Part 1.
These functions are found from a special table, which covers
the first three pages of the general table of logarithmic func-
tions furnished with this Course. These pages differ from
the others in several respects, namely:

(a) The column of seconds on the left, marked ” at the
top, gives the total number of seconds in all angles between
0° and 3°, at intervals of 1 minute. Thus, on page 43, the
number 6,360 in the column of seconds is horizontally oppo-
site 46 in the minute column, and is, therefore, the total
number of seconds in 1° 46/,

(6) The column headed S T, between the sine and the
tangent column, contains the values of log tan 4 — log A",
and log sin 4 — log A" for all values of 4 between 0° and
3°, varying from minute to minute; 4’ is the total number
of seconds in the angle 4. The first four figures of these
differences are common to the tangent and the sine and are
printed near the head of the column; the other two figures
are printed under S for the sine and under.T for the tan-
gent. The two figures corresponding to any angle are
horizontally opposite the total number of seconds in the

COPYRIGHTED BY INTEANATIONAL TEXTBOOK COMPANY. ENTERED AT STATIONERS  HALL, LONCON
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2 PLANE TRIGONOMETRY §10

angle, this total number of seconds being given in the left-
hand column. Thus, for 1° 45’ (= 6,300”). the value of S,
or of log sin 1° 45 — log 6,300, is 8.68551; and the value of
7, or of log tan 1° 45 — log 6,300, is 8.68571.

(¢) Next to the cotangent column, there is a column
marked C, containing the values of —7. The first four
figures of these values are common to all angles between
0° and 3°, and are printed but once; the other two are printed
horizontally opposite the number of seconds in the corre-
sponding angles. Thus, for 1° 51’ (= 6,660”), the value of
C is 5.31427. The values of S, 7, and C will here be
referred to as corrections.

2. To Find the Logarithmic Sine or Tangent of an
Angle Between 0° and 3°.—If there are no odd seconds
in the angle, the logarithm may be at once taken from the
table, as in Plane Trigonometry, Part 1. Here it will be
assumed that the angle contains a number of odd seconds.
Let the angle be denoted by A, and the total number of
seconds in it by A4”; that is, let 4” be the angle reduced to
seconds. (See Art. 1.)

Rule.—Open the table at the page headed by the number of
degrees in the given angle. Look in the minule column for the
number of minutes nearest (whether greater or less) to the num-
ber of odd minutes and seconds in the given angle. (Thus, if the
given angle is 2° 36' 40", look for 2° 37'; if the given angle is
2° 36’ 21", look for 2° 36'.) Take from the column headed S T
the correction horizontally opposite the number of minutes found
as just described, using the correction under S for the sine, and
that under T for the tangent. Look in the column of seconds at
the left of the page for the number horizontally opposite the num-
ber of minutes in the given angle, and to it add the number of
odd seconds in that angle. The result will be the total number
of seconds (A") in the given angle. Find the logarithm of this
number of seconds from the table of logarithms of numbers.
Add to this logarithm the correction found as above. The result
will be the required logarithmic sine or langent, according to the
correction used.
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ExaMpLE 1.—To find the logarithmic sine of 1° 3/ 45" (= A).

SoLuTioN.—Opening the table at page 43 (headed 1°), we look for
4/ in the minute column, since 3’ 45" is nearer to 4’ than to 3/, Hori-
zontally opposite 4, and in the column headed S T, the sine correction
6.68555 (= S) is found. We now look in the minute column for the
number of minutes (3) in the given angle; horizontally opposite it in
the left-hand column is the number 3,780, number of seconds in 1° 3/;
adding 456”, we obtain 3,825 (= A”) for the total number of seconds
in the given angle.

log A” = log 3,825 = 3.58263

S = 3_61}555
log sin 4 = 2.26818
that is, log sin 1° 3’ 45" = 2.26818. Auns.

ExaMpLE 2.—To find the logarithmic tangent of 2° 36/ 17”.

SoLuTiON.—On page 44, the correction for the tangent, opposite
36/, is 8.68587 (= 7). Number of seconds opposite 36’ in the left-hand
column, 9,360; A" = 9,360 + 17 = 9,377.

log 9,377 = 3.97206
T = 8.68587

log tan 2° 3¢/ 17" = 2.65793. Ans.

3. To Find the Logarithmic Cotangent of an Angle
Between 0° and 8°.

Rule.—Find C, A", and log A" exactly as in the last article,
C being taken from the correction column next to the cotangent
column. Subtract log A" from C. The result will be the
required logarithmic cotangent.

ExampLE.—To find the logarithmic cotangent of 1° 52/ 37,

SoLuTION.—On page 43, the correction under C, and horizontally
opposite §3/, is 5.31427; 4" = 6,720 + 37 = 6,757.
C = 5.31427
log A" = log 6,757 = 3.82975
C—log A" = 1.48452
that is, log cot 1° 52’ 37 = 1.48452. Auns.

4, To Find the Logarithmic Tangent, Cosine, or
Cotangent of an Angle Between 87° and 90°.—These
functions also are to be taken from the first three pages of
the table of logarithmic functions. The simplest way to
proceed is to subtract the angle from 90° and look for the
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corresponding complementary function as explained in

Arts. 2 and 3. Thus, log cos 88° 65’ 38" is obtained by
looking for log sin (90° — 88° 55’ 38”) = log sin 1° 4/ 22,

EXAMPLES FOR PRACTICE

1. Find the l.ogarithmic sine of 1° ¢/ 19/, Ans. 2.28532
2. Find the logarithmic sine of 0° 2’ 417, Ans. 1.89240
8. PFind the logarithmic tangent of 2° 56/ 57, Ans. 2.71196
4. Find the logarithmic cotangent of 1° 30/ 18", Ans. 1.58049
6. Find the logarithmic cosine of 88° 50’ 49", Ans. 2.30370
8. Find the logarithmic tangent of 89° 3’ 9”. Ans. 1.78151
7. Find the logarithmic cotangent of 88° (/ 25, Ans. 254157

5. To Find the Angle Corrcsponding to a Glven
Logarithmic Function, When the Function Lies
Between Two of the Functions in the First Three
Pages of the Table.—I1. Sine and Tangent.—As explained
in Art. 1, log sin 4 = S + log A”; therefore,

log A” = logsin 4 —S (1)
Likewise, when log tan A is given,

log A” = logtan A - T (2)
From these formulas is derived the following

Rule.—Find in the table the logarithm nearest to the given
one. Take the correction horizontally opposite this logarithm,
and subtract it from the given logarithm. The result will be
the logarithm of the total number of seconds (A") in the given
angle. Find the number corvesponding to this logarithm, and
reduce it lo degrees, minules, and seconds.

It is here assumed that the given function lies between
two functions in the column marked log sin or log tan, as
the case may be, at the top. If the names of the functions
are at the bottom, the sine should be treated as in Plane
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Trigonometry, Part 1; the tangent should be treated as if it
were a cotangent, according to the directions to be given
presently, and when the angle corresponding to that cotan-
gent is found, it should be subtracted from 90°.

II. Cotangenti.—Since log cot A = C — log A" (Art. 3),

we have
log A" = C—log cot A (3)

From this formula is derived the following

Rule.—Find in the table the logarithmic function nearest
the given cotangent. Take from the C column the correction
hkorizontally opposite the logarithm just found, and from it sub-
tract the given logarithmic cotangent. The resulf will be the
logarithm of the total number of seconds in the angle.

Here, as before, it is assumed that the given cotangent
lies between two of those marked log cot at the top. If
it lies between two logarithms in the column marked log cot
at the bottom, it should be treated as if it were a tangent, and
having found the angle corresponding to this tangent, it
should be subtracted from 90° to obtain the required angle.

III. Cosine.

Rule.—/f the given cosine lies between two of those in the
column headed log cos, apply the general rule given in Plane
Trigonomelry, Part 1. If it lies between two of the logarithms
in the column marked log cos at the botlom, treat it as if it were
a sine, find the angle corresponding to that sine as above, and
subtract the resull from 90°.

ExaMPLE 1.—To find the angle whose logarithmic tangent is 2.32803.
SoLuTioN.—The logarithmic tangent nearest to 2.32803 is 2.32711,
found in the column headed log tan on page 43. The 7 correction
horizontally opposite 2.32711 is 8.68564.
log tan 4 = 2.32803
7 = 6.68564
log A” = 3.64239
From the table of logarithms of numbers,
A" = 4,389" = 1° 13 9. Ans.
ExamMpPLE 2.—To find the angle- whose logarithmic cotangent is
2.49567.
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SorurioNn.—The nearest logarithmic cotangent found in the table
is 2.49488. The number opposite this logarithm in the C column is

5.31442. C = 5.51442
log cot A = 2.49567
log A" = 2.81875;

A" = 659" = 0° 10/ 59”. Ans.

NoTe.—Angles are here given to the nearest whole second.
ExaMpLE 3.—To find the angle whose logarithmic cosine is 2.63723.

SoLuTtrioN.—The nearest logarithm, 2.63678, is found on page 44, in
the column headed log sin. The given function is, therefore, to be
treated as if it were a logarithmic sine, and the angle 4, correspond-
ing to this sine is to be subtracted from 90° to obtain the required
angle 4. The correction horizontally opposite 2.63678, in the S column,
is 8.685644.

log sin 4, = 2.63723
S = 8.68544
log A," = 3.95179;
. A, = 8,949 = 2°2¢/ 9"
A =90°-2°29 ¢ = 87° 30 51”. Ans.

EXAMPLES FOR PRACTICE
Verify the following values:
(@) 3.17645 = log sin 0° 51’ 37 () 2.48790 = log cot 88° 14/ 19"
" (8) 3.94316 = log sin 0° 30/ 10” () 2.47608 = log cot 0° 11/ 29"
(c) 2.65783 =log cos87°23'36” (g) 1.31009 = log tan 87° 11’ 48/
(d) 2.58349 = log tan 2°11/41” (4) 3.95377 = log cos 89° 29/ 6"

6. Use of the Column of Seconds for Obtaining the
Angle Corresponding to a Given Function.—In order
to avoid confusing the student by too many rules, the reduc-
tion of A” to degrees, minutes, and seconds was, in the pre-
ceding articles, effected by the ordinary rules of arithmetic,
without any reference to the table. The following is a
more expeditious method:

Let the given function lie between the functions of two
consecutive angles, 4, and A4, + 1. Then, the degrees and
minutes in the required angle are those in A,, and may be at
once written down. The number in the column of seconds
on the left, horizontally opposite the number of minutes
in A,, gives the total number of seconds in 4,. Denoting that
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numbér by 4,” and the number of odd seconds in the required
angle by s, we have — AV — AN

ExamMpPLE.—To find the angle whose logarithmic tangeni is 2.30217.

SorutioN.—The given function lies between 2.29629 and 2.30263.
‘The angle corresponding to the first of these two functions is 1° 8§
(= 4.); 4" = 4,080".

log tan 4 = 2.30217
7T = 8.68563
log A" = 3.61654; A" = 4,136
s=A"- A/ = 4,136 — 4,080 = 56"
A=A, +s=1°856". Ans.
The subtraction 4” — A4,” can usually be effected mentally.

EXAMPLES FOR PRACTICE

Apply the method just described to the Examples for Practice given
after Art. 4. ./P

GENERAL TRIGONOMETRIC FORMULAS

ANGLES AND THEIR TRIGONOMETRIC FUNCTIONS

7. Angle of Any Magnitude.—In trigonometry, an
angle is considered as being generated by a straight line turn-
ing about one of its ends, P
which is the vertex of the
angle. In this motion,

any point in the turning .@:‘E\ B
line describes a circular /{/./;{Gr/ —“\.\

arc, whose number of de- .?/7‘"/

grees is the measure of p [1] [/] x
the angle. The turning ‘ /
line is called the gener-

ating line. The position

that this line occupies be- - - F
fore it begins to turn, and

from which arcs are meas- ?

ured, is called the initial Fie.1

line, or the initial position of the generating line; and
the position it occupies after turning through a certain angle

. - o
gt s Attty A e -2 o AL
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is called the final position. In Fig. 1, for example, the
initial position of the generating line is OX. The turning
is supposed to take place about the point O and in a direc-
tion opposite to that in which the hands of a clock move.
When the line turns from the position OX to the final
positions OB, OC, OD, OF, OF, it generates angles of
30°, 90°, 180°, 270°, 320°, respectively, as indicated on
the figure. If the line makes a complete turn, so that its
final position coincides with its initial position O X, the angle
generated is 360°.

8. Positive and Negative Angles.—When an angle
is described by a line turning in a direction contrary to that
B 180%4 - g in which the hands of a watch

move, the angle is considered

M positive; if described in the
c—" D opposite direction, it is con-

Fic. 2 sidered megative. Refer-
ring to Fig. 2, the angle X O B, whose supplement is A4, may
be regarded as having been described in any of the follow-
ing manners:

(a) By turning the generating line about O from the
position OX in the positive direction through (180 — 4)
degrees to the position O 5.

(6) By turning the generating line about O in a positive
direction through an angle of 180°, when it will be in the
position O C, and then turning it back from O C in the nega-
tive direction through the angle —A (negative, because
turned in the negative diregtion) into the position O 5.

(¢) By turning the generating line about O in the nega-
tive direction through the angle — A4, into the position O D,
and then turning it back in the positive direction threugh
180° into the position O 5.

It is to be noticed that, however the angle (180° — 4)
may be regarded as described, the resulting angle XOB
is the same.

9. Quadrants.—Let O X, Fig. 3, be the initial position
of the generating line, and O M,, O M,, O M,, O M, final
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positions, determining, respectively, the angles 4,, 4,, A,, A,
all measured from O X upwards and toward the left. Pro-
ducing X O and drawing through O a perpendicular Y ¥’
to O X, the plane of the figure is divided into four right
angles, called quadrants. Taking them in order, follow-
ing the direction in which positive angles are reckoned, they
are distinguished as follows: X O Y is the first quadrant;
Y O X', the second quadrant; X’ O }’, the third quad-
rant; and Y’ O X, the fourth quadrant.

4

¥

-] I
|

. [

M, Y 4
FiG. 8
10. Trigonometric Functions of Any Angle.—In
the definitions given in Plane Trigonometry, Part 1, only acute
angles were considered. Referring to Fig. 3, in which B, C,
is perpendicular to O X, the trigonometric functions of the
acute angle A4, were defined by the following equations:

side opposite _ 5, C, side opposite _ 5, C,

sin A, = hypotenuse ~ O B, tan 4, = side adjacent O G,

_ sideadjacent _ O C, _ sideadjacent _ O C,
cos A, = “hypotenuse O 5, cot A, = side opposite ~ B, G,
sec A, = _hypotenuse _ 0 B, csc A, = hypotenuse _ 0 B,

side adjacent O C, side opposite ~ B, G,
L}

These formulas serve as the definitions of the trigono-
metric functions of any angle; that is, the sine of any angle
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is the ratio of the side opposite to the hypotenuse; the tan-
gent is the ratio of the side opposite to the side adjacent,
etc. But, in order that these definitions may be correct,
it is necessary to apply to them some algebraic rules rela-
ting to signs.

In Fig. 3, the hypotenuse used for the determination of the
functions of A, is any portion O B, of the side O 3/, which
is the final position of the generating line: From B, a2~
perpendicular B, C, is drawn on the initial line O X, thus deter-
mining the right triangle OB, C,. The length of the per-
pendicular B, C,, which is the side opposite the vertex of the
angle, is the distance of B, above the initial line O X, and
the length of the adjacent side OC, is the distance of
the point B, to the right of the vertex, measured along the
initial line; or, what is the same thing, OC, is the distance
of B, C, from the vertex, measured toward the right. ~

Consider now the angle X O M,, or A,, in which the final
position O M, of the generating line lies in the second quad-
rant. As before, the hypotenuse to be used in the definitions
of the trigonometric functions of A4, is any portion O 5, of the
side O M,, which is the final position of the generating line.
As before, also, a perpendicular from B, is drawn on the
initial line O X but, in this case, the perpendicular falls on
O X produced. In the right triangle O B, C,, the perpendicu-
lar B, G, is the side opposite the vertex of the angle A,, and
OC, is the side adjacent. It shou]ld be noted very partic-
ularly that the terms side opposile and side adjacent are used
to describe the positions of the-legs of the right triangle
with reference to the verfex of the angle considered, not to
the angle itself. Thus, B, C, is not opposite the angle A4,,
but opposite the vertex O of that angle. The length of the
side opposite, B, C,, measut®s the distance of B, above
the initial line; and the length of O (,, or the side adjacent,
measures the distance of fhe opposite side B, C, to the left
of the vertex; or, in the language of algebra, it may be said
that — O, is the distance of B, C, to the right of O.

Having defined the cosine of any angle as the ratio of the
side adjacent to the hypotenuse, and the side adjacent as the
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distance of the side opposite from the vertex, measured
toward the right of the vertex, it is necessary, when the side
opposite is to the left of the vertex, to consider its distance
from the vertex, or the side adjacent, as negative. This is
in accordance with the general principle of algebra, that, if
distances counted in one direction are treated as positive, dis-
tances in the opposite direction must be treated as negative.
In the triangle O B, C,, therefore, O C, should be treated as
- 0G,

0B,

Considering now the angle A4,, the hypotenuse is, as above,
any portion O B, of the side O M., which is the final position
of the generating line. From B,, the perpendicular B, C,
on the initial line (produced) is drawn, and thus a right
triangle is determined, in which B, C, is the side opposite,
and OC, the side adjacent. As previously explained, O G,
should be treated as negative. The opposite side B, G,
which is the distance of B, below the initial line, should also
be treated as negative; for if distances above the initial line
are treated as positive, those below the initial line must be
treated as negative.

Finally, in the angle A,, which terminates in the fourth
quadrant, O C,, the side adjacent, is positive, while 5, C,, the
side opposite, is negative.

The foregoing explanations may be summed up as follows:
The side opposite is positive or negative according as the
hypotenuse is above or below the initial line. The side
adjacent is positive or negative according as it extends
toward the right or toward the left of the vertex. The
hypotenuse is always positive.

negative, and therefore, the cosine of A4, is

11. Algebraic Signs of the Functions.—Referring
again to Fig. 3, it will be observed that, for any angle, as A4,,
terminating in the first quadrant, both the side adjacent and
the side opposite, or O C, and B, C,, are positive, and therefore
all the functions are positive; for any angle, as A4,, termina-
ting in the second quadrant, the side adjacent, or O C,, is nega-
tive, and the side opposite, or B, G, is positive. Therefore,
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+8.G + 8. G,

in A, = . positi . ) .
sin Y05 positive tan A4 —ocC negative
- 0CGC, . + O B .
A. = ’ s = ——_')
cos ", negative sec A ~ocC negative
csc A, = —i——g.—?f, positive

The signs of the functions of angles terminating in the
third and in the fourth quadrant are similarly determined.
The results are tabulated below.

TABLE I
Quadrant
Function First | Second | Third | Fourth
Sign of Function
Sine . .. ....... + + - -
Cosine . . . . .. . . + - - +
Tangent . . . . . o .. + - + -
Cotangent . . . . . .. + - + -
Secant . . . . .. ... + - - +
Cosecant . . . . . . .. + + - -

12. Trigonometric Functions of 0° and 90°.—In
the right triangles 4 CB, Fig. 4, the hypotenuse 4 5 may
B g be taken to have any value whatever.
7 It is evident that B C, the side oppo-
: site, decreases as the angle C 4 8
1 decreases, and becomes zero when
the angle becomes zero; and that BC
coincides with the hypotenuse A58
B when the angle CA4 B is 90°. Again,
! A C, the adjacent side, increases as
¢ the angle decreases, and is equal to

Fic.4 the hypotenuse 4 B when the angle
CARB is 0°. Also, A C becomes zero when C A B is XN°.
Now, from the definitions of the trigonometric functions,

B
|
|
|
|
!
|
[
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e

. 0

. . sin 0°=— =0

sin CAB = side opposite opposxte’ whence jz
hypotenuse sin 90° = 42 _ 1

| AB

i AB
cos 0°=== =1

cosCARB = side adjacent whencef ok
hypotenuse ’ cos 90° = % -0

In like manner,
tan0°=ALC=0 tan90°=£0—€=00
o — ig = 0 0 — —-—O— =
cot 0 0 cot 90 B 0

Note.—The cotangent of CA B is equal to % Now, as the
cogle decreases, the side C B becomes less and less, and it is evident
that, as the denominator of a fraction becomes less and less, the
numerator remaining the same, the value of the fraction increases.
As the denominator decreases indefinitely, the value of the fraction
increases indefinitely, and when the value of the fraction exceeds any
known quantity, however great, it is said to be infinite. The sign ®
is used to express an infinite number.

13. Functions of (180° — 4).—Let X O M, Fig. 5, be
any angle, and 4 ( = M O X') its supplement. Draw O M’
making with O X an angle 5
equal to 4, as shown. Take .

any part O B of O M for the i 180%,
hypotenuse, and draw B C . i4 4 x
perpendicular to O X pro- c F‘os o

G.

duced; draw B B’ parallel to .
0X, and B’ C’ perpendicular to Q X. Then, BC = B (;
0B=0A8; OC= —0C’ (Art. 10); and, by the defini-
tions of the functions,

sz0M=g—g= ‘_g'_g = sin4

cos XOM = —g—z= :;OO_BQ = —cos 4
that is, sin (180° — 4) = sin 4 (1)
cos (180° — 4) = —cos 4 (2)

115—-13
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Similarly, tan (180° — 4) = —tan A4 (3)
cot (180° — 4) = —cot A4 (4)

These relations are especially useful for finding the loga-
rithmic functions of angles greater than 90°, since these func-
tions are arithmetically equal to those of the supplements of
the angles; that is, when signs are disregarded, any function
of an angle and that of its supplement are equal. For
example, sin 105° = sin (180° — 105°) = sin 75°; cos 105°
= — cos (180° — 105°) = — cos 75°.

14. Functions of (90° 4+ 4).—Byformula 1 of Art. 13,
sin (90° + 4) = sin [180° — (90 4+ A4)] = sin (90° — 1)
or, since sin (90° — 4) = cos 4,-

sin (90° 4+ 4) = cos A (1)

The following formulas may be derived in a similar

manner:
tan (90° + A) = — cot 4 (2)

cos (90° + 4) = — sin 4 (3)
cot (90° + 4) = —tan A4 (4)

15. Functions of Negative Angles.—The comple-
ment of an angle is the algebraic difference between the
angle and 90°. If the angle is greater than 90°, its comple-
ment is negative. Thus, the complement of 95° is 90° — 95°
= — 5°. The cofunctions of an angle are the corresponding
fundamental functjons of its complement, whether that com-
plement be positive or negative. Thus, cos 85° = sin (90°
— 85°) = sin 5°; cos 95° = sin (90° — 95°) = sin (— 5°).
Similarly, sin 95° = cos (90° — 95°) = cos (— 5°). It is,
therefore, necessary to know how to determine the functions
of negative angles.

If 90° + 4 is any angle, its complement is 90° — (90°
+ A) = — A; and, therefore,

cos (90° + 4) = sin (— A4), cot (90° 4+ A) = t;n(—A)
sin (90° + 4) = cos(— A), tan (90° + 4) = cot (— A4)
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whence, replacing the values of cos (90° + A4), cot (90°
+ A), etc. from the preceding article,

sin (— A4) = —sin 4 (1)
tan (— A) = —tan 4 (2)
cos (— A) = cos A4 (3)
cot(— A) = —cot 4 (4)

ADDITION OF ANGLES

16. To Express the Sine or Cosine of the Sum or
Difference of Two Angles In Terms of the Sine and
Cosine of the Angles.—The following formulas are funda-
mental; being of frequent occurrence, they are very impor3
tant, and“should be committed to memory:

sin (4 + B) = sin A4 cos B + cos A4 sin B (1)
cos (4 + B) = cos A cos B—sin 4 sin B (2)
sin (4 — B) = sin A4 cos B — cos A4 sin B (3)
cos (4 — B) = cos A cos B+ sin A sin B (4)

Note.—The derivation of these formulas is given in the A;K)endix
at the end of this Section, under the Roman numeral I. That Appen-
dix contains this and a few other demonstrations that are compara-
tively laborious and may be found irksome by some. They are not
essential to the understanding of the formulas, and the student is not
required to learn them. He is, however, advised to peruse them care-
fully, as they are good exercises in the handling and transforming of
both algebraic and trigonometric expressions.

These formulas are not used, as they seem to imply, to
determine the sine or the cosine of the sum or difference of
two angles, when the sine and cosine of those angles are
given. They can be used for this purpose, but there would
be no advantage in so doing. Their main value consists in
their application to transforming complicated trigonometric
expressions into simpler ones. The student will often have
occasion to employ them in this manner. In order that he
may have an idea of this application of tbe formulas, two
examples are given here.



16 PLANE TRIGONOMETRY §10

ExAMPLE 1.—To determine the angle 4 from the relation
sin(A4 + 28°) _
~esnd -

SoLuTiON.—Applying formula 1, we have

sin (A4 4 28°) _ sin A cos 28° + cos A sin 28°

sin A - sin A *

sin A cos 28° , cos A sin 28°

A &6 o :
sn A sin A cos 28° 4 cot A sin 28°

Z?;f: by its equal cot 4 (see Plane Trigonomelry, Part 1).
H d
Substituting this value of the quotient s&(sgl—;—?s—) in the given equa-
cos 28° + cot A sin 28° = .95
95 — cos 28° _ .95 — .88295

replacing

tion, we have,

whence cot A = e i T v B .14282
and, therefore, A = 81°52'19”. Ans.
ExaMpLE 2.—To transform the expression tan A + tan B into the
expression sin (A +—B)
xP cos 4 cos B’

. Note.—Transformations of this kind are very often useful, when logarithms are
employed. Thus, if tan 4 + tan B were to be multlFlied by 39.578, it would be neces-
sary first to find the natural tangent of A, then that of B, add the two together, take the

logarithm of the sum thus obtained, and add this logarithm to that of 39.578. If,

however, the expression :2.;—(;;—;:;% is used, the logarithms of sin (4 + B), cos A,
cos B can be taken from the table. and the operation performed without having
recourse to natural functions, which are often inconvenient.
SoLuTioN.—We have (Plane Trigonometry, Part 1),
’ sin A  sin B _ sin 4 cos B+ cos A sin B
cos A" cos B cos A cos B
According to formula 1, the numerator of this last fraction is equal

to sin (A + B). Therefore,
tan 4 + tan B =

tan A +tan B =

sin (4 + B)
cos A cos B’

17. Sine and Cosine of 2 4 and of % A.—From the

formulas for the sine and cosine of the sum of two angles,
the following are deduced:

sin2 4 = 2 sin 4 cos A (1)
cos2 4 = cos* A4 — sin* 4 (2)
cos2 4 =1- 2sin* 4 (3)
cos2 4 =2cos*4 -1 (4)

sind =2sint 4cost 4 (5)
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cos 4 =cos'+ A —sin*$ 4 (6)
cos A =1—2sin"$ 4 (7) >
cosd =2cos*$ 4 -1 (8) N

As in the case of formulas 1 to 4, Art. 16, these formulas
are used mainly for the purposes of transformation. They
are very simply derived as follows:

When B is made equal to 4, formula 1, Art. 16, becomes

sin (4 + A4)= sin A cos 4 + cos A sin A
that is, sin2 4 = 2 sin A cos 4
Similarly, formula 2, Art. 16, becomes
cos (A 4+ A) = cos A cos A — sin A sin 4
that is, cos 24 = cos* A — sin* 4

Formula 3 follows from this, by writing 1 — sin® A instead
of cos® A (since sin® 4 4+ cos* 4 = 1); and formula 4, by
writing 1 — cos® A instead of sin® 4.

Formulas 1 to 4 give the sine and cosine of twice any
angle in terms of the sine and cosine of the angle. If the
angle is denoted by %A, twice the angle will be A, and
formulas 1 to 4 take the forms of formulas § to 8.

OBLIQUE TRIANGLES

FUNDAMENTAL PRINCIPLES

NoTte.—For the general method of marking and naming the sides
and angles of a triangle, see Plane Trigonometry, Part 1.

18. Principle of Sines.—/n any triangle, the sides are
proportional to the sines of the opposite angles. That is,
a_sind a_sind b_sinZB
sin C' ¢ sin C

b sinB ¢
Let 4 B C, Fig. 6, be any triangle and p the perpendicular
from C on the opposite side. Then, in (a), the right tri-
angles 4 CD and B CD give, respectively,
p=0bsinAd p=asinhB
whence, putting the two values of p equal to each other,
asin B = bsin 4
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and, therefore, dividing by 4 sin B,

a _ sinA
b sinB
In (4), the right triangles 4 CD and B C D give, respect-
ively, p=0bsinAd,p=asinCBD
whence, asin CBD = bsin A

F1G. 6

But, as CB D = 180° — B, we may write sin B instead of
sin CB D (Art. 13), and, therefore,
asin B = bsin A4
whence, as before,
sin A (1)

By drawing a perpendicular from B on A C, and reasoning
in the same manner, it may be shown that

a sin A
¢ sin C @)
Similarly, . sn8
¢ sin C
By transforming equation (1), we obtain
_a _ b
sin4  sin B
and by a similar transformation of equation (2),
a _ ¢
sin4  sin C ~

We have, therefore,
a _ b _ ¢
sin4  sinB sin C
The principle of sines may, then, be stated in this form:
In every triangle, the quotient obtained by dividing the length of
any side by the sine of the opposile angle is the same, whalever
the side laken.
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This quotient is called the modulus of the triangle, and
will here be denoted by #/. The modulus can be found when
any of the sides and the opposite angle are known.

The principle of sines is one of the most important in
trigonometry, and both forms in which it is stated in this
article should be committed to memory.

19. The Cosine Principle.—/% any triangle, the square
of one side is equal lo the sum of the squares of the other two
szdes minus twice the product of these two sides and the cosine of
their included angle. That is (Fig. 6),

a =b0+4+c"—2bccos A

' =a+c"—2accos B

e =a+b—-2abcos C
These formulas are derived in Appendix II.

20. Principle of Tangents.— 7ke sum of any two sides
of a triangle is lo their difference as the tangent of half the sum
of the opposite angles ts lo the tangent of half their difference.
That is (Fig. 6), ’

a+é _ tand(4+B)
a—b tani(4-—B)

The derivation of this formula is given in Appendix III.

The student should have no difficulty in committing the

formula to memory, as its symmetry makes it very easy
to remember.

SOLUTION OF OBLIQUE TRIANGLES

21. The solution of oblique triangles is treated under
four cases:

Case I: Gliven Two Sides and the Included Angle.
Let a, 4, and C, Fig. 6, be given and A4, B, and ¢ be required.
Of the two methods given below, the first is preferable in
most cases.

First Method.—From the formula in Art. 20, the following
is readily derived:

_a—5
tan $(4 — B) = a+btan (A4 + B) (1)
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Now, since 4 + B + C = 180°, we have also,
A+ B = 180° — C; and 4(A4 + B) = $(180° - O)
=90°-3C
Therefore, } C is the complement of $(4 + B), and hence,
tan $(4 + B) = cot + C. Substituting this value in equa-
tion (1), the following formula is derived:

a—b
tan%(A—B)-a_*_bcot%C (1)

If the student remembers the formula in Art. 20, or the
principle of tangents, he will have no difficulty in remember-
ing this formula, which is derived from the formula in Art. 20,
by simply writing cot 3 C instead of tan (A4 + B).

From this formula #(A4 — B) can be found. Let this
value of $(A4 — B) be denoted by D. We have also, as
explained above, (A + B) = $(180° - C) = 90° - §C.

H(A4+B)=9°-3C (2)
H(4-B)=D (3)

Adding equations (2) and (8) gives
A=(950°-3+0)+D
Subtracting equation (3) from (2) gives
B=(9%°-310-D
Knowing A4 and B, the side ¢ may be found from the
relation (Art. 18),
c a . . a sin C
sin C  sin A’ which gives ¢ = sin A
It is, however, more convenient to find ¢ from the following
formula, the derivation of which is given in Appendix IV:

_(a—b5)cost C
T Smi4-B) (2)

It will be noticed that, for calculating tan (A4 — B), the
logarithms of (a — 4) and cot + C have to be found. The
logarithm of cos 3 C may be taken out of the table at
the same time as that of cot § C. Also, when the angle
$(A4 — B) is taken from the table, its logarithmic sine should
be taken at the same time, This greatly simplifies the appli-
cation of formula 2,
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Second Method.—The third side ¢ can be found directly from
the formula in Art. 19, which gives

) c=Va"+56 —2abcos C

Then, by the principle of sines,

asin C _. _bsinC

sin 4 =

This method is of value when the only required part is the
side ¢, especially if a and 4 are convenient numbers to square.

EXAMPLE 1.—In a triangle, a = 17 feet, 6 = 12 feet, and the
included angle C = 59° 23’. To find the other parts of the triangle.

SoruTioN.—Here $ C = 29°41' 30/; a+6 = 17412 = 29, and
a—b6=17-12 = 5. Then, by the first method,

tan } (4 — B) = 2 X cot 29° 41/ 30"

29
log 5 = .69897 log b = .69897
log 29 = 1.46240 log cos 29° 41’ 30" = 1.93887
1.23657 . .63784
log cot 29° 41/ 30" = .24397 log sin D = 1.46154
log tan $(A4 — B) = 1.48054 log ¢ = 1.17630
D=13}(A-B) = 16°49 25, ¢ = 15.007. Ans.

A = (90% — 29° 41’ 30”) + 16° 49’ 25" = 77° 7/ 65/". Ans.
B = (90° — 29° 41’ 30”) — 16° 49 25/’ = 43° 29/ 5”. Ans.
- EXAMPLE 2.—Given a = 10, 4 = 15, and C = 60°; to find c.
SoLuTiON.—By the second method,
¢ = 10* + 15* — 2 X 10 X 15 cos 60°
= V325 — 300 X .6 = V175 & 13.229.ft. Ans.

¥r

EXAM_PLES FOR PRACTICE
1. Given a = 37.46 feet, b = 59.17 feet, and C = 69° 13/; find A4, B,

and c. N A = 37° 21" 30/
Ans.{ B = 73° 25' 30"
¢ = 57.72 ft.

2. Two sides of a triangle are, respectively, 687.64 and 319.58 feet
long, and their included angle is 47° 15’ 8”; find the other two angles

and the third side. Ans {Angles, 106° 14’ 56" and 26° 29’ 56"
*\'Third side = 525.97

3. Given ¢ = 4 chains, @ = 6 chaigs, and B = 45° 18/; find 4.
Ans. b = 4.271 ch.
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4. Given 6 = 43.16 chains, ¢ = 51.29 chains, and A4 = 35° § 107,

find B, C, and a. B =57°13 %
Ans.{ C = 87° 38 30"
a = 29.544 ch.

22. Case II: Given a Side and Two Angles.—Let
¢, A, and B be known, to find a, 4, and C. The angle C
= 180° — 4 — B. By the principle of sines,

a ¢

= c .
sind  sinC whence a sin ¢ 4
Similarly, b= si; ;sin B
Since si:f ¢ is the modulus of the triangle (Art. 18), these

formulas may be thus stated: Any side of a triangle is equal
to the modulus of the triangle multiplied by the sine of the angle
opposite that side.

ExAMPLE.—Given ¢ = 98.48, B = 60° 4%, and C = 39° 1¥; to find

b,¢c, and 4.
SoLUTION.— A = 180° — (60° 4% + 39° 15) = 80°. Ans.
= s?%;(%; b= s%—'—;%sinw"w; c= ﬁ%sin&)‘l&
log 98.48 = 1.99335 log 6 = 1.94076; & = 87.248. Aums.
iog sin 80° = 1.98335 . i g0° 45 = 1.91076
log M = 2.00000 log M = 2.00000

log sin 39° 15 = 1.80120
log ¢ = 1.80120; ¢ = 63.27. Ans.

NoTe.—Attention is called to the convenient way in which the work is here
arranged. Having determined log A, this logarithm is copied. and then one of the
iogarithms to be added to it is written above it, the other under it, the addition being
performed upwards in one case, and downwards in the other.

. EXAMPLES FOR PRACTICE
1. Given a = 45.39 feet, B = 38° 12/, and C = 11° 1V 34”; find

A, b, and c. A = 130° 3¢/ 26”*
Ans.{ b = 36.973 ft.
¢ = 11.605 ft.

2. Given ¢ = 101.11 chains, C = 56° 6% 5656”, and 4 = 10° 10/ 10";
find B, a, and 6. B = 113° 53’ 55"

Ans.{ a = 21.551 ch.

b = 111.59 ch.
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23. case III: Given Three Sides.—Let a, b, and ¢ be
given, to find A4, B, and C.

First Method.—The angles can be found directly from the
cosine formulas (Art. 19), which, being solved for cos A4,
cos B, and cos C, respectively, give

bn_'_‘.'_aa
A= —"""
cos P
cosB=a—t2£a—;—b (1)
_a+b-c
cos C = YRS

These formulas are to be used when the numbers e, 4, ¢
are convenient to square; otherwise, they are too cumber-
some, and those given below for the functions of half
the angles should be employed. It is necessary to apply
the formulas in determining only two of the angles, as the
third follows from the relation 4 + B+ C = 180°. As a
check, however, the formulas should be applied to the third
angle also. ’

It should be borne in mind that, if the cosine of an angle
is found to be negative, this implies that the angle is obtuse
(Art. 13). In such case, the cosine is treated as positive,
and the corresponding angle taken from the table is sub-
tracted from 180° to obtain the required angle. Thus, if
cos A = —.97030, we look for the angle whose cosine is
+.97030, which is 14°. Then, 4 = 180° — 14° = 166°.

ExXAMPLE.—Given a = 4 inches, 4 = 5 inches, and ¢ = 7 inches;
to ind A4, B, and C.

SOLUTION.— cos A =

*+c*—a* b*+7" -4 58
26 - ExEx7 — 70 . S
and, therefore, 4 = 34° 2/ 53”. Ans.
A+ — 4T -5
2ac To2x4XT
and, therefore, B = 44° 24’ 54", Ans.
C=180°—- A4 — B = 101° 32 13”. Ans.
As a check, we have
at+ot—c* 4245 -7 8
Za6 -~ Zx4X6 -~ 40~ — 20000

cos B =

40
=56 = 71429

cos C =

.

C
f
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The angle whose cosine is .20000 is 78° 27/ 47””. Therefore, C = 180°
— 78° 27 47" = 101° 32’ 13".

Second Method.— As said before, this method is to be
applied when the operations required by formula 1 involve
too much labor, which happens when the lengths of the given
sides consist of three or more significant figures—the usual
case. If the sum of the sides is denoted by 25, or half their
sum by s, the angles 4, B, C may be found by the following
formulas, which are derived in Appendix V:

tan 3+ 4 = (s —6)(s—¢)

s(s — a)

_ s—a)(s—¢)
tan }$ B = o (2)

tan 4 C = ’.(_5— a)(s—8)
s(s—¢)

cost 4 = s(s — a)

;

be
cos 3 B = s(s — 8) (3)
ac
_ sls =20
cos ¥ C = =

For angles differing but little from 90° (say between 85°
and 90°), use the cosine formulas 8; in all other cases, the
tangent formulas 2.

We have also,

sind 4 =[s=28)(s—¢) (4)

A
Y

with similar formulas for sin 4 B and sin 3 C. These formulas
are of value for deriving the tangent formulas 2, as well as
for deriving an expression for the area of a triangle when
the sides are given. They may also be used instead of the
tangent formulas 2 for the determination of the angles, but
the latter are preferable.

ExaMPLE.—In the triangle 4 B C, a = 567 feet, b = 736 feet, and
¢ = 264 feet; to find the angles 4, B, and C.
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SoLUTION.—The tangent formulas will be used.

To find A
a = b7 log (s — ¢) = 2.71559
b= 1736 log (s — 6) = 1.67669
€= _2t , 4.39228
25 = 1,567 log s = 2.8940¢4
s = 783.5 log (s — a) = 2.33546
s—a = 216.6
s—b= 415 D290
s—c¢ = 519.5 2)1.16278 '
logtani 4 = 1.58139
1 A =20°52 38", A = 41°45'16. Ans.
To find B To find C
log (s — a) = 2.33546 log (s — a) = 2.33546
log (s — ¢) = 2.71559 log (s — ) = 1.67669
5.05105 4.012156
log s = 2.89404 log s = 2.89404
log (s — 6) = 1.67669 log (s—c¢) = 2.71559
4.57073 5.60963
2)0.48032 2)3.40252
log tan § B = 0.24016 logtan{ C = 1.20126
{B=60°5 290", B=120°1058" } C = 9°1 54"; C = 18° 3" 48"
Ans. . © Ans.
To check, add the angles:
41° 45’ 16"
120 10 58
18 3 48
180° 00y 2"

The triangle closes within 2 sec. This error is due to the use of five-
place tables, and to the fact that the angle in each case was taken out to
the nearest second. )

EXAMPLES FOR PRACTICE
1. Given ¢ = 1 mile, 4 = 2 miles, and ¢ = 1.5 miles; find 4, B,

and C. (Use first method.) A = 28° 57 17
Ans.{ B = 104° 28’ 39/
C = 46° 34/ 4

2. Given @ = 50 chains, & = 30 chains, and ¢ = 45 chains; find
A, B, and C. (Use first method.) A = 80° 56’ 36/
Ans.{B = 36° 20 7"

C = 62° 43 177



Y™

26 PLANE TRIGONOMETRY §10

3. Given a = 63.47 feet, 6 = 89.36 feet, and ¢ = 109.83 feet; find
A, B, and C. (Use second method.) A = 35° 18 10
Ans.{B = 54°27 2"
C = 90° 14 &0

4. Given a = 2,354 feet, 4 = 3,115 feet, and ¢ = 836.6 feet; find
A, B, and C. (Use second method.) A =21°7 24
Ans.{B = 151° 31’ 8"

C=17213"

24, Case IV: Given Two Bides and the Angle
Opposite One of Them.—In the triangle A BC, let a, b,
and A4 be given, to find B, C, and ¢. The angle B or Cis
found by means of the principle of sines; thus,

a _ b . _bsindg
Sind - snB whence sin B = —
Then, C=180°—A4—B,and ¢ = s1: sin C

When the data are given as above, without any further
restrictions, there may be two triangles that will answer the
given conditions; and the problem is said to have two solu-
tions. For here the angle B is determined from its sine,
and as every sine corresponds to two supplementary angles,
either of these angles may be taken. Thus, if sin B is found
to be .64746, the corresponding angle may be either 40° 21’
or 180° — 40° 21’ = 139° 39, since these angles both have
the same sine (Art. 13).

The same result is obtained from geometrical consider-
ations. On any line 4 X, Fig. 7, construct an angle equal
to the given angle A4, and on
its side 4 C take A C equal
to one of the given sides 4.
From C as a center, with a
radius equal to the side a,
describe an arc. This arc
will generally cut 4 X at two
poiunts, B, and B,, and either of the triangles A CB,or A CRB,
will answer the conditions of the problem, for they both con-
tain the given sides 4 and a, and the angle 4 opposite a.

The problem will have but one solution in the following
cases:

v
1
1
,
1
H
1
1
\
'
1
\
1}

e

P

F16.7
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6. The connecting-rod 4 B, Fig. 16, of an engine is 9 feet 8 inches,
and the crank-arm C B is 10} inches; the figure shows the crank after

B $78.6 /b
N
3525 1t \“D ‘g
‘\\"
P16. 15 '

it has performed one-eighth of a revolution, starting from the position
CPB. Find: (a) the inclination A of the connecting-rod to the axis

Fie. 16

of the piston rod, which is in line with C4; (8) the distance A C of
the joint A from the center of the crank-circle.
(a) M = 3°560 7
Ans{(§) 4 &= 9'tt. 104 in., nearly
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AREAS

LAND MEASURE

25. In surveying the public lands of the United States
and Canada, all linear measurements are made with the sur-
veyors’ chain, also known as Gunter’s chain, from the name
of the inventor. This chain is 66 feet in length and contains
100 links, each 7.92 inches long. In private surveys, the
foot is commonly taken as the unit of linear measure, and
small land areas are expressed in square feet.

Land areas of considerable extent in the countries men-
tioned are generally expressed in acres. Fractional parts of
an acre, which formerly were expressed in roods, square
rods or perches, and square links, are now expressed deci-
mally by nearly all surveyors. Thus, 40.35 acres is written
instead of 40 acres, 1 rood, and 16 square rods.

Tables of linear and square measure are given in A»ifA-
melic, and to those tables the student is referred for
detailed information regarding the subject. The following
table gives the relative values of the units of area used in
land surveying in the countries referred to above. As
already stated, the square foot and acre are now the units
most commonly employed.

TABLE OF LAND MEASURE
1 square yard (sq. yd.) 9 square feet (sq. ft.)
1 square rod® (sq. rd) 30% square yards = 272} square feet
1 square chain (sq. ch.) . 16 square rods = 4,356 square feet

lacre (A) . . ... .. = 10 square chains = 43,560 square feet
lrood (R.) . . . . ... = 40 square rods = 10,890 square feet
lacre . . . ... ... = 4 roods = 160 square rods

1 square mile (sq. mi.)
1 township (Tp.) . . . .

640 acres= 6,100 square chains
36 square miles = 23,040 acres (app.)

sSometimes called a perch or pole, and designated by the abbreviation P.
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As will be observed, there are 10 square chains in an acre.
In order, therefore, to reduce to acres any number of square
chains, it is sufficient to move the decimal point one place
toward the left, which is equivalent to dividing by 10. It
must also be borne in mind that, since there are 100 links in
1 chain, links are usually expressed decimally as hundredths
of a chain. Thus, 6.72 chains is written instead of 6 chains
72'links.

ExaMPLE 1.—A rectangular piece of land is 1,060 feet in length by
820 feet in breadth; what is its area: (a) in acres and decimals? () in
acres, roods, and perches?

SorutioNn.— (a) 1,060 X 820 = 869,200 sq. ft.; 869,200 + 43,5660.
= 19.954 A. Aaus.

(6) .954 A. = .954 X4 = 3.816 R.; .818 R. is equal to .816 X 40
= 32.64 P. Hence, the area is 19 A. 3 R. 32.64 P. Aans.

ExAMPLE 2.—A rectangular piece of land is 12 chains and 6 links
(12.06 chains) in length by 8 chains and 55 links (8.55 chains) in
breadth; what is its area: (@) in acres and decimals? () in acres,
roods, and perches?

SoLuTION.— (a) 12.068 X 8.55 = 103.11 sq. ch.; 103.11 + 10
= 10.311 A. Aans.

(6) 311 A. = 311 X4 = 1.244 R.; .244 R. is equal to .244 X 40
= 9.76 P. Hence, the area is 10 A. 1 R. 9.76 P. Aaus.

EXAMPLES FOR PRACTICE

1. A rectangular piece of land is 1,190 feet in length by 700 feet in
breadth; what is its area: (@) in acres and decimals? (4) in acres,

roods, and perches? a) 19.123 A.
‘ A“s'{éb) 19A.0R. 19.7 P,

2. A rectangular piece of land is 525 feet long by 250 feet wide;
what is its area: (a) in acres and decimals? (&) in acres, roods, and

rches? a) 3.013 A.
pe A“s'{&) 3'A. O R. 2.08 P.

3. A rectangular piece of land is 15 chains and 65 links in length
by 8 chains and 16 links in breadth; what is its area: (@) in acres and
decimals? (4) in acres, roods, and perches?

(a) 12.77 A.
A“"{(a) 12A. 8R. 82 P.
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AREAS OF POLYGONS

THE TRIANGLE

Note.—In all that follows, the area of any figure under considera-
tion will be designated by .S, unless otherwise stated.

26. Given the Base and Altitude.—Any of the sides
of a triangle may be taken as the base, the altitude being the
length of the perpendicular drawn on the base from the ver-
tex of the opposite angle. In Fig. 17, 4 i$ taken as the base,

4 and the perpendicular B A, denoted by 4,
is the altitude.
It was shown in Geometry, Part 2, that
the area of a triangle, when the base 4
and altitude % are known, is given by the
formula S=146a
B ¢ 27. Given Two Sides and the
Fie. 17 Included Angle.—Let 4,¢, and 4,
Fig. 17, be given. In the right triangle 4 B A, we have
k = c¢sin A. The substitution of this value of 4 in the formula
in Art. 26 gives S = 4bcsin A

In words, the area of a triangle is equal lo one-half the
product of any two sides and the sine of their included angle.
ExaMPLE.—Two of the sides of a triangular field are 39.47 and

69.23 chains, respectively, and their included angle is 65° 10/ 40”. To
find the contents of the field, in acres.

SoruTIiON.—By the formula, S (square chains) = 4 X 39.47 X 59.23

sin .65° 10/ 40" = 1,060.9 sq. ch.; whence, dividing by 10 (Art. 25),
S (acres) = 106.09 A. Ans.

28. Given One Side and Two Angles.—The other
angle may be at once found by subtracting the sum of the
two given angles from 180°. It may, therefore, be assumed
that the three angles are known. Let 4, Fig. 17, be the
given side. From Art. 22, the value of ¢ is equal to the
modulus of the triangle multiplied by sin C, or,

b .
—sinBsmC

T



§10 PLANE TRIGONOMETRY 36

Substituting this value in the formula in Art. 27, we obtain
gz bsindsinC
2 sin B
29. The formula in Art. 28 is convenient when logarith-
mic functions are employed. For the use.of natural func-
tions, the following is preferable:
In the _right triangles 4 B H and CB H, Fig. 17, we have,
AH = hcot A, CH = hcot C
whence, adding these two equations,
AH+ CH = hcot A+ kcot C

that is, b = h(cot A + cot C)
b
d, fore, A= ——m8M—— — 1
and, therefore ot A+ oot C (1)

This formula is useful and should be committed to memory.
It may be stated in words thus: 7he altitude of a triangle
is equal to the base divided by the sum of the cotangents of the
adjacent angles.

By substituting, in the formula in Art. 26, the value of 4
given in formula 1, we obtain

= s (2)
2(cot 4 + cot C)

In words, the area of a triangle is equal to the square of any
stde divided by twice the sum of the colangents of the angles
adjacent to that side.

ExAMPLE.—One side of a triangular field is 127.64 chains, and the
adjacent angles are 46° 15’ and 60° 41’. To find the area.

SoLuTION BY LocGaRrRiTHMIC FuNCTIONS.—Here, 6 = 127.64, A
= 46°15, C = 60°41’, and B = 180° — 46° 15’ — 60°41’ = 73°4’. Formula
of Art. 28, s - 127.64" sin 46° 1 sin 60° 41/

- 2 sin 73° ¢/
= 5,363.4 sq.-ch. = 536.34 A. Ans.

SoLuTION BY NATURAL FuncTioNs.—By formula 2,
127.64* 127.64*

S = 3(cot 46° 15’ + cot 60° 4T) — (95729 + .56156)
127.64°
= 30577 = 5:363.45q. ch. = 536.34 A. Ans.

Notk.—Even {f natural functions are used, the dlvlslon is advantageously per-
formed by means of logarithms.




38 PLANE TRIGONOMETRY §10

EXAMPLES FOR PRACTICE
1. ' Two sides of a triangular field are 3,760 and 2,757 feet, respect-

ively, and their included angle is 54° 13’ 13”. What is the area of the
field, in acres? Ans. S = 96.534 A.

2. One side of a triangle is 96.34 chains; the opposite angle is
49° 10/, and one of the adjacent angles, 69° 45 30”. What is the area of
the triangle, in acres? Ans. S = 503.69 A.

3. One side of a triangle is 8.93 inches, and the adjacent angles
are 34° 16/ and 17° 37/ 18”. What is the area of the triangle?
Ans. S = 8.638 sq. in.

4. Two sides of a triangle are 17 and 25 feet, respectively, and the
included angle is 76° 13’. What is the area of the triangle?
Ans. S = 206.38 sq. ft.

30. Given the Three Sides.—Let a, §, and ¢, Fig. 17, be
given, and denote $(a + & + ¢) by s. The area S of the tri-
angle is given by the following formula, which is derived in
Appeandix VI:

S=Vs(s—a)(s—06)(s—¢)

ExaMpPLE.—The sides of a triangular tract are 1,634.6 (= a, say),
978.28 (= b, say), and 2,176.4 (= ¢, say) feet, respectively; to find the
area, in acres.

SoLuTiON.—The work may be conveniently arranged as shown
below. The numbers in marks of parenthesis indicate the order in
which the several quantities are set down. In (6), s is placed
above a, b, ¢ in order to facilitate the subtractions. The differences
s —a, s — b, s — c are written, as the subtractions are performed, hori-
zontally opposite a, b, and ¢, respectively.

(6) s = 2,394.64

(1) a =1,634.60 (7) s—a = 760.04
(2) 6= 978.28 (8) s—6 = 1,416.36
3) c¢=2176.40 9 s—c= 21824

(4) 2 s = 4,789.28
(6) s = 2,394.64
(10) log s = 3.37924 .
(11) log (s — a) = 2.88083
(12) log (s — 8) = 3.15117
(13) log (s — ¢) = 2.33893
2)11.75017

log S = 5.87509; S = 750,060 sq. ft. = 17.22 A. Ans.
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EXAMPLES FOR PRACTICE
1. Find the area of a triangular tract whose sides are 54.36, 73.19,

and 101.76 chains, respectively. Ans. S = 192.28 A.
2. Find the area of a triangular plate whose sides are 17.12, 12.75,
and 8.95 inches, respectively. Ans. S = 556.646 sq. in.

THE TRAPEZOID

31. Notation.—In Fig. 18, the bases, or parallel sides, of
the trapezoid A BCD

D L [
are denoted by 4, and 4,; \
the altitude, by 4; and ‘
the sides 4 D and B C,
by a and ¢, respectively.
The angles will be des- f(
ignated by the letters .’_.‘_.‘ i I’

A, B, C, D at the ver- ol
texes. The line D B is Fre. ‘3

drawn through D parallel to C B, thus forming a parallelo-
gram in which B/B = DC = b,,and DB’ = CB =¢. Also,
angle DB/A = B,and AB = AB— BB = b§,— b,. For
some purposes, it is convenient to represent this difference
by a single letter &, as shown in the figure.

32. Given the Bases and the Altitude.—As shown in
Geometry, Part 2, the area of a trapezoid is equal to one-half
the product of the altitude by the sum of the bases; that is,

33. Given the Bases and the Angles Adjacent to
One of Them.—Let 4, 4,, 4, and B, Fig. 18, be given. In
the triangle 4 D B’ we have (formula 1, Art. 29),

— 61 - 6:
" cotA+cot B
If this value of 4 is substituted in the formula of Art. 32,

the result is,
= (6: - b-) (61 + 5:) (1)
2(cot A + cot B)

As the product of the sum of two quantities by their dif-
ference is equal to the difference between the squares of the
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quantities, (6, — &,) (8, + &,) is equal to 8, — 4,%; and, there-
fore, formula 1 may also be written:

S br—b
2(cot A + cot B)

For the ujse of logarithmic functions, formula 1 may be
transformhed into the following (see Appendix VII):

(6, — 4,) (6, + 4,) sin A sin B (3)
2 sin (4 + B)

In the application of these formulas, the student should
bear in mind that the cotangent of an angle greater than 90°
is negative,’and numerically equal to the cotangent of the
supplement of the angle; also, that the sine of an angle greater
than 90° is equal to the sine of its supplement. Thus,
cot 125° = — cot (180° — 125°) = — cot 75° = — .26795; and
sin 125° = sin 75° = .96593.

ExaMPLE 1.—The two bases of a trapezoid are 350 and 137 chains,
respectively; the angles adjacent to the longer base are 75° 10’ and
63° 54’. What is the area of the trapezoid?

SoruTioN BY NATURAL FuNcTiONS.—Let 350 = 4,, 137 = 4,,
A =7°10, B = 63°54. As b, and b, are not convenient numbers
to'square, formula 1, which is better adapted to logarithmic work,
will be used.

S = (350 — 137) (350 4+-137) 213 X 487

2 (cot 75° 10 + cot 63° 54’) ~ 2 (.26483 + .48989)

= 6,872.1 A. Ans.
SoLuTtioN BY LocariTEMIC FUNCTIONS.—By formula 3,
S= (350 — 137) (350 + 137) sin 75° 10/ sin 63° 54/
2 sin 139° 4/
or, replacing sin 139° 4/ by sin (180° — 139° 4/) = sin 40° 56/,
s mEO0 s o ’

5 = HIXATSin oIy S0 68 ¥ _ 6g,7215q. ch. = 6,872.1 A. Aus.
ExaMpPLE 2.—The bases of a trapezoid are 100 and 70 feet, the
angles adjacent to the shorter base being #2° 47/ and 143° 14’. What
is the area of the trapezoid?

(2)

S =

= 68,721 sq. ch.

SoLuTiOoN.—Since the bases are parallel, the two angles adjacent to
each of the non-parallel sides are supplementary. Thus, in Fig. 18,
A+ D = 180°, B + C = 180° and, therefore, 4 = 180° — D,
B =180° — C. Letb52°47 = D, 143° 14 = C. Then,
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Lc
oo

A = 180° — 52° 47 = 127° 13/

B = 180° — 143° 14’ = 36° 46/

cot A = — cot (180° — 127° 13/) = — cot52°47’= - 76960
cot B = cot 36° 46/ = 1.33835 -

Formula 2, o8

S= 100° — 70° = 5,100 _ 4,405.3 sq. f Ans. .

[ B
LY wea

2(+1.33835—.7595) 1.1577

EXAMPLES FOR PRACTICE

1. The bases of a trapezoidal tract are 78.63 andi&?l chains,
respectively; the angles adjacent to the longer base are 55° 1% and
62° 53. Find the area, in acres. Ans. S'= 132.4 A.

2. Find the number of square feet in a trapezoidal c(oss-secuon of

a canal 40 feet wide at the bottom, 65 feet wide at the tap, ¥nd whose
non-parallel sides are inclined to the horizontal at an angle of .5Q°.
(The dimensions across the top and bottom are measured horizontally.)
Ans. S = 782.09 sq. ft.

3. The two bases of a trapezoid are 10.25 and 18.76 inches, respect-
ively; one of the angles adjacent to the shorter base is 76° 45 10"/, and
the angle diagonally opposite is 66° 8 9’; find the area of the trape-
zoid. (Use logarithmic functions.) Ans. S = 596.4 sq. in.

34. Given the Four Sides.—If the difference between
the two bases added to the sum of the non-parallel sides is
denoted by 2s; that is, if the expression 4(a + ¢ + ), Fig. 18,
is denoted by s, the area of the trapezoid is given by the fol-
lowing formula (see Appendix VIII):

S = b‘—:b—' s(s—a)(s—c)(s—d)

EXAMPLE FOR PRACTICE

The bases of a trapezoidal field are 136.43 and 210.18 chains, respect-
ively; one of the non-parallel sides is 98.73 chains, and the other
164.37 chains. Find the area of the tract, in acres.

Ans. S = 864.97 A.

™
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THE REGULAR POLYGON
35. Given the Number of Sides and the Radlus.
Let M N, Fig. 19, be one of the sides of a regular polygon
" . o of n sides; O, the center, and » the

Y ¥ radius, of the circumscribed circla
(called also the center and radius,

ANTY e o ’ respectively, of the polygon); and

* A, the angle at the center subtended

by a side of the polygon. The length

. of the side M N will be denoted by /.

o Let # and » be given, to find the

Fro. 19 area .S of the polygon and the length/

of each of its sides. From Geometry, Part 2, the angle M O N,
or A, is found by dividing 360° by the number of sides in the

polygon; that is, 4= 360°

_—
The area of the triangle O N is (Art. 27) $OM X ON
sin MON, or 4rX rsin 4 = 47 sin A4 = 4»* sin 309",

Since the polygon consists of » triangles equal to M/ O MV, its
area .S is equal to » times the area of #/ O V; that is,

S=nxfr’sin§—69:
n

or S = %nr‘sing—%&o (1)
In the right triangle M O H, we have,
MH=rmg
or, since M H is one-half of M N, or of /,
«24 =7 sin%
whence, multiplying by 2,
! = 2rsin g-

o o
Finally, g =} ﬁn& = % By the substituticn of this
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value in the expression for / just found, we get, finally,

(2)

! = 275in180°

36. When the Number of Sides and Their Common
L.ength Are Given.—Let 7 and /, Fig. 19, be given, to find
the radius » and the area S. The radius is found by solving
formula 2, Art. 35, for », which gives,

\

l
r= " (1)
2sinlECo
n

In the triangle M O H, we have,
OH = MHcot} A = 1”2Ncot 14
The area of MON is ¥ M N X OH. Writing instead
of O A the value just found,
IMN X A%,cot 14 = MJX—’ cot$ A4

—gcot%A = Zcot 180°
Multiplying this by 7=, we obtain, for the area of the
polygon,
s =200t180°  (g)
4 n .

ExampLe 1.—Find the area, and also the length of the side, of a
regular decagon inscribed in a 15-inch circle.

SoruTioN.—In practice, it is usual to refer to a circle by its diam-

eter, and so a 15-in. circle is a circle whose diameter is 15 in. We
o 0

have, therefore, » = ]25 =75, 2=10—- -=-"=— = 36°.T = 18°,

and formulas 1 and 2, Art. 35, give
S =4 X 10 X 7.5* sin 36° = 165.32 sq. in. Ans.
! =2X7.5sin 18° = 4.635 in. Ans.

ExaMPLE 2.—Each of the sides of an octagonal park is 150 feet;
what is the area of the park, in acres?

° .
SoruTioN.—Here / = 150 ft., n = 8, -lio—=lio—=22}°=22°3(y,

8
and formula 2, Art. 36, gives,

> -y
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S = $ X 8X 150" cot 22° 30/ = 2 X 22,500 cot 22° 30/ = (45,000 cot

45,000 cot 22° 30/ _
%"30') 8q. ft, = _437—560——A. = 2.494 A. Aans.

EXAMPLES FOR PRACTICE

1. Find the side and area of an equilateral triangle inscribed in a
20-inch circle. Ans { = 17.321 in.

‘LS = 129.9 sq. in.

2. What must be the length of the side and the radius of a regu-

lar pentagon, that its area may be 46.97 square feet?
Ans {l = 5.225 ft.
lr = 4.445 ft.

3. An eight-sided drive is to be built around a circular park
1,600 feet in diameter, the drive to be 15 feet wide, with its outer
corners on the circumference of the park. Find: (a) the length of each
of the sides of the outer boundary of the drive; (&) the length of each
of the sides of the inner boundary; (c¢) the cost of paving the drive
with asphalt, at $2.25 per square yard; (d) the difference between the
exact area of the drive and the approximate area found by assuming
the polygonal boundaries to coincide with the circumferences of their

respective circumscribed circles. a) 574.02 ft.
5) 561.60 ft.

Ans. (C) sl7,025
(d) 844'sq. yd.

OTHER POLYGONS

+ 37. The area of any polygon can be determined by divi-
ding the polygon into triangles, and measuring in each tri-
angle whatever parts are necessary for the determination of
its area. The parts to be measured depend on special condi-
tions and on the instruments used. The polygon may be divi-
ded into triangles either by diagonals or by lines drawn from
a convenient interior point to the different vertexes. Illustra-
tions of these methods of division will be given in connec-
tion with surveying. When the area is to be determined
from a plat, the base and altitude of each triangle are usually
the most convenient parts to measure.
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AREAS BOUNDED BY IRREGULAR OUTLINES

AREA INCLUDED BETWEEN A STRAIGHT LINE AND AN
IRREGULAR CURVE

38. By Selected Ordinates.—Let it be required to
determine the area between the curve D C and the straight
line 4 B, Fig. 20. A very convenient method is to draw
perpendiculars on A B from the points of the curve at which
its direction changes
appreciably, and to
consider the portion
of the curve between
two consecutive per-
pendiculars to be a 4 B
straight line. The Fie. 2
figure is then treated as if divided into a number of trape-
zoids, whose areas can be computed by the rules of geometry.
The perpendiculars are called ordinates. Both the lengths
of the ordinates and the distances between every two consec-
utive ordinates should be measured. The area of any of the
(approximate) trapezoids into which the figure is thus divi-
ded is equal to one-half the sum of the two ordinates enclo-
sing it multiplied by the distance between them. It should
be understood that both this rule and those given further on
relating to the same subject are only approximate. Since the
bounding curve is irregular, that is, does not follow any
mathematical law, no exact formula can be found for the
area.

D, (4

ExaMpPLE.—Referring to Fig. 20, suppose that, beginning at the
left of the figure, the successive ordinates measure 15, 13, 12, 13.5, 20,
21.5, 22, 20, and 16 feet, respectively, and that the successive distances
between the offsets, from left to right, measure 7.5, 10, 15, 41, 10.5,
11.5, 11.5, and 21 feet, respectively; what is the area of the surface?

SoLuTION.—The area of the figure is approximately equal to the sum
of the areas of the trapezoids into which it is divided, and the area of
each trapezoid is equal to one-haH the sum of its parallel sides multi-
plied by the perpendicular distance between them. Therefore, the area
of the figure is equal to
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1513 13+12 124135 135+ 2

T B x15 4 BE 10+ BEBE 15+ BEE By
+i”_’2—z‘i"’xm,5+zi;’£xn,s+z';”xu5+”;mle

=2,19558q. ft. Ans.

39. Trapezoidal Rule: Sigma Notation.—In order
to facilitate the calculations, the ordinates are often meas-
ured at regular intervals along the straight line, as shown in
Fig. 21. The area 4 B C D included between the straight line
and the irregular boundary can then be more easily calculated
by what is commonly known as the trapezoidal rule. This

F‘ s P®

4 t ' t

2
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&2 <4 R |
A A ™ A

he.

v
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>

L]
is merely a rule for calcunlating the combined area of a series of
trapezoids that have the same altitude, the areas being com-
bined for convenience of calculation. The result given by this
rule is closer the smaller the distance between the ordinates.
The rule is as follows:

Rule.—Add together ome-half the two end ordinates and all
the intermediate ordinales, and multiply the sum by the common
distance between the ordinates.

first ordinate;

last ordinate;

intermediate ordinates;

common distance between ordinates;
S = area of surface.

Then, S=[a+n)+h +Ah+4+..)d

This expression may be put in a simpler form by using
the sigma notation, which is as follows: As will be
noticed, all the intermediate ordinates are denoted by &,

5
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different subscripts being used to indicate different values
of .. We may, therefore, write the value of S thus,
S =[4(a + 7) + sum of all values of 4]d

Instead of the phrase sum of all values of h, the expression
2k, read sigma k, is used. The symbol 2 is the Greek letter
sigma, corresponding to English S, and is very commonly
used, as here, to indicate the addition of several quantities of
the same character, denoted by a single symbol; hence, the
name sign of summation, which also is often given to
that letter.

By using the sigma notation, the value of .S may be written

S = <“——‘2* "+ 2'h>d

ExaMpLE.—If the ordinates from the straight line A4 B to the curved
boundary D C, Fig. 21, are 19, 18, 14, 12, 13, 17, and 23 links, respect-
ively, and are at equal distances of 50 links, what is the area included
between the curved boundary and the straight line?

SoLuTioN.—Area A B CD = (19 + B 18+ 14+12413 4 17)

X 50 = 4,750 sq. li. Ans.

40. Simpson’s Rule.—The foregoing rule assumes
that all the small figures into which the area is divided are
perfect trapezoids, which assumption always involves more
or less error, since the irregular boundary is in nearly all
cases an irregular curve. When the offsets are taken at

P

Fic. 22

regular intervals, the following rule, known as Simpson’s
one-third rule, gives a closer approximation. In apply-
ing this rule, the base line must be divided into an even
number of equal parts; the ordinates measured at the points

of division are numbered consecutively, as shown in Fig. 22,
115—15

|
i
i
i
1

1|
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Rule.—Divide the base line into an even number of equal
parts, and at the points of division ervect ordinales terminaling
in the curve. Number the ordinates 1, 2, 3, elc., from left to
right, including those at the ends of the base. Add logether the
end ordinates, four times the sum of all intermediate even-
numbered ordinates, and twice the sum of all intermediate odd-
numbered ordinates;, multiply the total sum by one-third the
common distance belween adjacent ordinales.

This rule has been used extensively; it can be expressed
by a formula as follows:

Let %2, = any intermediate even-numbered ordinate;
k&, = any intermediate odd-numbered ordinate;
and let all other quantities be represented by the same letters
as in the preceding article. Then,
S=(at+n+4 z'h.+2211.)g-'
The notation will be readily understood by reference to
Fig.23. The expres-
(" — 1 sion 4 3 4, means four
times the sum of all
P My N iy hy A ® the ordinates #4,, or,
in other words, four
" times the sum of all
the even-numbered
ordinates.
ExAMPLE.—What is the area 4 B C D, Fig. 21, by Simpson’s rule,
using the same values as in the example in Art. 39?2
SoLuTION.— S =[19+23+4+4 (184124 17) + 2 (14+13)] X ¥
= 4,733 sq. li. Ans.

e ———

d )
A 4 O

F16.23

«
&

d
@

&

EXAMPLES FOR PRACTICE

1. A figure included betwéen a straight base line, a curve, and two
perpendiculars to the base at the ends has nine ordinates, including
the two end perpendiculars, whose lengths are 43, 48, 39, 50, 41, 32,
37, 31, and 22 feet, respectively; the common distance between the
ordinates is 60 feet. Find the area: (a) by the trapezoidal rule; (4) by

Simpson’s rule. a) 18,630 sq. ft.
A“S-{ﬁb) 18,860 sq. ft.
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2. In order to determine the area included between an irregular
boundary, a straight base line, and two perpendiculars to the base at
the ends, eight ordinates, including the two end perpendiculars, are
measured from the straight line to the boundary. The ordinates are
found to measure 16, 18, 12, 13, 15, 17, 19, and 20.5 feet, and the suc-
cessive distances between them are found to measure 7.8, 10, 15, 20,
12, 40, and 5 feet, respectively. What is the area of the surface?

Ans. 1,760.9 sq. ft.

3. A surface lying between a straight base line and a curve is
limited by two perpendiculars to the base line at the ends; the base line
is divided into eight parts 50 feet each, and at the points of division
ordinates are measured. The lengths of the successive ordinates,
including the two end perpendiculars, are 10, 25, 38, 49, 58, 65, 70, 73,
and 74 feet, respectively. Find the area of the surface: (a) by the
trapezoidal rule; (6) by Simpson’s rule. a) 21,000 sq. ft.

P (¢) by Simp ans.{(§) 71087 o0 &

AREA BOUNDED BY AN IRREGULAR CURVE

41. By Ordinates.—Suppose that it is required to find
the area enclosed by the heavy irregular curve shown in
Fig. 24. A broken line AEFMGH/IA is drawn around

Fio. 24

the curved boundary line, and as close to it as convenient.
Ordinates to the straight lines thus drawn are measured
from the points where the direction of the curved boundary
changes materially, as shown. The area of the polygon
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AEFMGHIA is calculated by one of the methods

Fi16.25

explained in preceding
articles, and from it is
subtracted the sum of the
areas included between
the curved boundary and
the broken line, calculated
as in Art. 39.

At such corners as A4,
the triangles 4 B C and
ARBD are computed from
the measured bases 4 C
and 4D and the alti-
tudes BC and BD. Al
the quadrilaterals, as
QRS 7T, are treated as
trapezoids; and such
three-sided figures as
MPN, as triangles. The
process is so simple that
it does not require any
further explanation.

42, By the Plani-
meter.—The most con-
venient way to find the
area of a plane surface
having an irregular
boundary is by the plan-
imeter. There are sev-
eral forms of planimeters;
the one most commonly
used is the polar plani-
meter (see Fig.25). As
will be seen from the
illustration, this instru-

ment has two arms 75 and g% connected by a hinge joint.
The point ¢ at the end of the bar 7; is called the anchor
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point; it remains stationary while the point d, called the
pointer or tracer, at the end of the bar g4 is moved over
the outline of the figure whose area is to be determined.
The movement of the pointer 4 causes the wheel ¢ on the
opposite end of the bar to roll on the paper; this wheel is
called the measuring wheel or counter wheel. The
graduated bar g% can be adjusted by sliding it in or out
through the socket m in the top of the frame. This bar is
clamped by means of a clamp screw, a part of which is
shown back of the small movable socket 7z, and is set at
the exact length required by means of the thumbscrew f.
The bar 77 is of fixed length; it is pivoted at %, the junc-
tion of the two bars. The measuring wheel ¢ is mounted
on the main axis a4, which is parallel with the bar gk.
The complete revolutions of the wheel ¢ are read on the
disk /, and the fractional parts of revolutions are read on
the wheel ¢ and the vernier », the tenths and hundredths
being read on the wheel itself, and the thousandths on
the vernier.

To use the planimeter, the anchor point ¢ is fixed on the
paper or drawing board, preferably outside the figure to be
measured, the pointer 4 is placed on some point in the
periphery of the figure, and a reading of the wheel ¢ is taken.
The point 4 is then moved carefully around the periphery of
the figure, in a clockwise direction, or from left to right, to
the point of beginning. A second reading of the wheel ¢
is then taken, and the difference between the two readings
is the number of revolutions of the wheel. If the wheel is
set to read zero, the number of revolutions is given directly
by the second reading.

If the anchor point is outside the area to be measured, the
distance traversed by the wheel, or the product of the num-
ber of revolutions by the circumference of the wheel, in
inches, multiplied by the length of the bar = %, in inches, is
the area, in square inches, bounded by the path of the
pointer d.

If the anchor point is inside the area, the product just
referred to must be added to the area of the zero circle,
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whose radius is equal to V4 + ¢ + 2 p », p being the length
of the arm » %; », the distance from the center of the wheel ¢
to the center of the joint 4; and ¢, the length of the bar &.
The bar g% is generally set at such a length that ten times
the number of revolutions of the wheel ¢ is the area measured.
This area is the actual area of the figure measured, and the
area represented by the figure is determined from the scale of
the plat. The area given by the planimeter, in square inches,
must be multiplied by the square of the scale of the plat, in
order to get the area sought. Thus, if the plat has been
drawn to a scale of 50 feet to an inch, each square inch of
the plat is equivalent to 50 X 50 = 2,500 square feet of area.

Suppose that the area bounded by the irregular line in
Fig. 25, as measured by the planimeter, is 2.535 square inches,
and that the scale of the plat is 100 feet to an inch; then the
area represented by a square inch of the plat is 100 X 100
= 10,000 square feet, and the area represented by the closed
figure is 10,000 X 2.5635 = 25,350 square feet.

Full directions for using the planimeter are usually
furnished by the maker.

APPENDIX: DERIVATION OF FORMULAS

I—FORMULAS 1 TO 4 OF ART. 16

Let RO Q, Fig. 26, be any angle
A, and QO S any angle B. Then, ’f/
A+B = ROS. From any point P N
on O S, draw PN and P M, perpen- H‘\ 0
dicular, respectively, to OAR and Ki--2
O0Q. Draw M K parallel to OR

and therefore perpendicular to PN,

also, M L perpendicular to O R. 1

The angles # PA and R O Q, hav- O N
ing their sides perpendicular each to
each, are equal. Now,

. NP NK+KP ML KP_ OMsind PMcosA
sin(d+8)=0p="0p ~0PtOP- 0P t 0P

y
Fi1c. 26
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(triangles M L O and PM K) = sin 4 —A{+ cosA-P-ﬁ—{=sinAposB

o
oP oP
+ cos A4 sin B (triangle O P M)
This is formula 1.
Also,
cos (A — B) = sin [90° — (A4 — B)] = sin [(90° — A4) + 5]
or, by formula 1,
cos (A — B) = sin (90° — A) cos B + cos (90° — A) sin B
= cos A cos B + sin A sin B
which is formula 4.
Formula 3 follows from this; for
sin (4 — B) = cos [90° — (A — B)] = cos [(90° + B) — A]
= cos (90° + B) cos A + sin (90° + B) sin A
or, because cos (90° + B) = — sin B, and sin (90° 4+ B) = cos B(Art. 14),
sin (4 — B) = — sin Bcos A + cos B sin A = sinA4 cos B — cos A sin B.
Finally, applying this formula,
cos (A + B) = sin [90° — (A4 + B)] = sin [(90° — 4) — B]
= gin (90° — A) cos B — cos (90° — A) sin B
= cos A cos B — sin A sin B
which is formula 2.

II—FORMULAS OF ART. 19

Referring to Fig. 6 (a) and (), Art. 18,
a=p"+BD 1)
In(a), BD=c—AD, whence BD =" ~2cXAD+AD'.
In(6), BD=AD—c, whence BD' = AD —2c X AD+c"
Substituting this value of B D in equation (1),
@ =p+AD +c—2cXAD 2
But p*+ A4 D = 4*, and 4 D = b cos A; therefore,
a'=0"4+c*"—2bccos A
When the angle opposite the side is obtuse, as B in Fig. 6 (8), the
same reasoning leads to the relation,
M =a+c"+2acXcos CBD
the second member of which becomes a®* + ¢* — 2 ac cos B, when
cos C B D is replaced by its equal — cos B (Art. 13).
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III—FORMULAS OF ART. 20

Let A B C, Fig. 27, be any triangle. As usual, the angles of the tri-
angle will be denoted by 4, B, C,
and the opposite sides by a, 8, ¢,
/ respectively; that is, angle CA B
= A,BC = a,etc. Produce 4C
2 to A’, making CA’ = BC = a.
Draw B A', and A P perpen-
dicular to it, meeting B C at Q.
Since BC = CA', the triangle
B C A’ is isosceles, and, therefore,
the angles CA’ B and CB A’ are
equal. The sum of these two
angles, or twice either of them,
is equal to the external angle
B CA, or C, and therefore each
of these two angles is equal to
+ C. In the right triangle 4 P.A',
the angle Jf, being the comple-
ment of A/, is equal to 90° — } C.

) K=A-M=A4-(90°-4}C),
or, since C = 180° - (A4 + B) = 180° - 4 - B,
K=A-[90°—-4}(180°—- A4~ B)] = (A4 - B)

The angle N being external to the triangle 4 O B, we have
N=K+B=4}(A-B)+B=}{(A+258)
=§(180°-C)=90°-}C =M

Therefore, the triangle 4 O C is isosceles, and Q C = A C = §; and,

consequently, BQ = a — 4.
The right triangle 4 B P gives,

We have also

BP
or, writing the values of B Pand A4 P from the triangles B Q P and
APA, 2 c B
tan §(4 — B) = 2—%,—‘;‘2——1—5 4 g, cot$ C
that is, tan §(A4 - B) = + gy cot tC (1)

Now, ¢ C = $[180° — (A4 4 B)] = 90° — $(A4 + B), and therefore,
cot } C = tan §(A + B). By substituting this value in equation (1),
and transforming, the formula in Art. 20 is obtained.
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IV—FORMULA 2 OF ART. 21

This formula is derived from Fig. 27 as follows: In the triangle
BPQ,
BP=BQcosy4C=(a—-b)cos} C (1)

and, in the triangle 4 B P,

c(=AB) = BP

sin §(4 — B)
which becomes formula 2 when B P is replaced by its value (1).

V—FORMULAS 2 TO 4 OF ART. 23
We have (formula 8, Art. 17),
2cos*$ A =1+4cos A .
or, substituting the value of cos 4 from formula 1, Art. 23,
b+t —a*_ 2bc+b+c—-a - (b+c)* - a*
26¢c - 26¢ 2b¢c
or, remembering that the difference between the squares of two num-
bers is equal to their sum multiplied by their difference,
(b+c+a)(b+c—a)
L] = .
2cos'} A 2b¢ (1)

Now, since a + 6+ ¢ = 25, we have, subtracting 2a from both
members, 6+ c—a = 25s—2a = 2 (s—a). Likewise, a+b—c¢
=2(s—c¢), and a+c— b= 2(s—0b). Substituting these values in
equation (1), 9 2 ( ) zs( )

. =25 X2(s—a _2s(s—a
2 cos” § 4 26c be

2cos*} A =1+

whence, cos} A = 4fSE=9) ()

be
which is formula 3, Art. 23.
Likewise (formula 7, Art. 17),

i g ., bt tc-a
2 sin 4l’.4—-1-—(30814—1—'—2—07-—
2bc—86"—-c"+a* _a - (0*—2bc+c’) _a*—(b—0)*
= 26¢ 2bc = 2b¢c
- (@+b—c)a=b+c) _2(s—c)X2(s—8) _2(s—8)(s—¢)
26¢c - 2bc - be
whence, sing 4 = W (3)

which is formula 4, Art. 23.
Formula 2 is obtained by dividing equation (3) by equation (2).
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VI—FORMULA OF ART. 80
Formulas 3 and 4 of Art. 23 are:

sin§ A = (_s_ib)(cs—_c) (1)

cost 4 = [S5=2) @)
Also (formula 5, Art. 17),

sin A =2sinyj Acost 4 (3)

Substituting in equation (3) the values of sin 4 4 and cos 4 from
equations (1) and (2),

G=8)G=0 G0 _, [fE-aG-06=-4q
sinA=2‘V > ) 57 =2V b*c®

ngVs—a)(s=b)(s—0) .
be
Substituting this value in formula of Art. 27,

S=Vs(s—a)(s=8)(s—¢)

VII—FORMULA 38 OF ART. 33

We have, since cot = cos

_B_i_li'
1 1 sin A sin B
cot A +cotB ~ cosA gos_la’ = sinBcosA+tcosBsinA
sin 4 ' sin B
- sin 4 sin B
sin (4 + B)

By substituting this value in formula 1, we obtain
S = (b: - bl)(bl + b.) sin 4 sin B
2sin (4 + 8B)

VIII—FORMULA OF ART. 34

Let the area of the triangle 4 D B’, Fig. 18, be denoted by 7, and
that of the parallelogram 8 CD B’ by P. Then,
S=P+T (1)
Now, P=bh T=1%dhk
Dividing the first of these equations by the second,
P b, 26, 26,

T {a~d b, -6
26,
whence, P-; bT
s = Us
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Substituting this value of P in equation (1),

20, 26, _b:+b: b, + b
5=o.-a.7'+T=(a,_b.+1)T htbepbitbr o

Let #(a + ¢ +d) = s. Then (formula of Art. 30),
T =AvNs(s—a)(s—c)(s—4d)
and, substituting this value in equation (2),

S= b“”’ N A Y Y o)

TABLE OF TRIGONOMETRIC FORMULAS

The principal formulas occurring in the text, and others
that can be readily derived from these, are tabulated in
the following pages for convenient reference. As these
formulas, which include those for the solution of triangles,
are here systematically classified and arranged, the student
will find this table useful in the solution of all kinds of
problems requiring the application of trigonometry. He
is advised to refer to it often, so as to become familiar
with its contents and use.
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FORMULAS DEFINING THE TRIGONOMETRIC
FUNCTIONS
B

1. sin4 =

2. tanA4 =

>IN N |8

8. cos A = sin (90° — 4) =

4. cot A = tan (90° — 4) =

NI I

5. secAd =

;D

6. cscA=sec(90°—A)=§

7. vers A =1—cos A =1-—

YA )

8. covers 4 = vers (90° — A4) = 1 —sin 4 = 1—2

FUNCTIONS OF 0° AND 90°

9. sin0° =20 15. sin 90° =1
10. tan0° =0 16. tan 90° = ®
11. cos0° =1 17. cos 90° =0
12. cot0° = 18. cot 90° =0
13. sec0° =1 19. sec90° =
14. csc0° = 20. csc 90° =1

FUNCTIONS OF NEGATIVE ANGLES

21. sin (— 4) = — sin A4 24. cot (— A4) = — cot 4
22. tan(— 4) = — tan A4 25. sec (— A) = sec 4
23. cos(— A) = cos A 26. csc (— A) = — csc 4
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45.
46.
47.
48.
49.
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FUNCTIONS OF 90° 4+ 4

27. sin (90° + 4) = cos 4 80. cot (90° + 4) = — tanA4
28. tan (90° 4+ 4) = —cot A4 31. sec (90° + A) = — csc A4
29. cos (90° + A) = —sin 4 32. csc (90° + A) = sec 4

FUNCTIONS OF 180° — 4 AND OF 180° + 4

33.
34.
35.
36.
37.
38.
39.
40.
41.
42.
43.
44.

sin (180° — 4) = sin 4

tan (180° — 4) = — tan 4
cos (180° — A4) = —cos 4.
cot (180° — A) = —cot A4
sec (180° — 4) = —sec 4

csc (180° — 4) = csc A
sin (180° 4+ 4) = — sin 4
tan (180° 4+ A4) = tan A4
cos (180° + A) = —cos A
cot (180° 4+ 4) = cot 4
sec (180° + 4) = —sec 4
csc (180° 4+ A) = —csc A4

FUNCTIONS OF 360° — 4 AND OF 360° + 4
sin (860° — 4) = —sin4 51, sin (360° + A4) = sin 4
tan (360° — 4) = —tanA4 52. tan (860° + A) = tan 4
cos (360° — 4) = cos A 53. cos(860° 4+ 4) = cos 4
cot (860° — A4) = —cotA4 54. cot (360° + A4) = cot A
sec(360° — 4) = sec 4  55. sec(860° 4+ A) = sec A

. csc(860° — 4) = —cscA 56. csc(860° + 4) = csc 4

FUNCTIONS OF (4 + B) AND OF (4 — B)

sin (4 + B) = sin 4 cos B + cos A sin B
sin (4 — B) = sin A cos B — cos A sin B
cos (4 + B) = cos A cos B—sin A sin B
cos (A — B) = cos A cos B + sin A sin B

57.
58.
59.
60.

61.
62.

_ tanA4 +tan B
tan (4 + B) = 1—tan 4 tan B
tan(A—B)= tan A — tan B

1+ tan 4 tan B
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FUNCTIONS OF 2.4 AND OF 34

63. sin 24 = 2 sin A cos A
64. cos2A4 = cos* A —sin®* 4
65. cos2A4 =2cos’4—-1
66. cos2A4 =1—-2sin"4

2tan 4
. 24 =
67. tan 24 Tt d
68. sinid= I_COSA

69. cosiA=‘,l+—;°séq
1 —cos A4

0. A= —==
-7 tan "1+cosA

71. tan *A = -0

SUMS AND DIFFERENCES OF FUNCTIONS

72.
73.
74.
75.

76.

71.

78.
79.
80.

sin 4 + sin B = 2 sin $(A4 + B) cos $(A4 — B)
sin 4 —sin B = 2 sin (A4 — B) cos $(4 + B)
cos A+ cosB = 2cos ${A+ B)cos$(4 - B)
cos A —cos B =2 sin $3(A4 + B) sin $(B — A)

B = sin(4 + B)
tan 4 + tan cos A cos B
tan A4 — t B=sin(A—-B)
an 4 an cos A cos B
sin® 4 — sin’ B = sin(4 4+ B)sin (4 — B)

cos* A — cos" B = sin (A + B)sin(B — A)
cos’ A —sin* B = cos(A + B)cos(A — B)

§10
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CHAIN SURVEYING

CHAINING

DEFINITIONS AND CLASSIFICATION

1. Definitions.—Surveylng is that branch of civil
engineering which treats of the principles and methods
employed for determining the relative positions of points
on the earth’s surface. By the earth’s ‘‘surface’ is here
meant all that part of the earth that can be explored; the
term includes, therefore, the bottoms of seas and rivers,
and the interior of mines, as well as the more accessible
portions.

2. A treatise on surveying comprises not only directions
for making measurements on the earth’s surface, but also full
descriptions of the instruments employed, as well as the
methods whereby the results of the measurements are made
to serve special purposes, such as determining the area or
making a map of a tract of land.

3. To survey, or make a survey of, a part of the
earth’s surface, is to make the measurements that are neces-
sary for determining the positions of those of its points, or
of the objects it contains, that it is desired to locate. The
process of making such measurements is also referred to as
a survey. The points of a survey may be located with
reference to one another only, or with reference to some
external points or objects also. .

4. Divisions of the Subject.—Surveying is divided
into three general branches, namely:

COPYRIGHTED BY INTEANATIONAL TEXTBOOK COMPANY. ENTERED AT 8TAT HALL. L
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2 CHAIN SURVEYING §1n

1. Chain surveying, in which no other measuring instru-
ment is employed than a chain or tape for measuring
distances.

2. Angular surveying, in which angle-measuring instru-
ments are employed in connection with distance-measuring
instruments.

8. Leveling, which treats of the determination of eleva-
tions, or vertical distances.

8. Surveying is further subdivided into a great many
special branches, which receive their names either from the
instruments employed or from the ends to be attained.
Thus, compass surveying treats of the methods of surveying
with a compass; farm surveying treats of the methods used
in surveying farms; etc.

THE CHAIN, TAPE, AND ACCESSORIES

6. Instruments Used for Linear Measurement.
The instruments used most commonly for measuring
distances are the engineers’ chain, the surveyors' chain, and
the stee! tape. A tape composed of linen and having fine
brass threads woven into it longitudinally, called a metallic
tape, is commonly used for short measurements. Marking
pins and range poles, to be described presently, are used in
connection with the chain, especially in measuring long lines.

7. The Englneers’ Chain.—This chain is 100 feet long
and is composed of 100 links of steel or iron wire, each two
adjacent links being connected by small rings. Some chains
have two and some three rings between the adjacent links.
In the former class, the length of a link, including a ring at
each end, is 1 foot. The best chains are made of No. 12
steel wire and have all joints in the links and rings brazed
to prevent their springing apart when the chain is under ten-
sion. At the end of every tenth link is attached a brass tag,
or tally mark, and the distances of 10, 20, 30, and 40 links
from either end of the chain are distinguished, respectively,
by one, two, three, and four points on the tag, separated by
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notches or by slits in the tag. The center of the chain, 50
links from either end, is marked by a plain oval tag. The
handles are usually of brass, and attach by means of swivels
having nuts and threads for adjusting the length of the chain.
Each handle forms part of the end link, the length of the
chain being measured to the extreme ends or outer edges of
the handles. In Fig. 1 is shown an engineers’ chain folded
and tied so as to be convenient for carrying.

The engineers’ chain is used chiefly in railroad surveying,
but it is also used to some extent in city surveying and in
other kinds of surveying where the foot
is the unit of measurement. For meas-
uring over very rough ground, a chain
50 feet long, called a half chaln, is some-
times used; it has two handles, but is
otherwise exactly the same as one-half of
a chain 100 feet long.

8. The Surveyors’ Chain.—The
surveyors’ chain, often called Gunter’s
chain, from the name of its inventor, is
the same as the engineers’ chain in every
respect, except that its length is 66 feet,
or 4 rods, instead of 100 feet. Like the
engineers’ chain, it is divided into 100 Fo. 1
links, and consequently the length of each link is .66 foot,
or 7.92 inches. ;

This chain.is mainly used in land surveying, where the
acre is the unit of area. It is very convenient for this pur-
pose, as areas expressed in square chains can be expressed in
acres by simply moving the decimal point one place to the
left, there being 10 square chains in 1 acre. It is also well
for the student to remember that-there are 80 chains in
1 statute mile.

The surveyors’ chain is used in all United States land
surveys, and whenever the word ckain occurs in a legal
document, it is understood to mean a surveyors’ chain, or
66 feet.
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9. The Steel Tape.—Steel tapes are now used exten-
sively in surveying and are largely superseding both the
engineers’ and the surveyors’ chain. They are steel ribbons
varying from about 4 to } inch in width and graduated in
various ways, according to the purposes for which they are

Fi1a.2

used. They can be obtained in any length from 1 yard
to 1,000 feet and graduated to order. For city surveying,
and for many other purposes, a tape 50 feet long is generally
preferred. This tape is usually from % to } inch wide, gradu-
ated in feet, tenths, and hundredths, and is enclosed in a
hard-leather case having a folding handle for winding up the
tape. Such a tape is
shown in Fig. 2.

For some purposes,
tapes 300 or 500 feet long
and even of greater
length are used. They
are of small cross-sec-
tion and are graduated
in different ways, butare
not uncommonly gradu-
ated every 10 feet, with
the first and last 10 feet
graduated to feet and the first and last foot to tenths. They
usually have detachable handles and are wound on some
form of reel. A tape of this kind wound on a metal reel
is shown in Fig. 3.

In some tapes, the handle forms part of the end division or
graduation, the length of the tape counting from the outside

F10.8
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of the handle. In others, the graduations begin on the
inside of the handle, where the tape is attached (see Fig. 2);
and in others the graduations begin on the tape itself, a short
distance from the handle. When using a tape, the surveyor
should ascertain where the graduations begin, as otherwise
he may make serious errors.

10. Marking Pins.—These are used for marking and
recording chain lengths, and consist of slender rods pointed
at one end and bent into a ring at the other. They are
usually made of No. 6 steel wire, and measure about 14 inches
in length. When used in grassy or weedy ground, pieces of
red or white cloth should be tied to the rings, so that the
positions of the pins may be easily found. A set of marking
pins should preferably consist of eleven pins. The use of
this number of pins greatly facilitates the reckoning of dis-
tances, as will be presently explained.

11. Range Poles.—This name is given to poles or rods
held or placed at points to which measurements are taken, for
the purpose of defining the direction of lines on the ground.
Usually, a piece of white cloth is tied to each pole so that
the pole may be easily seen. For this reason, range poles
are often called flagpoles, or simply flags, and the men
holding them, flagmen. Wooden poles are generally
10 feet long, made with a pointed iron shoe on their lower
end. They are graduated in feet and the foot-spaces are
painted alternately red and white. Metal poles, or rods, are
about 6 feet long. They are much more slender than wooden
poles, and are specially suited for marking points to which
the line of sight of an angle-measuring instrument is to be
directed. If it is desired to sight past the pole, the flagman
should stand to one side of the line of sight. Otherwise, he
should stand facing the ohserver and directly behind the pole,
which should be held lightly with the fingers of both hands,
and as nearly vertical as possible.
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THE PROCESS OF CHAINING

12. Definition.—Chaining is the process of measur.
ing a distance on the ground, with either a chain or a tape;

whichever instrument is used, the process is substantially
the same.

13. BSurvey Distances Are Horizontal.—All survey-
ing distances, except those used in leveling, are understood
to be horizontal; they are determined either by measuring
horizontally or by reducing inclined distances to horizonta]
distances. Thus, in Fig. 4, by the distance from 4 to B
is meant the distance A B, counted along the horizontal
line 4 X, from A to ', the latter point being the foot of a

Fic. 4

perpendicular (a vertical line in this case) from B to A X,
The line 4 &, or any other horizontal line, as 4" B, between
two verticals through 4 and B, is called the horizontal
projection of A AB.

The distance 4 B’ is obtained by a series of horizontal
measurements .4’ C, (' D, and /) B, the points A4’, C’, and
being vertically above A4, C, and D, respectively. The sum
of these horizontal .measurements A'C, C’"D, and I’B is
equal to A4 A’, which, as stated above, is referred to as the
distance between .4 and B. If the distance & B’, which is
the difference in elevation between 4 and B, is known, the
inclined distance 4 B may be measured, and the distance 4 B/

calculated from the relation 4 5" = N4 B — 2’-17".

The lines platted on a map are the horizontal projections
of the real lines in the field, and the map itself represents
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the horizontal projection of the tract surveyed. Tt should
be borne in mind that, when a line is referred to, its horizon-
tal projection is meant; that, by the distance between two
points is meant the horizontal distance between two verticals
through those points; and that by the angle between two
lines is meant the angle between the horizontal projections
of the lines.

14. TFixing the Direction of a Line.—The point from
which a line is to be measured being occupied by the sur-
veyor, a flagpole is stuck or held at the other end, or at
some intermediate point, in order that the chainmen, by
sighting to the pole, may make the measurements in the
proper direction; that is, exactly along the line.

15. Chaining on Level Ground.—Two men are nec-
essary for all chaining, and are designated head chainman
and rear chainman, from their position in reference to the
direction in which the measurement is being taken. If a
chain is to be used, it should be thrown out by the rear chain-
man, preferably in a direction opposite to that in which
chaining is to be done, so that he may observe and straighten
out any kinks as the chain is drawn past him by the head
chainman, who drags the chain by one of the handles in
the direction of the line, while the rear chainman, holding
the other handle, remains at the beginning of the line. In
undoing the chain, the two handles should be grasped firmly
in one hand, and with the other hand the chain should be
thrown out with force so that as far as possible the links will
be free from each other. When the head chainman starts, he
carries ten of the marking pins, leaving the eleventh with
the rear chainman. When the chain has been drawn out
almost to its full length, the rear chainman calls, ‘‘Chain.”
The head chainman then stops and tightens up the chain, the
end of which he holds against a pin to be stuck in the ground
at the end of a chain length. He should hold the pin as
nearly vertical as possible and tight against the end of the
chain, keeping his body to one side so as not to obstruct the
view of the rear chainman in sighting to the range pole. He
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should move the pin, and with it his end of the chain to right
or.left, as indicated by word or motion from the rear chain-
man, who holds his end of the chain at the point or pin from
which the measurement is being made. The rear chainman
gives the correct line for the pin by sighting along the line
determined by the point he occupies and the range pole, and
directing the head chainman to move the pin held by the
latter until it is cut by the former’s line of sight. When, the
chain being taut and s¢raigh? (not caught on any intervening
obstruction), the head chainman’s pin is in line, the rear
chainman calls, “‘Stick,”’ to which the head chainman replies,
“Stuck,’”” when the pin has been properly placed.

The rear chainman pulls out each pin after the measure-
ment from it has been taken. When ten pins have been set,
the head chainman calls, ‘“Tally.”” He then receives from the
rear chainman ten pins with which to start again. Each
tally should be recorded, either by writing or by putting a
pebble in the pocket, or in some other convenient manner.
When the point to which measurement is being made is
reached, the head chainman walks on with the chain until the
rear end is at the last pin. He then returns and notes
the number of links from the last pin to the point.. This,
added to the number of chains, will give the total distance
chained. In running a line from which measurements are to
be taken locating objects near the line, the end of each chain
length should be marked by wooden stakes or otherwise.

16. Method of Reckoning.—The distance measured
to any point is obtained by first adding the number of tallies
recorded, and then counting the number of pins held by the
rear chainman, each of which represents a chain length,
except the last one, if the last measurement is not a whole
chain. It is here assumed that the only pin remaining in
the'ground is the one marking the point to which the last
measurement was made. Suppose, for example, that four
tallies have been recorded, that the rear chainman has 7 pius,
and that the last measurement was 47 links. The four tallies
represent 4 X 10 = 40 chains; six of the pins held by the
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rear chainrﬁan represent 1 chain each, and the other, 47 links,
or .47 chain. Therefore, the length of line is 40 4 6 + .47
= 46.47 chains.

17. Chaining Down Hill.—In chaining down hill, the
head end of the chain is raised as nearly as possible to the
same level as the rear end. The head chainman transfers
the measurement from the elevated end of the chain by
holding a range pole vertically, or by dropping from the end
of the chain a marking pin wit13 the’ heavy end down, or one
or more pebbles of suﬂjcient size to make a mark where
they fall. This tramsférence is done more accurately by
means of a plumb-bob, the string of which is held against
the end of the chain. The chain should be drawn as taut as
possible, in order to avoid the sagging of its center part, the
effect of sagging being to make the recorded measurements
too long.

If the slope of the ground is so great that the head chain-
man cannot hold his end of the chain level with the rear end,
the chain is broken; that.is; a part only of it is used in
making the measurement. The head chainman should break
chain at such a point that the part used will be as long as he
can conveniently hold level with the rear end.

The process of chaining down hill is illustrated in Fig. 4,
where B A4 is the line to be measured. The head chainman
draws out the chain to its full length, in the direction B A4.
Finding that he cannot hold his end level with 2, he returns
to a point that he can hold level, say the fortieth link from
the rear end of the chain. When this measurement is trans-
ferred to the ground at D, the rear chainman, dropping his
end of the chain, holds at D the point where the chain was
broken, and the head chainman transfers the measurement
from the end of the chain to the ground at C. This process
is repeated until the total distance between B and A4 has
been measured. .

In very steep slopes, it may be necessary to break chain
several times in measuring a chain length. If pins are used
for marking intermediate points between two full chain
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lengths, they should be given or thrown to the head chain-
man as the rear chainman advances from those points. The
rear chainman should keep only those pins that mark full
chain lengths.

18. Chaining Up Hill.—In chaining up hill, the proc-
ess is reversed; the rear chainman holds his end of the
chain directly over the point last occupied and marked by
the head chainman, and raises it so that it will be level with
the end held by the head chainman. The rear chainman may
keep his end of the chain over the proper point by using
either a plumb-line or a range pole. An experienced chain-
man can estimate the proper position by the eye, with suffi-
cient accuracy. The head chainman should draw the chain
taut and mark the end of the measurement as soon as the
rear. chainman, having put him in line, calls out, ‘‘Stick.”
This process is repeated as often as necessary. Care should
be taken not to mistake the point where the chain is broken,
taking, for instance, the fortieth for the sixtieth link.

As it is much easier to chain down than up hill, it is often
best, especially where the slope is very steep, to set a point
in line at the top of the hill and then chain backwards from it.

19. Folding the Chain.—Thechainmay be folded either
from one end or from the center. To fold it from the center,
take the two middle links together in the left hand, grasp the
third pair of links from the middle with the right hand and
fold the second and the third pair of links across the middle
links and nearly parallel to them; then grasp the fifth pair
and fold the fourth and the fifth pair across and nearly parallel
to those already folded, and so on until the chain is entirely
folded. It should then be secured by a cord or strap around
the centers of the links, as shown in Fig. 1. The chain may
be folded from one end in a similar manner.

20. Correction for Erroneous Length of Chain.
The length of a chain or tape is altered by changes in tem-
perature, and by wear and distortion. The variations due to
temperature are very small, and need not be considered
except in very accurate work, as will be explained in another
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Section of this Course. The alterations due to wear and
distortion are sometimes considerable, and should be allowed
for. An error of 2 or 3 inches in the length of a chain
is not uncommon, especially when the chain has been
roughly used. This shows the necessity of handling the
chain very carefully. If the chain is caught, as in a stump
or stone, it should not be disengaged by pulling from the
end, as this may stretch the rings and bend the links.
Although, in measuring, the chain should be held taut, it
should not be pulled with so much force as to cause stretch-
ing of the rings.

21. The length of the chain should be tested often.
This is done either by comparing the chain with a chain or
tape of standard length, or by stretching it between two
points whose exact distance is known. It is advisable to
have two such points marked permanently on an office floor,
smooth pavement, curb, or some other convenient place.

The length of the chain can be adjusted to the standard
length by means of swivels in the end links.

If, after a line has been measured, the length of the chain
(or tape) is found to be in error, the true length of the line
can be easily determined by means of the following formula:

Lo=L el
in which Z, = true length of line;
L length of line as actually measured;
e = error in length of one unit of measure.
If, for instance, the length of a line is measured in feet,

and the measurements are made with a 50-foot tape that is .

found to be .1 foot too long, the error is 5}), or .002 foot in

1 foot. In this case, ¢ = .002. If the measurement is
recorded in chains, and the chain is found to be .1 link too
long, the error is .1 link, or .001 chain per chain, and ¢' = .001.

It should be understood that the correction ¢ L expresses
the same kind of units as e. If, for instance, ¢ is 1.5 inches
per chain, and the length of the line is expressed in chains,
its true length is L chains = 1.5 L inches.




12 CHAIN SURVEYING §1

In order to avoid this mixture of units, it is better to
express ¢ in the same kind of units as those in which the line
is measured. Thus, an error of 1.5 inches per chain is

equivalent to -~ 1.5 links per chain, since there are 7.92 inches

7.92
in 1 link; and, since there are 100 links in a chain, an error
1.5 .. . . 15 .
of —— 799 link is equivalent to 792 % 100 chain. This last

value is the one that should be used for ¢, and then the cor-
rection ¢ L will represent chains. If the recorded length of
the line is, say, 24 chains, the correction is

el = _1.5x 24 .845 chain = 4.5 links

7.92 X 100
If the chain is too long, the distance measured with it will
be recorded as too short, and the correction ¢ L should be
added; while if the chain is too short, the distance measured
will be recorded as too long, and the correction ¢ Z should
be subtracted.

ExaMPLE 1.—The length of a line, measured with a 100-foot chain,
was found to be 1,048 feet. It was afterwards found that the chain
was .19 foot too long. What was the true length of the line?

SoLuTtioN.—If the error is .19 ft. in 100 ft., it is 35 of .19 = .0019 ft.,
or, say, .002 ft. per ft. Then, ¢ = .002, L = 1,048, and, therefore,
L, = 1,048 + .002 X 1,048 = 1,050 ft., nearly. Ans.
The error is added, because, the chain being too long, the recorded
length of the line was too small.

ExaMpLE 2.—The length of a line was recorded as 19.89 Gunter's
chains. The length of the chain having been found to be 14 inches
too short, it is required to determine the true length of the line.

SoLuTION.—An error of 1.75 in. is equivalent to an error of

1.76 1.75 .

792 % 100 ch. Makinge = 7.92 % 100 and L = 19.89 in the formula,

and noticing that the correction ¢ L is to be subtracted, we obtain,
1.756 X 19.89

L, = 19.89 — 7.92 % 100 = 19.85 ch. Aans.

EXAMPLES FOR PRACTICE

1. The length of a line as measured with an engineers’ chain is
1,946 feet; it is found that the chain is 2.6 inches too short; what is the
true length of the line? Ans. 1,942 ft., nearly
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2. A line is measured with a Gunter’s chain and found to be 8.94
chains long; if the chain is .6 link too long, what is the true length of
the line? Ans. 8.98 ch., nearly

3. A certain line is measured with a 100-foot tape that is .2 foot too
long; if the recorded length is 647 feet, what is the true length of the
line? Ans. 648.3 ft.

4. The length of a line as measured with a Gunter’'s chain is
8.38 chains; if it is known that the chain is 2 inches too short, what
is the true length of the line? Ans. 3.35 ch.

22. Precision.—In chain surveying, an error of 1 in 500
is generally permissible, and should not be exceeded; that is,
two measurements of the same line should not give results
differing by more than 1 foot for every 500 feet measured.
If, however, the chaining is done carefully, and the ground
is not rough, the error need not exceed 1 in 800 or 1,000.

23. Approximate Methods of Determining Dis-
tances.—It is often desirable to know approximately the
distance between two points. By a little practice a person
can obtain a long stride that is very close to 3 feet in length;
or, better still, a pace 24 feet long. By counting the paces
between two points and multiplying their number by 3 or 24,
as the case may be, he can determine the distance quite
closely.

Where it is possible to drive over the line, a convenient
method is to tie a piece of cloth to a spoke of a wheel near
the tire, and, having measured the circumference of the
wheel, count the number of revolutions made by the wheel
in passing over the line. The approximate distance is
obtained by multiplying the number of revolutions of the
wheel by the length of its circumference.

FIELD PROBLEMS

24. To Prolong a Line.—In Fig. 5, 4 B is a line that
it is desired to prolong beyond its extremity B. Having
marked A4 and B by range poles stuck in the ground verti-
cally at these points, the surveyor walks some distance back
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of A4 and places himself at a point 2 in line with 4 and B,
by sighting to the pole at 4, and stepping to the right or to
the left until the pole at B is covered by that at 4. He then
directs a pole to be held beyond B and motions to the flag-
man until the latter has the pole in such position that it is

F10.5

covered by the poles at 4 and B. Let Q be the point thus
determined. A pole being stuck at Q, the surveyor moves
to A4, and sighting along B Q, lines in the flagman at a
point R beyond Q. The process may be repeated anqd the
line prolonged as far as necessary. The distances 4 B, B Q,
QO R, etc. should be as long as they can be conveniently made.

25. To Run a Line Over a Hill When the Ends of
the Line Are Invisible From Each Other.—The points
A and B, Fig. 6, are supposed to be on opposite sides of a
hill, and to be invisible from each other. It is desired to
run a line between them, or to locate some intermediate
points.

Having set two
poles at 4 and B, two
flagmen with poles
station themselves at
C and D, approxi-
mately in line with
A and B, and in such
positions that the poles at B and D are visible from C, and
those at C and A4 are visible from 2. The flagman at C lines
in the flagman at D between C and B, and then the flagman
at D) lines in that at C between D and 4. Then the flagman
at C again lines in that at D, and so on, until C is in line
between D and A at the same time that D is in line between
C and B. The points C and D will then be in line with
A and B.

26. To Erect a Perpendicular to a Line at a Given
Point.—Let it be required to erect a perpendicular to the
line 4 B at the point B, Fig. 7. A triangle whose sides are

Fic. 6
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in the proportion of 3, 4, and 5 is a right triangle, the longest
side being the hypotenuse; for 5° = 4'+ 3. The follow-
ing method is based on this principle: Lay off on the
line B A, Fig. 7, a distance of 30 feet (or links). Fix one
end of the chain at one of the extremities of B C, and the
end of the nintieth link at the other D

extremity. Hold the end of the
fiftieth link and draw the chain until
both parts are taut. The point D
where the end of the fiftieth link is ‘s
held will then be a point in the per-
pendicular, and the direction of the a
latter will therefore be B D. A g % B

The distance B C may be any Fie.7

other convenient multiple of 3. In general, if B C is denoted
by 3a, BD must be 42, and CD must be 5a. Thus, BC
may be made equal to 21 (= 8 X 7) links; in which case
BDmustbe 4 X7 =28, and CD must be 5 X 7 = 85, links.
As 35 4+ 28 = 63, one end of the chain must be fixed at one
of the extremities of B C, the end of the sixty-third link at
the othef extremity, and the chain pulled from the end of the

By thirty-fifth link until
H both parts are taut.
b—-1P Let the student draw

a sketch repre-
senting these con-
ditions.

27. To Drop a
A % p Ferpendicular to

a Line From a

Fic.8 Point Without.
In Fig. 8, let P be a point without the line 4 B from which
it is desired to drop a perpendicular to the line. Estimate,
by eye, the point at which the perpendicular will meet 4 5.
Let C be the point thus estimated. Erect a perpendicular
CR to AB at C, as explained in the preceding article.

Prolong this perpendicular a short distance past 2, and
115—17 ‘
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measure its distance 2D from P. As CR is not far from P,
the point D directly opposite P can be located by eye with
sufficient accuracy. Measuring from C a distance C £ equal
to P D, the point £, where the perpendicular from P meets
A B, is determined.

28. To Run a Line Parallel to Another.—Let 4B,
Fig. 9, be a line to which a parallel through a given point P

S

af--==---—1y

Fic. 9

is to be run. Drop a perpendicular from P to 45, as
explained in Art. 27. Let C be the point where this per-
pendicular meets 4 B. Measure CP. At any other point D
in the line 4 58, erect a perpendicular to the latter line.
Measure on this perpendicular a distance D Q, equal to CA.
A line through P and Q will be the required parallel.

29. To Determine the Angle Between Two Lines.
Let A D and A E, Fig.
10, be two lines on the
ground. To determine
the angle D 4 £, meas-
ure off from 4 on AD
and A4 £ equal distances

E ABand AC. Measure
the distance B C. Then

the angle D AE is calculated fron; the relation

.1 BC

sin 2 DAE = 1B
The derivation of this equation is very simple. The tri-
angle B A C being isosceles, the perpendicular 4 & on 8C
bisects both the angle DA E and the base B C; that is,

BAH =  DAE, and BH = %+ BC. The right triangle

BAHgivessinBAH:%_H 1 +BC

é; thans,smé DAE = °

\

1)

i
Fic. 10 c

AB’
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ExamprLe.—If, in Fig. 10, A B and A C are each 100 feet and B C
is 57.6 feet, what is the value of the angle DA £?

SoLuTION.—Substituting the values of B C and 4 B in the equation
given above,we obtain,
1 1 X 57.6
sinéDAE = —’—IW = ,28800

whence § DA E = 16° 44/, nearly; and, therefore, DA E = 16° 44
X 2 = 33°28/. Ans.

EXAMPLES FOR PRACTICE

1. If, in Fig. 10, 4 B and A C are each 100 feet and B C is 64.8 feet,
what is the value of the angle D A4 E? Ans. 37° 48

2. If the distances 4 B and A C, Fig. 10, are each 120 feet and the
distance B C is 96.7 feet, what is the value of the angle D A E?
Ans. 47° 32

30. To Lay Out an Angle.—In Fig. 11, let it be

b 4
\ i /
\\ v/
J ]
\'f“\\ ‘\‘ E // .l
: s\\\~ \\‘ : /I_ ;
| ~. W\ !
Y. S A y
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required to lay out an angle B A4 C equal to X degrees, from
the line 4 B. Measure any convenient distance 4 Don A B
and from D erect a perpendicular D £ equal to 4 D tan X.
Then D AE is the required angle.

If the angle is between 45° and 135°, it is better to erect a
perpendicular 4 F at A, and lay off from it, in the manner
described above, an angle equal to the difference between
the given angle and 90°.

Thus, if it is desired to lay off an angle B A4 / greater than
45°, but less than 90°, the angle A A4/, which is the com-
plement of B A/, is laid off from the perpendicular 4 F, by
making A7 equal to A H tan A A/ If it is desired to lay
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off an angle B A4 G that is greater than 90°, but less than
135°, the angle A A G, which is equal to B4 G — 90°, is laid
off from the perpendicular 4 £, by making A/ G equal to 4 H
tan HAG.

If the angle is greater than 135°, its supplerhent is laid off
from the prolongation 4 K" of B A. The angle BAJ, for
example, is laid off by erecting the perpendicular X"/ and
taking K'J = 4 K tan (180° — B A J).

ExampLE 1.—If the angle B A G, Fig. 11, is 114° 45, and the

distance 4 A is 100 feet, what is the length of the perpendicular H G
to be laid off from A4 F in counstructing the angle B 4 G?

SoLcTiON.— 114° 45 — 90° = 24° 45., and A G = 100 tan 24° 45
= 46.10 ft. Ans.

ExaMPLE 2.—What is the length of the perpendicular K'J to be
laid off from A K in constructing the angle B4 J = 152° 30/, the
distance A K being 100 feet?

SoLtTioN.—The supplement of 152° 3 is 180° — 152° 30 = 27° 30/,
Therefore, X’'J = 100 tan 27° 30 = 52.1 ft. Ans.

EXAMPLES FOR PRACTICE

1. If the angle B A G, Fig. 11, is 123° 30, and the distance 4 H is
80 feet, what is the length of the perpendicular // G to be laid off from
A F in constructing the angle 8.4 G? Ans. 53 ft.

2. If an angle B A J, Fig. 11, is to be constructed equal to 156° 17,
what must be the length of the perpendicular /&', when A4 X is equal
to 100 feet? Ans. 4 ft.

31. To Prolong a Line Through an Obstacle.—In
prolonging a line 4 B, Fig. 12, suppose that an obstacle X,

Qlaren

as a bulding, makes it impossible to run and measure the
produced lizne directly. The way to proceed under such
arcumstances is @sIaly as (o lows:
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The line A B is produced to a point C as near the obstacle
as possible; a perpendicular CE is erected at C, and its
length CE made long enough to clear the obstacle. At a
point M, 30 or 40 feet from C, another perpendicular to A C
is erected, and a distance M D equal to CE£ is measured
on it. The points D and £ determine a line parallel to A4 C.
This parallel is prolonged beyond the obstacle, and at two
points F and G, the former just beyond the obstacle and
the latter about 30 or 40 feet from it, perpendiculars are
erected, on which distances # /A and G/ are measured equal
to CE and MD. The points A and [ thus determined are
in the prolongation of 4 B. The distance CH is equal to
E F, which should be measured.

82. To Determine the Distance to an Inaccessible
Point.—In Fig. 13, let it be required to determine the dis-
tance from the point B to an inaccessible point P. Measure

B C in any convenient direc- P
tion and run a line 4’ 2 par- ,’\
allel to BC. Measure 4D, D\

the distance between the T —T—————
points where the lines PR i

and PC intersect A'D. ! \B £
Measure also 4 B. Then, ! =7
_ABXBC / !
BP—A—D—BC p—i —t
The derivation of this equa- Fic. 13

tion is as follows: Draw A4 £ parallel to D P, and inter-
secting C B produced at £. Then, the angles of the triangle
B C P being equal to those of the triangle 4 B £, these two
. .. BP BC
tr les are lar, and theref = = ,
iangles are similar, an e;e ore g 5= BF whence
ABX B
BP="2—"—
BE
or, because BE = AD — BC,
ABXBC
BP =——2"—"—
AD—-BC

ExamprLe.—If in Fig. 13, B C = 100 feet, A B = 52.4 feet, and 4 D
= 124.2 feet, what is the distance B P?
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SoLUTION.—Substituting these values in the equation given abave,

52.4 X 100
BP= 12_4—._2——W = 216.6 ft. Ans.

33. To Determine by a Random Line the Distance
Between Two Points That Are Invisible From Each
Other.—In Fig. 14 is represented a case that often occurs
in practice. The extremities 4 and B of a line whose dis-
tance is to be determined are known and fixed, but they are
not visible from each other on account of some obstruction
to the line of sight. The distance 4 B is determined by
means of an auxiliary line 42, called a random 1line.
This line is run from one of the extremities (A4 in this case)
of the given line, in such a manner that it will pass as near
the other extremity as can be estimated. From this other
extremity, a perpendicular is dropped on the random line,

Nk

F1o. 14

and the required distance is computed by solving a right
triangle. In the present case, the perpendicular B D from B
to A [ is measured, the distance 4 D is noted, and the dis-
tance 4 B is given by the equation 4 B = VA D'+ BD.

ExampLE.—If, in Fig. 14, the distance A4 D is 206.1 feet and the dis-
tance B D is 35.1 feet, what is the distance from A to B?

SorutioN.—Here A D = 206.1, BD = 35.1, and, therefore, sub-
stituting in the equation given above,

AB =206.1" + 35.1° = 209.1 ft. Ans.

4 B

Y

bl

EXAMPLES FOR PRACTICE
1. If the distances CB, CD, and D A, Fig. 13, are, respectively,
76, 42, and 103 links, what is the distance C P? Ans. 1.13 ch.
2. Two points A and B are invisible from each other. A random
line being run from A, it is found that its distance from 5 is 12.6 feet;
if the distance from A to the foot of the perpendicular is 192.56 feet,
what is the distance from A4 to B? Ans. 193 ft.
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SURVEY OF A CLOSED FIELD

THE FIELD WORK

34. Preliminary Examination.—Before making the
survey of a field, the surveyor should, if possible, walk
around it and make in his notebook a sketch showing the
boundary lines. He should mark all corners and study the
field in a general way, so as to obtain a fairly approximate
idea of its form and contents.

35. Measurements.—The sides of the field should first
be measured. If they are straight lines, the measurements

F10. 15

are made as explained in Art. 15. In the case of an irregu-
lar boundary line, such as G NV A4, Fig. 15, which is the edge
of a stream, one or more straight lines are run as close to
the irregular boundary as possible. From these auxiliary
lines are taken perpendicular measurements, called offsets,
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to those points of the boundary where any considerable
change in its direction occurs.

Thus, in Fig. 15, the straight line G A4 is run close to the
shore line G N A. The distances G H, GJ, and G L from
G to the points of G A4 opposite those points of GN A to
which offsets are to be taken, are noted, and the offsets A/,
J K, L M measured, when the line G A4 is being run. It will
be observed that all distances along a main or auxiliary line
are counted from the beginning of that line. For instance,
instead of recording the distances G A, A J, and J L, the
distances G A, G J, and G L are recorded. The parts G/,
IK, KM, and M A of the curved boundary being nearly
straight, the portion of the field between the right line G 4
and the curved line G N A is divided, approximately, into
the right triangles G A /and A L M and the trapezoids / /J K
and J K L M.

36. 1t is often difficult to measure directly along a line,
as when the latter is determined by a fence. In such cases,
an offset of 3 or 4 feet is measured from the line at each
extremity, and the distance between the ends of the offsets
measured. The direction of such short offsets is determined
by the eye with sufficient accuracy.

387. Dividing the Field Into Triangles.—In order to
make a plat of the field and calculate its contents, the field
is divided into triangles by means of diagonals, which are
measured on the ground. The surveyor should use his own
judgment as to the best and most convenient diagonals to
measure. He should avoid using diagonals that make very
acute or very obtuse angles. Thus, in Fig. 16, DG is a
better diagonal to use than B F.

38. Tie-Lines.—Obstacles often make it impossible to
measure directly the diagonals of a field. In this case the
lengths of the diagonals may be calculated by means of the
principles of similar triangles. The process is illustrated
in Fig. 16, which represents a field whose diagonals B D
and B E cross a pond, and cannot, therefore, be measured
directly. If the sides B4 and £ A are produced to / and G,
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in such manner that 4 7 and 4 G are proportional to 4 B
and A4 £, and aline is run from Fto G, a triangle A4 G will
be formed similar to B A E; for in these two triangles the
angles at A4 are equal, and, as shown in geometry, two
triangles having an equal angle included by proportional
sides are similar. In order to make A4 F and A4 G propor-
tional to 4 B and A4 £, fix the point F at some convenient
distance from 4. The distance 4 G that must be measured

Frc. 16

along E A produced is determined from the proportion
AF: AG = AB: AE; whence,
AFXAE
AG = — B

Having fixed F and G, measure #G. The diagonal B E
can then be calculated from the proportion A F: FG = AB
: B E, which gives
FGXAB
. AF

Such lines as F G are called tie-lines, because they tie the
sides together. The diagonal B.D can be calculated by
means of tie-lines in a similar manner.

Instead of constructing a triangle such as 4 G by pro-
ducing two of the sides, a triangle, such as 4 /' G, may be
constructed on the inside of the tract in substantially the
same manner as described above for the triangle A4 F~G.
The distance A4 F” is first measured; the point G’ is then

BE =




24 CHAIN SURVEYING §u

AF X AE . .
48 Finally, F G is

measured, and B £ calculated from the relation
BE = FFGCXAB
AF

ExamMPLE.—In Fig. 16, let the lengths of the sides be as follows:
A B = 320 feet, BC = 217 feet, CD = 196 feet, D E = 285 feet, and
E A = 304 feet. It is required to calculate the length of the diagonal
B E by means of a tie-line.

SoLUTION.—Let the line B A be prolonged 100 ft. beyond A; that
is, make 4 F = 100 ft. Then A G must be equal to
AFXAE=&X_'Q=95“
AB 320 '
Let the length of 7 G, as found by measurement,'be 125 ft.; then,
FGXAB 125 X 320
BE = AF =100 = 400 ft. Auns.

fixed by making 4 G’ equal to

EXAMPLE FOR PRACTICE

In order to compute the length of B D, Fig. 16, by a tie-line, the
side B C was prolonged a distance of 80 feet from C. (a) What
distance must 2 C have been prolonged? (4) The length of the tie-
line was found to be 98 feet; find the length of B D. Ans {ga) 72 ft.

“1(6) 266 ft.

39. The Location of Objects.—It is often desirable to
locate important objects, such as buildings, roads, fences, etc.,
with reference to the main lines of the survey. This is most
easily done by perpendicular measurements, or offsets, from
those lines. In the case of objects very near the main line,
the points from which the offsets should be measured can
be estimated by the eye; in the case of a distant object, its
perpendicular distance from the main line is determined by
the method explained in Art. 27.

The points from which measurements are to be made
should be determined as far as possible while the line is
being run, and their distances from the next preceding corner
should be noted and recorded in every case.

In Fig. 17, A B represents one side of a field from which
certain objects are to be located. The point W (a spring,
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say) may be located by measuring the perpendicular dis-
tance O W, and noting the distance 4 O.

40. A point may also be located by measuring its dis-
tances from two points in the main line. Thus, in Fig. 17, W
can be located by noting the distances 4L and A4 M, and
then measuring the distances L W and Af W. In platting
the survey, the point I can be readily located by laying off
the distances 4L and 4 M and from L and M as centers,
with radii of .76 chain and .80 chain, respectively, drawing
two intersecting arcs; their point of intersection is the posi-
tion of the point W on the map.

F16.17

41. A rectangular building #GEF, Fig. 17, can be
located by measuring the perpendicular distances of two of
its corners from the main line. The dimensions of the build-
ing should be measured and recorded. The building can
also be located by measuring the distance of one corner from
two points in the main line; one of the points being in a
straight line with one side of the building. Thus, in Fig. 17,
the point / is in a straight line with the side G F, and J is
any convenient point on the main line. The position of the
building is determined by noting the distances 4/ and 4 J,
and measuring the distances /7 and FJ,
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42, The direction of a straight line is determined by two
points in the line. Therefore, a straight road or a fence is
located by locating two of its points (in the case of a road,
two points in its center line). Thus, in Fig. 17, the point 7,
which is the point of beginning of the straight fence <X,
having been located as previously described, the direction
of the fence may be determined by locating another point
in it, as the point of intersection /N of the fence with the
diagonal B P.

43. Objects within a field may sometimes be more easily
located from one of its diagonals than from one of the main
lines of the survey. The fence just referred to is an example
of this mode of location.

Note.—It should be understood that an object is located by onl
one of the methods explained above. For instance, the si)nng
Fig. 17, is located either by the offset O W or by the two lines Lw
and M W. The two methods of location are shown in the figure sim-
ply for the purposes of illustration; but, in practice, one only is used.

KEEPING AND PLATTING NOTES

44, Keeping the Notes.—The notes, or record, of
a chain survey are usually kept in an ordinary field book,
commonly called a transit book, which i$ of a convenient
size to slip into the pocket. The left-hand page of the note-
book is ruled in six columns. In one of these columns are
written the letters or numbers by which the corners or points
between which measurements are taken are designated.
Horizontally opposite these letters or numbers, in the next
column, are recorded the distances of each point from the
one immediately preceding it. As only two columns of this
page are needed, the fourth and the fifth column are used for
this purpose, so as to bring them nearer the right-hand page,
and leave plenty of space to the left for descriptive remarks.

The right-hand page is ruled in blue with a red line down
the center of the page. This page is used for sketches and
remarks.

The line being run is commonly represented by the red
center line. In case more room is needed for sketching, the
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line being run may be represented by a line drawn on one
side of the center line of the page and parallel to it. On this
page are noted also the date and location of the survey, the
names and positions of the different members of the party,
and any other remarks that the surveyor may deem neces-
sary and useful. In sketching, it is better to face in the
direction in which the line is being measured, and to repre-
sent the line as running from bottom to top in the notebook.
For this reason, nearly all surveying notes read from the
bottom to the top of the page.

The notes given below are for part of the field represented
in Fig. 15. The survey is supposed to have begun at A4,

from which the line 4 B was run, then B C, etc. The num-
ber 8.13, opposite B, denotes the distance from B to A; the
number 4.76, opposite C, denotes the distance of C from B5;
and so on with the other points. The distances recorded
between those opposite the corners, as those between B and
C, are the distances of the points directly opposite in the
sketch, from the immediately preceding corner. Thus, the
distances 3.50 and 4.18, directly opposite the corners of
the dwelling in the sketch, are the distances of these corners
from B.

Notes should be full and plain, and should be kept as neatly
as possible. The surveyor should keep his notes in such man-
ner that they can be readily understood, not only by himself,
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but by any one having a knowledge of surveying. This
is especially necessary when the notes are not to be platted
by the same person that takes them. The pages of the
notebook should be numbered.

45. Platting the Notes.—If a map of the field is
desired, the notes of the survey are platted to some conve-
nient scale, determined by the size of the field and the size of
the map desired. A plat of the field represented in Fig. 15,
Art. 35, would be constructed in the following manner:

Any line of the plat may be drawn first, but it should be
drawn in such a position that the map will come within the
limits of the paper and be approximately in the center. This
can be easily done by an inspection of the sketch and the
notes. In the present case it will be assumed that the line
A B is drawn first; its length is made equal to 8.13 chains to
the scale chosen for the map. From A and A as centers, and
with radii equivalent, according to scale, to 9.25 and 8.36
chains, respectively, two arcs are described, whose point of
intersection locates the point G on the map. From A and
G as centers and with radii of 4.52 and 8.92 chains, respec-
tively, two arcs are described, whose point of intersection
locates the point D on the map. The remaining corners are
located in a similar manner. Joining them by - straight
lines, the straight boundaries of the field are obtained.

To plat the irregular boundary G NV A, the distances G A,
G J, and G L are laid off from G, after G 4 has been platted,
and at the points A, J, and L are erected perpendiculars
HI, JK, and L M equal to the recorded offsets 1.55, 1.07,
and 1.40 chains, respectively. The irregular boundary G NV A
is platted by drawing a freehand line through the points
G, [, K, M, and 4, making the parts of the line between the
points G and /7, / and X, etc. nearly straight.
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CALCULATING THE AREA

46. The area of a closed field is obtained by calculating
the areas of the triangles and trapezoids into which the field
has been divided.

As explained in Geometry, Part 2, and Plane Trigonometry,
Part 2, the area of a triangle the lengths of whose sides
are known, may be found by the formula

S=vVs(s—a)(s—8)(s—¢)
in which a, 4, and ¢ represent the three sides, and s, half their
a+b+c
—e

It was also explained in Geometry, Part 2, that the area of a
trapezoid is equal to the product of one-half the sum of the
parallel sides and the perpendicular distance between them.

In calculating the area of the part of the field having an
irregular boundary, the parts of the boundary lines between
the points to which offsets are measured are considered to
be straight lines.

ExaMPLE.—Required the area of the portion 4 B G N A of the field
represented in Fig. 15, the dimensions being as shown on the figure.

SoLutioN.—To find the area of the triangle 4 B G we have, A 5
= 8.13 (= a, say); BG = 8.36 (= 0, say); GA = 9.25 (= ¢, say).

‘MM =1287; s—a =474 s — b = 4.51;

sum, or

Therefore, s =

s—c=3.62.
Substituting in the formula, we have,
S = V12.87 X 4.74 X 4.561 X 8.62 = 31.56 sq. ch.
The area of the triangle G A/ is
$(1.04 X 1.55) = .81 sq. ch.
The distance between the parallel sides of the trapezoid A /JK
is equal to 3.89 — 1.04 = 2.85 ch. The area of this trapezoid is, then,

(%;_ljﬁ) 2.85 = 3.73 sq. ch.

The distance between the parallel sides of the trapezoid JK M L is
equal to 8.11 — 3.89 = 4.22 ch. The area of this trapezoid is, then,

(1_10:%-1_07) 4.22 = 5.21 sq. ch.

In the triangle A LM, AL = 9.25 - 8.11 = 1.14 ch. The area of
the triangle is, then,
$(1.14 X 1.40) = .80 sq. ch.
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The area of the part 4 B G N A is equal to the sum of the areas into
which it is divided, or .
31.56 + .81 + 3.73 + 5.21 4 .80 = 42.11 sq. ch. = 4.21 A.
As already stated, square chains are reduced to acres by dividing

by 10.
EXAMPLES FOR PRACTICE
1. Plat the field represented by Fig. 16 and calculate its ares,
Ans. 9.3 A.

in acres.
2. Plat the field represented by Fig. 18 and calculate its area,
Ans. 10.02 A.

in acres.




COMPASS SURVEYING

(PART 1)

THE SURVEYORS’ COMPASS

DESCRIPTION

1. The compass used in surveying consists essentially
of a magnetic needle supported freely on a pivot at the center
of a horizontal graduated circle. To this circle are attached

Fie.1

a pair of sights. The needle and graduated circle are enclosed
in a brass case having a glass cover, and the whole rests on
a convenient support, with facilities for leveling. A compass
is shown in Fig. 1.
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2. The Magnetic Needle.—This is a slender bar of
steel, usually from about 3 to 6 inches long, strongly
magnetized and supported on a fine-pointed pivot on which
it turns freely. By means of the small thumbscrew A, Fig. 1,
it can be lifted from the pivot and held against the glass
of the compass box, so that it will not wear the pivot by
oscillating when the compass is being moved. In any given
locality, the magnetic needle, when at rest, assumes a direc-
tion that is nearly constant and coincides, approximately,
with a north-and-south line.

3. Magnetic Poles of the Farth.—The ends of the
needle are attracted by two forces acting at two points on
nearly diametrically opposite sides of the earth, called the
magnetic poles, which are not very far from the geo-
graphical poles of the earth. The one near the geographical
north pole is called the north magnetic pole; the other,
the south magnetic pole. The line joining them is not
a true north-and-south line, and for this reason the needle,
which lies in the line of the magnetic poles, does not point
exactly north and south. The end of the needle that points
to the north magnetic pole is called the north end; the
other, the south end.

4. Dip of the Needle.—At all points equidistant from
the magnetic poles, the needle is horizontal, its two ends
being equally attracted. At points nearer to one magnetic
pole than to the other, the needle inclines toward the nearer
pole and forms with the horizon an angle called the dip of
the needle.  In northern latitudes, the north end dips below
the horizon, and, in order to keep the needle horizontal, a
coil of platinum wire, movable along the needle, is° wound
around its south half. ‘This coil serves both to preserve the
horizontal position of the needle and to indicate which is
the south, and which is the north, end.

5. The Sights.—Attached to two diametrically opposite
ends of the compass plate are the slghts, also called sight
vanes, by means of which the compass is directed toward
any object. They consist of upright bars of brass A, 5,
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Fig. 1, through each of which is a narrow vertical slit, with
holes at its top and bottom, as shown at /. In some com-
passes, the narrow slit extends only through the upper half of
one sight and the lower half of the other, the remaining half
of each having a wider opening, in which the line of sight is
defined by a vertical hair. Each sight is attached to the end of
the compass plate by means of a screw having a milled head
that projects below the plate. This permits the sights to be
quickly detached when the compass is placed in its case. The
sights of some compasses, instead of being detachable, have
joints near the base, so as to fold down on the needle box.

6. The Graduated Needle Circle.—Also attached to
the compass plate and within the circular box containing the
needle, is a graduated circle having a diameter slightly
greater than the length of the needle, and at the center of
which is the pivot supporting the needle. This circle, some-
times called the needle circle, is usually graduated to half
degrees and numbered at every tenth degree mark from 0°
to 90° in each quadrant. The zero-degree marks are in line
with the sights, as shown in Fig. 1. One of them, called
the north end of the compass, is indicated either by the letter NV
or a fleur-de-lis; the other, called the souf% end, is indicated
by the letter S. These names do not imply that the line
determined by the sights, or passing through the zero marks, is
a north-and-south line; they are used for the purpose of facili-
tating the reading of the instrument, as will be explained
further on. The 90° divisions are marked £ (east) and
W (west), respectively; but the position of these letters is
the reverse of the position of the cardinal points named
by them; that is, £ is on the left of north, and /¥ on the
right. This arrangement is also adopted for convenience in
reading the instrument.

7. Plate Levels.—For the purpose of indicating when
the compass is in a horizontal position, two small spirit
levels are attached to the compass plate, as shown at / and
G, Fig. 1. Each level consists of a glass tube curved
slightly upwards. The greater part of the tube is filled
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with alcohol, the remaining space being occupied by a small
bubble of air. The tube is mounted in a brass tube, or case,
that is attached to the compass plate. by screws. One of
these tubes, F, is parallel to the line of sight, and the other, G,
is at right angles to that line. When these levels are in
proper adjustment, the compass can be brought to a perfectly
horizontal position by so moving
or tilting it as to bring the air bub-
bles to the centers of the tubes.

8. Outkeeper.—On the main
plate at O, Fig. 1, is shown a
small dial plate having an index,
or pointer, that is turned by means
of a milled-headed thumb wheel,
shown beneath the main plate.
This device is called an out-
keeper, and is used for keeping
count in chaining. The dial is
numbered from 0 to 16 and the
index is turned one division for
each chain or each 10 chains meas-
ured, as may be most convenient
or advantageous. The outkeeper
is not essential, and is not found
on all compasses.

9. The Tripod.—The com-

pass is often supported on a single

Pro.2 standard, called a Jacob’s staff.

This is merely a straight pole

about 44 feet long, having on its lower end a pointed steel

shoe, for thrusting the staff into the ground, and on its upper

end brass mountings to fit the compass. A more perfect

support, called a tripod, is sometimes employed. This con-

sists (see Fig. 2) of three legs shod with steel and connect-
ing by hinge joints to a metal tripod head.

10. Bocket and Spindle.—Attached to the under side
of the compass plate is a projecting piece, or center (see

2
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Fig. 1), having in its lower end a vertical socket S, by
means of which the compass is connected with its support.
This socket is slightly conical in form and fits on a spindle,
on which it turns freely, permitting the compass to be
revolved in a horizontal plane. On the lower end of the
spindle is a ball turned perfectly spherical and held in a
spherical ‘socket, the upper part of which screws on its
lower part in such manner that its pressure on the ball can
be regulated by tightening or loosening the screw.
This ball-and-socket joint permits the compass to
be moved or tilted in any direction in the opera-
tion of leveling it, the screw being at the same
time sufficiently tight so that the plate will remain
in position when leveled. The lower portion of the
ball-and-socket joint is attached to the top of the
Jacob’s staff or tripod head, as the case may be.
When it attaches to the top of the former, it is
sometimes called the staff head. A spindle with
ball-and-socket joint and staff head is shown in Fig. 3: H is
the staff head, B is the ball-and-socket joint, and S is the
spindle, which fits into the socket .S of the compass shown
in Fig. 1, and is secured by the spring catch X, which drops
into the small groove G shown in the spindle of Fig.3. The
socket turns freely on the spindle, but can be clamped in any
position by means of the clamp screw C, Fig. 1.

ADJUSTMENTS OF THE COMPASS

11. Conditions of Perfect Adjustment.—Besides
several conditions that are attended to by the instrument
maker, the following are indispensable for accurate work:

1. The plane tangent to the level bubbles when at the
centers of their respective tubes must be perpendicular to the
vertical axis of the socket.

2. The two ends of the needle must be in the same
vertical plane as the pivot.

3. The needle pivot must be in the center of the gradu.
ated circle.



6 COMPASS SURVEYING §12

A new compass made by a good manufacturer always
satisfies these conditions, as the instrument is sold by the
maker in perfect adjustment. Rough usage, however, a fall,
or a hard blow may throw the compass out of order, and it is
necessary that the surveyor should know how to test and
readjust it.

12. To Adjust the Plate Levels.—Bring the bubbles
to the centers of the level tubes by moving or rotating the
plate carefully by means of the ball-and-socket joint; then
revolve the compass horizontally through 180°; that is, turn
it end for end. If the bubbles remain in the centers of the
tubes, the levels are in adjustment. But if in turning the
compass end for end, either bubble runs toward one end of
the tube, lower that end and raise the opposite end suf-
ficiently to bring the bubble half way back, by means of
small screws that attach the ends of the tube to the plate;
then bring the bubble to the center by moving the plate as
before. Repeat the operation until both bubbles remain in
the centers of the tubes in every position of the compass.

13. To Straighten the Needle.—Level the compass
and turn it so that the north end of the needle points exactly
toward or cuts some prominent graduation mark of the needle
circle, and note the exact reading of the south end of the
needle. In order to read either end of the needle accurately,
the eye should be directly above a line in the prolongation
of the opposite end of the needle. Then reverse the com-
pass end for end and turn it so that the south end of the
needle cuts the same graduation mark and note if -the north
end reads the same as the south end did before reversing.
If it does not read the same, correct one-half the error by
bending the needle carefully, and repeat the operation, using
different graduation marks, until exact reversals are obtained.

14. To Center the Needle Plvot.—Having, if neces-
sary, straightened the needle, turn the compass so that the
north end of the needle will exactly cut some prominent grad-
uation mark, and observe if the south end exactly cuts the
opposite graduation mark. If it does not, find the position
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of the needle that shows the greatest difference in the read-
ings of its opposite ends; then remove the needle from the
pivot and bend the pivot carefully at right angles to this posi-
tion an amount equal to one-half the error. Repeat the oper-
ation until the needle cuts accurately all opposite gradua-
tion marks.

SURVEYING WITH THE COMPASS

PRELIMINARY DEFINITIONS AND EXPLANATIONS

15. Object of Compass Measurements.—The com-
pass is used primarily for determining the directions of
lines. By means of it, the angle between any line and the
direction of the needle can be measured directly. The angle
between any two lines is found by a simple arithmetical
operation from the angles that they make with the direction
of the needle.

16. Angle Between a Line and the Needle.—Let
A B, Fig. 4, be a straight line on the ground, 4 A a hori-
zontal line through 4, and B2 A a vertical line through 53,
intersecting A A at A. As explained in Chasn Surveying, in
all surveying operations (except leveling), the line 48
is represented by its horizontal projection 4 /A, and by the

';I:v_e_z;lf ----------- /__j:,

Fic. 4

distance from A4 to B is understood the length of the projec-
tion 4 AH. So, too, by the angle between two lines is meant
the angle between their horizontal projections; and by the
angle between a line and the needle is meant the angle
between the direction of the needle and the horizontal
projection of the line.
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Let the compass PS NV Q be set with its center O directly
over A, and let the plate, after being leveled, be turned until
the point B is seen by looking through the slits in the sights
P and Q. It is evident that, with the compass in this posi-
tion, the horizontal line SN A, passing through the zero
marks and the feet of the sights is parallel to the horizontal
projection A A of AB. Therefore, the angle between 4 B
(that is, between 4 &) and the direction of the needle is the
same as the angle made by the needle with the line passing
through the 0° marks of the graduated circle. It will soon
be explained how this angle is read from the circle.

17. Meridians.—A line having the direction of the
magnetic needle is called a magnetic merldian. A north-
and-south line, that is, a line directed toward the geographical
poles of the earth, is called a true meridian, or simply a
meridian. The term meridian is also often applied to any
line used as a line of reference from which to locate the
positions of points and the directions of other lines.

18. Bearing of a Line.—The angle that a line (that is,
the horizontal projection of the line) makes with the mag-
netic meridian is called the
magnetic bearing of the
line. The true bearing of
a line is the angle between
the line and the true merid-
ian. In compass surveying,
all bearings are understood
to be magnetic bearings,
and the word magnetic is
usually omitted. Since the
magnetic meridian is indi-
cated by the direction of the needle, the magnetic bearing
of a line is the angle between the line and the needle.

Bearings are reckoned from 0° to 90°, and indicate the
amount by which a line is east or west of north or south,
In Fig. 5, NS represents the magnetic needle, NV and S
being, respectively, the north and the south end; O 2,, O A,,

F16.5
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O P,, and O P, are supposed to be lines of a survey. The
line O P, makes with the north half of the needle an angle of
60°; as the line lies between the north point &V and the east
point £, its bearing is said to be 60° northeast, or 60° to the
east of north. This is indicated by the notation N 60° E,
read north 60° east. Similarly, the bearings of O 2, O P,,
and OP, are, respectively, N 42° W (north 42° west),
S 70° W (south 70° west), and S 50° E (south 50° east).

If a line points directly to the north, to the east, etc., it is
said to be due north, due east, etc. ‘

19. To Determine the Magnetic Bearing of a Line.
Let O P, Fig. 6, be a line whose magnetic bearing is to be
determined. The compass is set over the extremity O, so
that its center shall be directly over that extremity. After
the plate has been leveled, it is turned until the point 2 is
in line with the slits in the sights, and therefore with the
line SV passing through the zeros of the graduated circle.
It will be noticed that the north end &V p
of the compass is the forward end, or i
the one that is between the eye and the
extremity P of the line, the observer’s
eye being supposed to be at the slit
in the south sight and looking in the
direction S &. Having directed his
line of sight in this manner, the sur-
veyor looks at the nmortk end of the
needle F G, which is distinguished from
the south end by the coil s wound
around the south half of the needle.
The letters between which the north Fic.6
end of the needle lies indicate whether the bearing is north-
east, northwest, southeast, or southwest—if the north end of
the needle lies, as in Fig. 6, between &V and £, the bearing is
northeast; if between S and W, southwest; etc. The num-
ber of degrees in the bearing is indicated by the number of
the graduated circle toward which the nor?/4 end of the needle
points. Degrees and half degrees are read directly on the
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circle, and quarter degrees are estimated by the eye. In
Fig. 6 the north end of the needle points toward the 65° mark,
or ‘“‘reads’’ 65°; therefore, the bearing.of the line is N 65° E.
Sometimes the needle is read to the nearest 5 minutes; but
the imperfections of this instrument
make such refinement of little practical
value for the purposes of surveying.

In Fig. 7, where the bearing of O P

. is to be determined, the north end of
the needle lies between the letters S
and W, which indicates that O P is a
southwest line; and, as that end reads
35°, the bearing is S 35° W.

Should not the compass circle be
marked as here assumed, the bearing
of a line can be very simply deter-
mined by inspection. Thus, in Fig. 6,

O P, being nearer to the north end F of the needle than to
the south end, is a north line; and, being on the right of F,
it is east of north; the line is, therefore, a northeast line.

In Fig. 7, O P is nearer to

the south end G of the needle
than to the north end; this
indicates that O P is a south I~
line; and, as it runs to the o "~ \\

right of G, or to the west of & e o

south, it is a southwest line. (

20. Course.—A line /\g
whose length and bearing are % ~—
measured is commonly called
a course. The term course
is sometimes used, especially 8
in navigation, in the sense of Fio.8
direction or bearing, as when it is said that the course of a
ship is N 50° E.

21. Azimuth.—The azimuth of a line is the angle that
the line forms with the meridian. Azimuth may be either

F16.7

’. 4

©

.
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true azimuth or magnetic azimuth, according as it is
referred to the true or to the magnetic meridian. Azimuth
differs from bearing in that it is always measured in the direc-
tion corresponding to the movement of the hands of a clock
when lying face upwards, through any required angle up to
860°, starting from either the north or the south point. In
Fig. 8, in which S/ represents the meridian, and &V and S
the north and the south point, respectively, the azimuth of
O P,, counted from the north, is 115°; counted from the
south, 295°. The azimuth of O P,, counted from the south,
is 66°; counted from the north, 180° 4- 66° = 246°,

FIELD WORK

22. Taking Bearings.—To take the bearing of a line,
the compass is set directly over a point of the line—one
extremity, if possible. When the compass is mounted on a
tripod, this can be done accurately by means of a plumb-bob
suspended from the center of the compass; or, approximately,
by dropping a pebble from below the center. If the compass
is mounted on a Jacob’s staff, the staff should be planted in
a vertical position directly on the line. Then, by means of
the levels, the compass is brought to a perfectly level position.
A flagman holds a flag perfectly vertical at some other point
of the line—preferably the other extremity of it, if the flag
can be seen distinctly. The surveyor then turns the compass
plate horizontally, walking around the instrument so as to be
constantly behind the south sight, and looks over the sights
until they are approximately in line with the pole held by the
flagman. He then looks through the slits—his eye being at
the south slit, so that the north end of the compass is the for-
ward end—and turns the plate until his line of sight cuts the
flag. With the compass in this position, he reads the bearing
according to th? directions given in Art. 19. When it is not
possible to set the compass over a point of the line, as when
the latter is determined by a fence or the foot of a wall, it is
set a short distance from the line, and the flag is held oppo-
site the other end, at the same distance from the line.
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The line of sight should be directed as nearly to the bot-
tom of the flag as possible, in order to avoid or diminish the
error that may arise from any deviation of the flag from
the vertical.

When reading a bearing, the eye should be directly over
the needle, so as to avoid the error from parallax, or the
apparent change in the position of the needle that occurs
when the needle is looked at along a line not in the same
vertical plane with it.

23. Foresights and Backsights.—A sight taken from
a point of a line on another point, in the direction in which
the line is being run or measured, is called a foresight; it is
the sight taken to ascertain the bearing of the line, as
explained in the last article. In order to check the bearing
as thus determined, the compass is set at the point first
sighted, or at a point between the point first sighted and the
p Doint first occupied by the com-
pass; a sight, called a back-
sight, is then taken on the latter
point, and the bearing read.
If the two bearings are the re-
verse of each other, it may be
assumed that no mistake or
error has been made, and the
work may be proceeded with.
Thus, suppose that the bearing
of O P, Fig. 9, has been found,
8 by setting the compass at O and
sighting to P, to be N 50° E.
A backsight may be obtained by setting the compass at some
intermediate point, as ¢, and directing the line of sight to O.
It is evident that, if the bearing of O P, or of O (@, is N 50° E,
that of & O must be S 50° W. Likewise, if the bearing of
O O were S 30° E, that of ¢V O should be N 30° W. In every
case, the bearing determined by a backsight must be obtain-
able from that determined by the corresponding foresight by
simply interchanging the letters V and S, £ and W.
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24. Local Attraction.—The compass needle may be
deflected from its natural direction by the attraction of any
magnetic substance near it, such as iron ore, the rails of a
railway, a gas pipe, the.chain, a bunch of keys, etc. This
disturbing influence, called local attraction, is very fre-
quently met with, and the surveyor should take special pains
to avoid the errors to which it may give rise.

When the bearing determined by a foresight does not
agree with that determined by a backsight, the usual cause
of the difference is local attraction. To determine where the
disturbing influence lies, a backsight is taken from an inter-
mediate point along the line, or foresights and backsights
are taken on an auxiliary
point outside of the line.
Suppose that the fore-
sight from O, Fig. 10, on
P is N 85° 45’ E, and that
the backsight from P to
Ois S 75° 30 W. If the
instrument has been read
accurately, there must be
local attraction either at
O or at P, since otherwise
the bearing of P O would Fro. 10 8
be S 85° 45’ W. Selecting
some intermediate point, as ¢, and taking a backsight on O,
it will usually be found that the bearing thus determined
agrees with one of the bearings determined from O and 2.
If the bearing of O O is S 85° 45 W, which agrees with the
bearing of O %, the local attraction is at 2, and the correct
bearing of O P is N 85° 45 E. If the bearing of O’ O is
S 75° 30’ W, which agrees with the bearing of P O, the local
attraction is at O, and the correct bearing of O P is N 75°
30 E. The point ¢ should not be taken too near either O
or P, as otherwise the needle might be disturbed by the local
attraction existing at one of the latter points.

If it is not convenient to take an intermediate point on
the line. or if there is reason to suspect that there is local
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attraction all along the line, foresights and backsights on an
outside point, as O,, may be taken from both O and P. It
may be found that there is local attraction at both O and P,
in which case the bearing must be corrected by determining
the angle by which the needle is deflected by the disturbing
influences. Thus, if the bearing of O, O is N 61° 30/ W and
that of OO, is, according to the reading of the compass,
S 65° 30 E, the latter bearing, which should be S 61° 30/ E,
shows that the effect of local attraction is to deflect the
needle toward the west of south, or toward the east of north,
by an amount equal to 4°. This is shown in the figure,

s '] Q
Pic. 11 Pic. 12

where S /V is the position that the needle would have if there
were no local attraction,and S” A” is the position that it assumes
at 0. The true bearing of O Pis, therefore, N (85°45 + 4°)E
= N 89°45 E. In all this it is assumed that there is no local
attraction at O,. This point must be tested for local attrac-
tion by taking an intermediate point between it and O, and
proceeding as with the point O, Fig. 10.

When a bearing is to be corrected for local attraction, it is
advisable to draw a diagram similar to Fig. 10, in order to
avoid confusion and the mistakes that may arise therefrom.

25. To Determine the Angle Between Two Lines
Whose Bearings Are Known.—\When the bearings of two

e

..



§12 COMPASS SURVEYING 15

lines are of the same kind, that is, both NE, NW, SE, or
S W, the angle between the lines is obviously equal to the
difference between the bearings. Thus, if the bearing of a
line O Q, Fig. 11, is N 66° 30/ E, and that of another O P is
N 39° 15 E, the angle between the lines is 66° 30/ — 39° 15/
= 27° 15. In this, and in what follows, the bearings of the
intersecting lines should be reckoned from their point of
intersection. If, for instance, the bearing of 2O has been
found, by sighting from P to O, to be S 39° 15 W, its bear-
ing as determined from O, that is, by sighting from O along
OP, is N 39° 15 E.

Fre. 18 F1a. 4

In the majority of cases, the simplest and surest way to
determine the angle between two lines is to make a rough
sketch, in which a line is drawn to represent the meridian,
and from any point of it two lines are drawn about in the
positions that the given lines have with reference to the
needle, as indicated by their bearings. Thus, in Fig. 11,
N S represents the meridian, V being the north point; O P
represents the line whose bearing is N 39° 15 E, and 0 Q,
the line whose bearing is N 66° 30/ E. Having marked the
values of the angles NOP and NOQ on the figure, the
angle P O Q can at once be determined by inspection. Figs.
12, 13, and 14 are further illustrations of this method. In



16 COMPASS SURVEYING §12

Pig. 12, the bearing of O P is N §2° E, and that of 0Q is
S 19° E. The figure at once shows that PO Q is equal
to 180° — (52° + 19°) = 109°. Similarly, in Fig. 13, POQ
=PON+ NOQ = 12° + (180° — 43°) = 149°;, and in
Fig. 14, POQ = POS+ SOQ = 73° + 62° = 135°,

26. From a Point on a Line of Known Bearing,
to Run a Line Making a Given Angle With the Given
Line.—The bearing of the required line is best determined
by a diagram showing the angles that the given line makes
with the needle and with the other line. Suppose, for
instancé, that the bearing of the given line is S 48° 45 W,
and that the required line is to make an
angle of 160° 3(Y with the given line, it
being known from other conditions that
the required line is to lie on the right of
the given line.

Fig. 15 shows these conditions, NS
being the meridian, O P the given line,
and O Q the required line. Evidently,
NOQ = 160° 30’ — PO N = 160° 30/

Fic.15 — (180° — 48° 45’) = 29° 15’. There-
fore, the bearing of OQ is N 29° 15’ E. Having determined
that bearing, the compass is set at O, and the plate turned
until the north end of the needle lies between the letters N
and £, and reads 29° 15’. The line of sight through the slits
(the north slit being ahead) has then the direction of the
required line O Q, which may be marked by setting a stake
or pole at any convenient point of it.

EXAMPLES FOR PRACTICE

1. What is the angle between two lines whose bearings are N 32°
16/ E and N 42° 30/ W, respectively? Ans. 74° 45

2. What is the angle between two lines whose bearings are N 15°
30 E and S 46° 45 W, respectively? Ans. 148° 45

3. The bearings of two lines are N 48° 15 W and S 76° 30 E; what
is the angle between them? Ans. 151° 49
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4. The bearing of a line is N 47° 30’ W; what is the bearing of a
line that lies to the left of and makes an angle of 138° 1¥ wi
given line? Ans. S6° 49

5. The bearing of a line is N 20° 30 E; what is the bearing’

line that lies on the right of and makes an angle of 130° 45/, with~
given line? Ansg

6. The bearing of a line is S 40° 30/ W; what is the ugo&a
line to the left of and making an angle bf 60° 45 with the given ﬂ‘o.oi[

Ans.j.' @° lg,_l_;

27. To Survey a Closed Field.—In surveying. a‘closm
field bounded by straight lines, the corners are ﬁrsj_marked'
The bearings of the lines are measured by settm@ cq;xr
pass at the different corners in succession, and sxghtm from
each corner on the one immediately following;.
lengths of the lines é
are measured with the p -
chain or tape as ex-
plained in Chain Sur-
veying. Care should
be taken to check
every foresight by a
backsight. In chain-
ing, the head chainman
may be lined in by the rear chainman, as in chain surveying,
or by the compassman. The latter, having directed the sights
in the direction of the line, looks through the slits when the
head chainman is about to stick a pin in the ground, and
motions to him to move the pin right or left, until it is
covered by the line of sight.

F10. 16

28. It often happens that a corner is not visible from the
one immediately preceding. This case is illustrated in
Fig. 16, where the line of sight from B to C is obstructed by
trees. The length and bearing of 4 B are supposed to have
been measured. The length and bearing of B C can be
determined in several ways, of which the following is one of
the simplest.

Measure back from B any convenient distance B P

along B A4; set the compass at C and direct the line of sight
115—19
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along a line CX parallel to B.A4. In order to do this, it is
only necessary to turn the compass plate until the needle
reading is equal to the bearing of B 4. It should be borne
in mind that the bearing of B A4 is the reverse of that of .4 B.
If, for instance, the bearing of 4 8 is N 20° W, that of B4
is S 20° E, and the reading of the compass at C must be
S 20° E. Measure along C X a distance C (' equal to B P.
Move the compass to (’, take the bearing of C’ P, and have
the chainman measure the distance P (’. This distance is
equal to B C, and the bearing of B C is the reverse of that
of C’ P. Thus, if the bearing of ¢’ Pis S 70° W, that of BC
is N 70° E.

29. Important objects near the line of survey are located
in various ways, according to circumstances. When they
are very close to the line being run, they are usually located
by perpendicular offsets. Thus, the house A, Fig. 16, may
be located by measuring and noting the perpendiculars G L
and FK and the distances D G and DF. It may also be
located by prolonging K"L to its intersection A/ with DE
and measuring and noting the distances DM, ML, L K, and
the bearing of ML or MK. Such short perpendiculars
as GL and FK are usually run by the eye.

A distant object, as the rock &, is located by measuring its
distance from any convenient point, as 7, on one of the
boundary lines, and taking the bearing of 7 R; or by simply
taking the bearings of lines, as 7R and U R, directed to it
from two points on the line of survey. The latter method is
especially useful for the location of inaccessible points. In
making the map of the field, 7 and U are located by their
recorded distances from £. The intersection of two lines
having, respectively, the bearings of 7R and U R and drawn
in the map through the points representing 7 and U/, will
determine the position of R.

30. Passing Obstacles.—In running and measuring a
line of known bearing, it is sometimes impossible to measure
its whole length directly, either because parts of the line run
through inaccessible or not easily accessible ground, ot
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because the line goes through objects, as trees or houses,
that prevent direct measurement. An instance of this condi-
tion is illustrated in Fig. 17, where the line of survey 4 5
runs through the buildings A" and L. The same figure illus-
trates two of the most convenient methods of passing obsta-
cles, one method being used for passing X and the other for
passing L.

The method used in passing the building K is as follows:
Having run the line to a point P as near X as possible, the
compassman sets the instrument at 2 and turns off a line P Q
in any convenient direction. He reads the bearing of PQ,
which should preferably be a whole number of degrees. A
stake is driven at a point Q of P Q such that a line through it
and parallel to 4 B will clear the obstacle XK. The instru-
ment is then set at Q, a backsight on P is taken in order to
check the bearing of PQ, and a line Q¢ is run from Q
parallel to, or having the same bearing as, 4 B, and long

N \

‘\ X'
o
e =

F16. 17

enough to clear the obstacle. The distances PQ and oo
are measured. The instrument is now set at ¢, from which
a line ¢ /' is run parallel to QP (that is, having the same
bearing as Q P,notas Q). On this parallel, a distance O’ P’
equal to Q P is measured. The point 7 thus determined is
in the line 4 B and the distance PP’ is equal to Q (¥. Set-
ting the compass at P’ and turning the plate until the read-
ing of the needle is equal to the bearing of 4 P, the line
of sight will be directed along 4 B and the work may be
continued in the usual manner.

31. The obstacle L, Fig. 17, is passed by means of an
equilateral triangle. The line having been run to a point C
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near L, a line C.D making an angle of 60° with 4 B is turned
off (see Art. 26). The distance CD is taken so that a line

F16.18

from D, at 60° with
C D, will clear the
obstacle. The proper
position of D can be
estimated by the eye.
The distance CJD
having been meas-

ured, the compass is

set at D, and a line

D E equal to CD and at 60° with it is run. The point £
thus determined is on 4 B, and the distance C £ is equal

to CD.

In this, as in all com-
pass work, the surveyor
should test all bearings
by backsights.

32. In Fig. 18 is
represented a very com-
mon condition. Here
the line of survey 4 B
crosses a river, the dis-
tance across which
cannot be measured di-
rectly, nor ascertained
by either of the methods
explained in the last
two articles. The dis-
tance from A to a point
P near the bank having
been measured, the dis-
tance P B is determined
as follows:

From AP, run a line

[

e pm

\\J’j:DZC
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8
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3.
~.

~

F16.19

P Q in any convenient direction; note its bearing, and make

its length approximately equal to P 5.

If, however, P B is
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inconveniently long, 2 Q may be made equal to about one-
half or even one-guarter of it. Theoretically, ZQ may have
any length; but, in practice, it is preferable not to have it
too short as compared with 2 B. Next, set the compass at 0
and take the bearing of 0 5. From the bearings of 4 B, P,
and Q B, the angles P and Q can be computed (Art. 25);
also, B = 180° — (P 4 Q). In the triangle P Q B, the side
P Q and the angles are known, and the side 253 can be found

. P .
PB = PO A
by the rglatton sin B sin Q

E}AMPLB.—Suppose that in Fig. 19 the length of P Q is 100 feet;
the bearing of 4 B is N 45° 15/ E; that of PQ, S 4° 20/ E; that of Q B,
N 26° 20/ E; what is the distance from P to B?

SoruTioN.—The angles of the triangle QB can be determined
from the bearings as follows: In Fig. 19, VS represents the merid-
ian. It is evident that, in the triangle Q P B, angle P is equal to 180°
~ — (45° 19 + 4° 20') = 130° 25/; angle Q is equal to 4° 20’ 4 26° 20/
= 30° 40’; and angle B is equal to 180° — (130° 25 + 30° 40’) = 18° 55/.

100 : o
Then. PB = m sin 30° 40’ = 167.3ft. Ans.
EXAMPLES FOR PRACTICE

1. If in Fig. 18 the bearing of 4 B is S 63° 1% E; that of PQ,
S 43° 50’ W; that of 0 B, N 84° 20/ E; and the distance P Q is 150 feet,
what is the distance from P to B? Ans. 181.7 ft.

2. If in Fig. 18 the bearing of 4 B is N 45° 15 W; that of PQ,
N 50° 30 E; that of Q B, N 87° 25 W; and the distance P Q is 200 feet,
what is the distance from P to B? Ans. 199.7 ft.

USE OF THE COMPASS IN RAILROAD SURVEYING

33. Preliminary Railroad Surveys.—The compass
is of great value in running preliminary railroad lines where
local attraction is absent or very slight. In case a small
obstruction, such as a tree or a mass of rock, is encountered,
the compass can be quickly moved to the opposite side and
the line continued without delay. Should the line as thus
produced be a foot or two off the true one, no serious disad-
vantage will result, since it will be parallel.to the true line,
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and the error will be immaterial for the purpose of prelim-
inary information. In the early days of railroad building,
some lines were surveyed and located by means of the
compass alone.

34. Station Numbers.—In railroad surveying, the line
of survey is divided into stations, which are usually 100 feet
apart. At each station a stake is driven and marked with
a number corresponding to the number of hundreds of feet
that the station is distant from the starting point, which is
numbered 0. ,Any point marked between regular stations
is sometimes called a substation, or plus, and the stake is
marked by the number of the immediately preceding station
plus the number of feet between that station and the sub-
station in question. Thus, a point between Stations 5 and 6,
distant 47 feet from Station 5, is marked 5 4 47, and referred
to as Substation 5+ 47. More usually, however, the term
station is applied to both regular stations and substations:
the Substation & 4 47, for instance, is referred to as Station
b+ 47.

35. Organization of Party.—A well-organized com-
pass party consists of a chief of party, a compassman, two
chainmen, a flagman, two or more axmen, if the country is
thickly wooded, and a stakeman. If possible, stakes of
light, well-seasoned wood should be provided. For pre-
liminary lines, where stakes do no permanent service, pine
is best. A convenient size is about 2 feet in length by
2 inches in width and 1 inch in thickness. A strong, active
stakeman will carry a large number of these stakes, besides
the ax with which to drive them. In a timbered country,
however, it is often more expeditious to have the axmen
make the stakes as they are needed, always keeping a few
stakes on hand ahead of the requirements. The stakes are
usually either made from saplings about 2 inches in diameter
or split from larger pieces, sharpened at the lower end for
driving and blazed at the upper end for marking. Both
chainmen should always be provided with marking crayons.
For this purpose, ordinary red chalk is very satisfactory. It
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is bought in a crude state, but the pieces are easily cut to
suitable form. This material makes a deep red mark, which
will stand exposure for years. Specially prepared crayon
that is excellent for marking stakes can also be obtained.

36. The Actual Work.—The party, having been organ-
ized substantially as described in the preceding article, is
prepared to begin work. The general order of procedure is
usually about as follows: The compassman sets up the
compass at the starting point, or Station 0. The chief of
party goes ahead with the flagman and directs the latter to
set a flag at the end of the first line, or at some intermediate
point. The compassman sights on the point thus marked
and the chainmen commence measuring the distance, as in
chain surveying. The head chainman marks the stakes and
should always keep a number of stakes marked in advance,
so as to avoid delay. Of these he need carry only a few,
leaving the others to be carried by the stakeman. As soon
as the direction of the line is indicated by the flag, the axmen
should begin to clear whatever obstacles lie in the way of
rapid chaining. At each station, and the moment the rear
chainman has put the head chainman in line, the former
should carefully note the number of the station at which he
stands and call the number to the head chainman, who must
answer by repeating the number next in notation. Thus, if
the rear chainman stands at Station 25, he must call ‘‘Sta-
tion 25, and the head chainman must reply, ‘‘Station 26.”

It is good practice for the flagman to carry, besides his
flag, a number of light stakes at least 8 feet in length and
some strips of red flannel to attach to the stakes so that they
may serve as pickets, or temporary flags. If the view for
the compass is open, as soon as the compass is in line and
the flagman has a signal to that effect, he should replace the
flag by one of the stakes with a piece of flannel attached,
and join the chief of party, who, unless the line is to be con-
tinued farther in the same direction, has gone ahead to
select another point for the flag. As soon as the compass-
man has recorded the bearing of the line, he should take the
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compass and walk rapidly to
the point marked by the flag,
or picket, and if in full view.
of the chainman, should remove
the flag, or picket, and set up
the compass and be prepared
to take the next bearing. As
soon as the chainmen reach
the compass and have meas-
ured the “plus’’ from the last
full station, the rear chainman
calls out the full station- and
plus, which the head chainman
marks on the stake and the
compassman records as the
length of the course run. If
the same line is to be contin-
ued without change of direc-
tion, the compass is set at the
same bearing as that of the
course just run, and the chain-
men, measuring forwards, are

lined in by the compassman
(see Art. 27).

Bp 47475

87. Example of the Use
of the Compass in Railroad
Work.—Suppose CA D, Fig.
& 20, to be the line of a railroad
in operation and that it has
been decided to run a compass

Bellford
.Station

F16. 20 D
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line from the point A, at the end of the curve, along the
valley of the stream X Y to the point B. The bearing of
the straight line 4 D cannot be determined by setting up the
compass at 4, on account of the attraction of the rails. The
direction of this line, however, for the purpose of prolong-
ing it, can be obtained by setting up the compass at 4 and
sighting to the flag held at D. The point 4, which is the
starting point of the line to be run, is marked 0. Producing
D A a distance of 440 feet, the point £ is reached, which has
been previously indicated by the chief of party as a proper
place for changing the direction of the line. The compass
being set up at £, the bearing of the line 4 £, which is the
prolongation of the line D A, is found by backsighting to A,
or, what is preferable, to the point 0, if that point can be seen
from £. It should be remembered that the bearing of 4 E,
or D E, is the reverse of that of £.A4, or £D. The number
of Station £, namely, 4 4 40, and the bearing of 4 £ are
then recorded by the compassman. By this time the chief of
party has located the point # and the flag is in place for sight-
ing. The axmen, if there is work for them to do, are put in
line by the head chainman, clearing only so much as will
interfere with rapid chaining. The bearing of the line £ F
being recorded, the compass is moved to F, replacing the
picket left by the flagman, leveled up and directed toward the
point G. When the chainmen reach £, the number 11 + 20
of this station is recorded by the compassman, the instru-
ment is directed to G, and the work continued as before.

FORMS FOR COMPASS FIELD NOTES

38. Form No. 1, given on next page, is a common
and convenient form for keeping the record, or notes, of a
compass survey. The left-hand half of the diagram represents
the left-hand page of the notebook; the right-hand half, the
right-hand page. The notes are supposed to apply to the field
ABCDE,Fig.21. The corner, or station, A4 is the starting
point of the survey, the courses being run from 4 to B, from
B to C, etc. As in chain surveying, the notes read from
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bottom to top. Opposite the letter denoting a cormer is
given the bearing of the course running from that corner to
the following one, in the order in which the survey was

Fi1e. 21

made. For instance, the bearing N 43° 20/ E horizontally
opposite A4 denotes the bearing of the course 453. The
number opposite a corner in the column of distances is the
distance of this corner from the preceding one.

COMPASS NOTES—FORM NO. 1

The right-hand page is used for remarks and sketches.
When no objects are to be located along the line, as in the
case from A to B, no sketch is necessary. Between B and C,
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a sketch is drawn showing the location of a road and mill
with respect to the line B C. The line being run is usually
represented by the center line on the right-hand page, unless
objects are to be located at great distances on one side of the
former line, in which case
it is represented by a ver-
tical line drawn near the
right or the left edge of
the page, as may be neces-
sary. This is illustrated
by the lines PQ and KL,
which represent parts of
B C and D E, respectively.
A number written in the
column of distances be- .
tween two letters denoting corners, indicates the distance at
which the point horizontally opposite it in the sketch is from
the immediately preceding station or corner. Thus, the num-
ber 100, horizontally opposite P, indicates that the distance
from B to P is 100 feet.

39. Form No. 2 shows a method of keeping compass
notes that is very clear and explicit, and is especially suited
to surveys in which it is not necessary to locate any points
or objects outside the main line. The notes here given are
for the four-sided field represented in Fig. 22.

Fic. 22

COMPASS NOTES—-FORM NO. 2
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The bearing and distance horizontally opposite any of the
courses in the first column are, respectively, the bearing and
length of that course. Thus, the bearing and length of CD
are, respectively, S 80° 00/ E and 287.8 feet.

The lines are supposed to be run in the directions indicated
by the letters: CD is run from C to D, not from D to C.

40. In simple cases similar to the one just illustrated,
the best way to keep the notes is generally to make a sketch
of the field and write along each line its length and bearing.
" See Fig. 22.

41. Form No. 3 is a modification of No. 2, and is
mainly used in railroad surveying. The notes here shown
are those for the preliminary survey described in Art. 37.
Each principal station is denoted by a whole number, as
explained in Art. 34, and each substation by an integer
followed by a decimal, the integer denoting the number of

COMPASS NOTES—FORM NO. 8

Station . Dis-
Bearing tance Remarks

From To

35.75 47.75 | N 25° 40’ E | 12.00 | Sta. 47.75 at end of line.
27.50 35.75 | N 14° 10/ E | 8.25
20.35 27.50 | N 2° 30’ W| 7.15 | Heavy timber.
11.20 20.35 | N 15° 10/ W| 9.15
4.40 11.20 | N 25° 00’ W | 6.80 | Open prairie.

0 4.40 | N 75° 00’ W| 4.40| Sta. 0 is at P. C. of 14°

47,75‘ curve to left at Bellford
Sta. on O. & P. R. R.

the station immediately preceding, and the decimal, the
number of feet from that station to the substation in
question. Thus, Station 27.50 is the same as Station
27 + 50. Distances are given in hundreds of feet. Thus,
the distance from 27.50 to 35.75, which is equal to (35.75
— 27.50) stations, is (8.25 X 100) feet, or 825 feet.



COMPASS SURVEYING

(PART 2)

LATITUDE AND LONGITUDE RANGES

DEFINITIONS AND GENERAL FORMULAS

1. Reference Lines.—For the purposes of platting and
calculation, it is often convenient to locate all the points of
a survey by their coordinates with reference to two coordi-

nate axes perpendic-
ular to each other.
In Fig. 1, 7777 and
G G' are two coordi-
nate axes intersect-
ing at 0. The point
P is located with
reference to these
axes by its perpen-
dicular distances A P
and A’ P, or H P and
OH, from GG’ and
I T, respectively.

2. In surveying,
I'T" usually repre-
sents a meridian,
either true or mag-
netic, according as

.

“
A

the bearings of the courses are referred to the true or to the

magnetic meridian.

Such a meridian is called a reference

COPYRIOHTED BY INTERNATIONAL TEXTBOOK COMPANY. ENTERED AT STATIONERS® HALL, LONDON
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meridian, or principal meridian, while the perpendic-
ular G 7, which is an east-and-west line, is called a reference
parallel of latitude, or principal parallel of latitude.
The reference meridian and parallel are generally, though
not necessarily, taken through the most westerly corner or
station of the tract surveyed.

3. Latitude and Longitude.—The latitude of a point
is the distance of the point from the reference parallel of
latitude. Latitudes are measured along north-and-south
lines. In Fig. 1, the latitudes of the points P, P,, P, are,
respectively, P (= OH'), H. P, (= OH/), and H,P,
(= OHA,). The latitude of a point is a north latitude
or a south latitude according as the point is north or south
of the reference parallel. For the purposes of combining
latitudes by algebraic addition, north latitudes are considered
positive, and south latitudes, negative. Thus, if A P is
360 feet, and A, P, is 525 feet, the latitude of P is said to be
+360 feet, or simply 360 feet, while that of 2, is said to
be —525 feet.

4. The longitude of a point is the distance of the point
from the reference meridian. Longitudes are measured along
east-and-west lines. The longitude of a point is an east
longitude or a west longitude according as the point is
east or west of the reference meridian. East longitudes are
considered positive; west longitudes, negative. In Fig. 1,
the longitude of Pis A’ P (=0 H), and that of P,is —H,' P,

= ~-0H,).

5. Beginning and End of a Line.—The point from
which a line is run and measured is called the beginning of
the line. The other extremity is called the end of the line.
If, for instance, the line P, Fig. 1, is measured from P
to O, and its bearing is taken by sighting from P toward @,
then P is the beginning and Q the end of the line. If the
line is run from Q to A2, the beginning is Q, and the end, 2.
In the former case, the bearing of the line is N 30° E; in the
latter, S 30° W.
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6. Latitude and Longitude Ranges.—The algebraic
difference obtained by subtracting the latitude of the begin-
ning of a line from the latitude of the end of the line will
here be called the latitude range of the line. Likewise,
the algebraic difference between the longitude of the end
and the longitude of the beginning of the line will be called
the longitude range of the line. It should be kept in mind
that in obtaining these differences, the coordinate (latitude
or longitude) of the end of the line is the minuend, and that
of the beginning of the line, the subtrahend; also, that the
subtraction is algebraic, latitudes and longitudes having the
signs explained in Arts. 8 and 4. '

Referring again to Fig. 1, the latitude range of PQ is
KQ—- HP = HD — HP = PD. The longitude range
is K’Q—-—HP =K Q—K'D = DQ. If the line had
been run from Q to P, its latitude range would have been
HP — KQ =KE - KQ=—-EQ = —PD; and its
longitude range, A'P— K'Q = H/'P—- HE = —EP
= _D Q-

As will be observed, any line, as P, is the hypotenuse
of a right triangle whose legs are the latitude range and .
the longitude range of the line (P£ and £ Q, in the case
of PQ). The latitude range indicates how far the end of
the line is north or south of the beginning; and the longi-
tude range, how far the end of the line is east or west of
the beginning, or of the meridian passing through the
beginning. The latitude range is positive, and is called a
north latitude-range, or a northing, whenever the line
bears north; it is negative, and called a south latitude-
range, or a southing, whenever the line bears south. The
longitude range is positive, and is called an east longitude-
range, or an easting, when the line bears east; it is nega-
tive, and called a west longitude-range, or a westing,
when the line bears west. Thus, the latitude and the longi-
tude range of PQ are, respectively, + 2D and +D Q; those
of QP are —QF and —FE P. Likewise, the latitude range
of P, O, is — P, D,, because the end of the line is south of
the beginning. The longitude range is +.D, Q,, because the
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end of the line is east of the beginning. These values may
be verified by observing that the latitudes of 2, and Q, are,
respectively, — A, P, and — A, D,, whose algebraic difference
is -4, D, —(—-H,P) = —H, D, +H, P, = —P, D,; and
that the longitudes of P, and Q, are, respectively, + &P,
and + X,/ Q., whose difference is equal to D, Q..

Note.—In older books, and in some modern books, the term /afifude
is applied to what has here been called /afi{ude ramge; while what is
here called /longitude range is in them called departure. The expres-
sions latitude difference and longiiude differemce are sometimes used
instead of latitude ramge and lomgitude ramge, respectively.
7. General Formulas.—Let 4 B, Fig. 2, be a course
whose length is /, and whose bearing is G. In the right
’ Btrian le AM B, in which 4 M is the
direction of the meridian through A, the
latitude range 4 A/ and longitude range
M B are denoted by ¢ and g, respect-
ively. From trigonometry, we have,

¢ t=1lcos G (1)

4 g=1sinG (2)

These formulas serve to compute the
ranges when the length and bearing
of the course have been measured.
Special care should be taken to give ¢

4 Fro.2 and g their proper signs, ¢ being positive

) when G is north (that is, either north-
east or northwest) and g being positive when G is east (that
is, either northeast or southeast). When G is south (that is,
either southeast or southwest), ¢ is negative; and when G is
west (that is, either northwest or southwest), g is negative.

If ¢ and ¢ are given, G is found by the formula

tan G = f (3)

and / by either of the formulas following:
__£

! == (4)

l=r+g (8)

In applying formulas 3 and 5, the signs of ¢ and g should
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be disregarded;. that is, both / and g should be treated as
positive. .

ExaMpLE 1.—The length of a course is 896.7 feet, and its bearing
N 39° 15 W; what are the ranges of the course?

SorurioN.—Here / = 896.7 ft., and G = 39° 15/. Since the bearing
is northwest, its latitude range is positive, and its longitude range,
negative. We have, then, applying formulas 1 and 2,

¢t = 896.7 cos 39° 15 = 694.4 ft. Ans.
£ = —8096.7 sin 39° 15/ = —b67.4 ft. Ans.

In calculations of this kind, logarithmic functions should
be employed in preference to natural functions. The work
is conveniently arranged by writing first the logarithm of the
length of the course, then writing the logarithmic sine of
the bearing over it, and the logarithmic cosine of the bearing
under it, and adding upwards in one case and downwards
in the other, as follows:

logg =275385; g = 667.4 ft. Ans,
logsin39°15 =180120
log 896.7 = 2965265
log cos 39° 15/ = 1.88896
log?z=284161; £ =694.4 ft. Ans.

ExAMPLE 2.—The latitude range and the longitude range of a
course are, respectively, —13.71 and —9.38 chains; find the bearing
and length of the course.

SoLuTION.—Since both ranges are negative, the course bears south-
west. Neglecting signs, we have, by formulas 3 and 4,

- 9.38 — 340 9%/
tan G BT whence G = 34° 23'. Aans.
9.38
= o3 = 16.61 ch. Ans.

The logarithmic work is conveniently arranged as follows:
log/=122036; /= 16.61. Aus.
logsin 84° 23 = 1.765184
log9.38 =097220
log13.71 = 1.13704

logtan G = 1.83516; G = 34° 28, Ans.

The logarithm of 9.38 is written first, and under it that
of 13.71. The difference between these two gives the
logarithmic tangent of G, from which G is determined. At

the same time that G is taken out of the table, its logarithmic
115—20
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sine is taken and written above that of 9.38; it is then sub-
tracted from the latter logarithm to obtain the logarithm of /.
For the purpose of finding /, it is better to take G to the
nearest minute, as this does not involve any additional work;
but, as bearings are taken to the nearest quarter of a
degree, the bearing of the line would be stated as S 34° 30 W.

EXAMPLES FOR PRACTICE
NoTE.—Bearings are given to the nearest quarter of a degree.

1. Thelength of a course is 19.83 chains, and its bearing N 18° 15 E;

find the ranges of the course. A { ¢t = 18.83 ch.
ns.
g = 6.2 ch.

2. A line 649 feet long bears S 5° 45’ E; find its ranges.
Ans.{ t = —645.7 ft.

£ = 65.0 ft.
3. Find the ranges of a course 3.33 chains long and bearing
N 73° 30 W. ¢ = .95 ch.
Ans {7 2 P55 en,
4. The length of a course is_197 feet and its bearing is S 53° 45 W;
find its ranges. t = —116.5 ft.
Ans.\p — _ 1589 £t

6. The latitude range and longitude range of a course are, respect-
ively, —3.17 and —4.25 chains; find the length / and the bearing G

of the course. / = 5.30 ch.
Ans{C 2S5 1y W

BALANCING THE COMPASS SURVEY OF A
CLOSED FIELD

ERROR OF CLOSURE

8. Definitions.—Let 4 BCD E, Fig. 3, be a closed
field, O 7 a reference meridian, and O G a reference parallel
of latitude. It is obvious that, if all the courses and bear-
ings were determined with absolute exactness, and a plat of
the field made, the end (say 4 ) of the last line would coin-
cide with the beginning of the first. Under such conditions,
the survey is said to close. As, however, no measure-
ments are free from error, and as the compass is read only
to the nearest quarter degree, a survey never closes. When
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the notes are platted the end of the last line does not coin-
cide with the beginning of the first. This condition is shown

in Fig.4,where A Bis
the first line as platted
from the notes, and
E A, the last.

The distance 4, A
from the end of the
last line to the begin-
ning of the first is
called the total er-
ror of closure. The
ratio of the total error
of closure to the sum
of the lengths of all
the courses expresses
the error per unit of
length, and will here

F16.8

be called the relative error of closure, or the rate of
error. For example, if the sum of the lengths of the sides

F16. 4

of a survey is 3,575
feet, and the total
error of closure 4, 4,
Fig. 4, is 6.5 feet,
the relative error is

65 _ 1
3,575 550
or 1 in 550.

In ordinary com-
pass surveying, a rel-
ative error of 1 in 500,
or .002, should not
usually be exceeded.

9. Conditions
of Closure.—Refer-

ring again to Fig. 3, it will be observed that the sum £/’
of the northings, or north latitude-ranges, £/ A/, A' B,
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and &’ C’ is numerically equal to the sum C £’ of the south-
ings, or south latitude-ranges, ' [’ and [’ £’. It may be
shown in like manner that the sum of the eastings is numer-
ically equal to the sum of the westings. This is otherwise
evident, since, in moving around the field from one point
back to the same point, one must move as far in one direc-
tion as in the opposite.

In order that a survey may close, it is, therefore, neces-
sary and sufficient that the sum of the northings should be
equal to the sum of the southings, and that the sum of the
eastings should be equal to the sum of the westings; or, what
is the same thing, that the arithmetical difference between
"the sum of the northings and the sum of the southings should
be zero, and the arithmetical difference between the sum of
the eastings and the sum of the westings should be zero.

If the south latitude-ranges are considered negative, the
arithmetical difference between the sum of the northings and
the sum of the southings is simply the algebraic sum of all
the latitude ranges. Likewise, if the west longitude-ranges
are considered negative, the arithmetical difference between
the sum of the eastings and the sum of the westings is the
same as the algebraic sum of all the longitude ranges. We
may, therefore, say that, in order that a survey may close, it
is necessary and sufficient that the algebraic sum of the longi-
tude ranges and that of the latitude ranges should both be zero.

10. Let S, be the algebraic sum of all the latitude ranges
and S, the algebraic sum of all the longitude ranges. The
conditions of closure are expressed algebraically by the
following equations.

St = 0, S, = 0

11. Formula for Relative Error of Closure.—As
stated in Art. 8, the conditions S, = 0, S, = 0 never obtain
in practice. In Fig. 4, for example, the sum of the north
latitude-ranges is £/ 4,/ + A’ C' = E' C' — A, A’, and that of
the south latitude-ranges, —(C' DY + D' E') = —E/C’'. In
this case,

S =EC~A'A+(—-E'C) = —-A'A.
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It will be observed that S, is numerically equal to the
latitude range A, A of the closing line 4,4, but has the
opposite sign. Likewise, .S, is numerically equal to the lon-
gitude range A A of A,'A, but has the opposite sign; that
is, S, = —H A. It should be borne in mind that A A4, being
a westing, is negative, and that, therefore, — A4 A4, or S,, is
positive. This is evident from the figure, which shows that
the sum of the eastings is greater than that of the westings.

It is thus seen that the closing line is a course whose
latitude range is equal to the algebraic sum of all the lati-
tude ranges with its sign changed, and whose longitude
range is equal to the algebraic sum of all the longitude
ranges with its sign changed.

_The right triangle 4, H A gives,
AA=VNAH + HA = NS} + S/

The signs of S, and S, may be disregarded in this equation,

since the square of a negative quantity is always positive.

If the sum of the lengths of all the courses is denoted by S;,
and the relative error of closure by ¢, we have,

_ A4 _ NS’ +S, =A\/s,'+s,'

e

Sl S[ Sl.
or, finally e = (%'>' + (%)‘
4 4

The application of this formula, and the advantage of
having it in this form, will be illustrated presently.

FIRST METHOD OF BALANCING A COMPASS SURVEY

12. Definition.—For the purposes of platting the notes
and calculating the contents of a closed field, it is necessary
to adjust the notes so that the plat shall close; that is, so
that the algebraic sum of the latitude ranges and the alge-
braic sum of the longitude ranges shall both be zero. The
process of effecting this adjustment consists in applying
certain corrections to the ranges, and is called balancing
the survey, although it might more properly be called
balancing the notes.
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13. Correcting the Ranges.—When all the lines have
been measured under similar circumstances, and there is no
reason to think that certain lines are more likely to be
in error than others, the total error-in the sum of the ranges
of either kind (latitude or longitude) is distributed among
the ranges of the various courses by means of the following
principle:

The algebraic sum of all the ranges of either kind is to the sum
of all the coursesas the corvection to be applied to the corresponding
range of any course is to the length of that course.

Let S, S,, S: be, as before, the sum of the latitude ranges,
that of the longitude ranges, and that of the courses, respect-
ively; / the length of a course, ¢ its latitude range, g its
longitude range, and ¢, and ¢, the corrections to be applied
to ¢ and g, respectively. The principle stated above may be
expressed algebraically as follows:

S _ 6. Se _ G
S IS !
From these equations are derived the following convenient
working formulas:

— I
ft—lel (1)

o = lx%" (2)

In applying these formulas, the value of %’ and that of Se
I3

S:
are first calculated; then the length of each course is multi-

plied by the value of :—gf in order to obtain the corrections for
s

the latitude ranges, and by the value of ‘—gf, in order to obtain
s

the corrections for the longitude ranges. The ratios ‘—§—5
U

and%‘ serve also to compute., by formula of Art. 11, the
/]

relative error of closure, and to determine the corrections io
be applied to the lengths of the courses, as will be explained

presently.
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In all cases, the corrections ¢, and ¢, are to be subtracted
algebraically from # and g, respectively, it being understood
that S, and .S, have their proper signs, and that all the
operations are performed algebraically.*

14. Correcting the Lengths of the Courses.—The
corrections applied to the ranges will generally alter the
lengths of the courses. Since any course is the hypotenuse
of a right triangle whose legs are the ranges of the course,
its corrected length may be obtained by taking the square
root of the sum of the squares of the corrected ranges.

If # and g’ denote, respectively, the corrected latitude
range and longitude range of a course, we have, for the
corrected length / (see formula 5, Art. 7),

V=t yg"

The corrected length of a course may, however, be more
.readily computed by means of the following formula:t

*The reason for this will be readily seen by considering the correc-
tion ¢, to be applied to the latitude ranges. If the arithmetical sum of
the northings is greater than that of the southings, the northings must
be decreased and the southings increased, arithmetically; but, as the
southings are negative latitude ranges, increasing them arithmetically
is dccreasing them algebraically. Thus, if a southing is changed
from —-12 to -—12.06, it is increased arithmetically by .06, and
decreased algebraically by .06, since —12.06 = —12 — .06. In the
case under consideration, S; is positive, and so is / XE = ¢, since
/ and S; are always positive. Therefore, subtracting ¢, from a north-
ing will make the northing smaller arithmetically, and subtracting
it from a southing will make the southing smaller algebraically, but
greater arithmetically.

If the arithmetical sum of the southings is greater than that of the
northings, the southings must be decreased arithmetically and the

.
S
Now, subtracting the negative quantity ¢, from a northing, which is

sitive, makes the northing greater; and subtracting it from a south-
ing, which is negative, makes the southing algebraically greater, but
arithmetically smaller. Thus, if the value of ¢, is —1.5, and the
latitude range to which the correction is to be ;gplied is — 123.5, the
result is —123.6 —(—1.6) = —123.5 + 1.5 = —122, which is algebraic-
ally greater, but arithmetically less, than —123.5.

porthings increased. In this case, S; is negative, and so is / X = ¢,

1This formula was first given and derived by Antonio Llano, in
Engineering News for November 23, 1899.
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Cl=1X§+g’X§‘
S 1

in which ¢; = correction to be subtracted algebraically from
measured length of course, as recorded in
field notes;
t = latitude range of course;
£ = longitude range of course;
S, S;, S., the same as in previous articles.
The student should not forget that ¢, S, £, and .S, must be
taken with their proper signs.

ExaMpPLE.—The table given below contains the bearings and lengths
of the courses of a cpbmpass survey. The lengths, as measured, and
the ranges, as calculated from the measured lengths and bearings, are
printed in large type horizontally opposite the letters denoting the cor-
responding corners. Above these numbers are written in parentheses,
and in smaller type, the corrected values of the 'lengths and ranges.
The problem is to determine these corrected values and the relative
error of closure.

Norr.—In practice, the corrected values are written in red ink above the original
values, the latter being crossed out.

Latitude Ranges Longitude Ranges
Courses | Bearings Lengths
Chains
N, + S, - E.+ W, -
(10.62) (6.7) (8.34)
AB |[N5B2°0 E| 10.63 6.54 8.38
(4.08) (3.55) (a.01)
BC |S20°46 E 4.10 3.56 2.03
(7.69) (6.51) (4.08)
CD |S31°46/'W| 7.69 6.54 4.05
(7.16) (3.49) (6.27)
DA INBI°OOYW| 7.13 3.46 6.24
29.55 10.00 10.10 10.41 10.29
(=S) | —10.10 —10.29
—.10 +.12
(=S (=S,)

SoLuTiON.—(a) 7o determine the corvected latitude ranges. Here the
sum of the courses, or S;, is 290.55. The sum of the northings is 10.00,
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and that of the southings is —10.10. For the algebraic sum of the
latitude ranges we have, therefore,
Se = 10.00 +(—10.10) = —.10
To apply formula 1, Art. 13, we have
5= %85 - 59

As the corrections are very small, and the work need not be
absolutely accurate, we may write 3,000 instead of 2,955. This gives,

Applying formula 1, Art. 13,
¢ for AB =10.63 X —.003 = —.03
It will be observed that 15 of 10.63 is .010683, and therefore 10.63
X .003 = .01063 X 3. As the calculation is not to be carried beyond
links, or hundredths, it is sufficient to multiply .0106, or say .011, by 3.
A little attention to these details of calculation will shorten the work
considerably. Likewise,

¢ for BC = 4.10 X —.003 = —.01
c for CD = 769X —.003 = —. (See below)
cforDA =713 X —.003 = —.02

The sum of these corrections should be equal to S;, or —.10, but is
only —.08. We must, therefore, apply a correction of .01 to two of
the ranges. As the lengths of the third and fourth courses are nearly
equal, we shall add arithmetically 1link to the correction for C.D and
that for D A4, writing

¢ for CD = —.03
and cforDA = —.03

As stated above, this kind of work is comparatively rough, and
therefore does not require very exact calculations.

Subtracting algebraically the corrections just found from the corre-
sponding latitude ranges, the corrected ranges are found to be,

for A B, 6.54 - (—.03) = 6.54 + .03 = 6.57
for BC, —-3.56 — (—.01) = —3.66 + .01 = —3.56
forCD, -6.54 — (—.03) = —6.54 + .03 = —6.51
forDA4, 3.46—(—.03)=3.46+ .03 = 3.49

These are the corrected values written in parentheses above the
original values. In practice, the correction can always be applied
mentally.

(8) To determine the corrvected longilude ranges. Here the sum of
the eastings is 10.41, and that of the westings, —10.29. Therefore,

Se = 10.41 — 10.29 = .12

Se o 12 _ 12 anly) = 004

and S T 2955 3,000
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Applying formula 2, Art. 13,

cgfor AB = 10.63 X .004 = .04
¢ for BC = 4.10X .004 = .02
cefor CD = 7.69X.004 =.03
cgforDA = 7.13X.004 =.03
12
The corrected longitude ranges are,
for A B, 8.38— .04 =8.34
for BC, 2.03-.02 =201
for CD, - 4.06 — .03 = —4.08
forDA, —6.24 — .03 = —6.27

(¢) To determine the corvected lengths of the courses. To apply
formula of Art. 14, we have,

Si Se o
5= .003, 5 .004
Then, remembering that all the quantities in the formula are alge-

braic, and that southings and westings are negative,
¢ for AB = 6.54 X —.003 + 8.38 X .004 = .01
¢ for BC = —3.66 X —.003 + 2.03 X .00¢ = .02
¢ for CD = —6.54 X —.003 — 4.05 X .004 = .00, practically
ciforDA = 8.46 X —.003 — 6.24 X .00 = —.03
Subtracting algebraically these corrections from the lengths of the
courses, we find,
corrected length of 4 B = 10.63 — .01 = 10.62
corrected length of BC = 4.10 — .02 = 4.08
corrected length of CD = 7.69 — .00 = 7.69
corrected length of DA = 7.13 — (-.03) = 7.1

(d) To determine the relative error of closure. The formula of
Art. 11 gives - o
e= V003" +.004* = v.000025 = .005
This error is 5 in 1,000, or 1 in 200, and is greater than would be
allowed in any but exceedingly rough work.
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EXAMPLE FOR PRACTICE

The table given below contains the lengths and bearings of the sides
of a five-sided field, and also the values of the ranges as computed from
the original notes, the corrected values of the ranges, and those of the
lengths. Verify: (a) the original values of the ranges; (4) the cor-
rected values of the ranges; (c) the corrected values of the lengths.
(d) Calculate the relative error of closure. Ans. (d)e =.002

Length Corrected|Corrected|Corrected

Course Bearing Chains t £ P z Length

AB [N41°30E | 10.47 |+ 7.84|+ 6.94|+ 7.85 |+ 6.96 | 10.49
BC [N75°15'E | 11.86 [+ 3.02|411.47|+ 3.03 |+11.49 | 11.89
CD | S20°45'E | 11.64 | —10.88 | 4+ 4.12{ —10.87 |+ 4.14 | 11.64
DE | Ss57°45’W| 15.78 |— 8.42| —13.35| — 8.40 | —13.32 | 15.74
EA |N48°00'W|12.52 [+ 8.38| — 9.30|+ 8.39 | — 9.27 | 12.51

SECOND METHOD OF BALANCING A COMPASS SURVEY

15. Weighting the Courses.—The rule given in
Art. 13 should not be followed when there is reason to
believe that some courses are more likely to be in error than
others, as when some of the lines have been measured over
rough and broken country, while the others have been meas-
ured over smooth and open ground. In such a case the
greater part of the error will probably occur in the lines
measured under unfavorable conditions, and consequently a
greater correction should be applied to those lines. The
best method of balancing a survey of this kind is to state, in
numbers, the probability of error in each course, as compared
with the probability of error in any one of the courses, whose
probability of error is taken as unity. These numbers are
called welghts of the courses. Usually, the line that has been
run under the most favorable conditions is assumed to have
a weight of 1. Then, if another line of the survey has been
run under such conditions that it is probable that three times
as much error has been made as in the same distance on the
line whose weight is 1, the second line will have a weight
of 3; and, similarly for the other courses. This assigning of
weights to the courses is termed weighting the courses.
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It should be done during the field work or immediately after
it is finished, while an accurate judgment can be formed con-
cerning the difficulties in the measurement of each line. The
weights should be entered in the notes.

16. Balancing a Survey by Welghted Courses.
When the courses of a survey have been weighted, the
survey is balanced by formulas similar to those given in
Arts. 13 and 14; but, whenever the length of a course
occurs in those formulas, it should be replaced by the
product of that length by the weight of the course.

Let / and w be, respectively, the length and weight of a
course; S» the sum obtained by multiplying the length of
each course by its weight and adding the resuits. The other
letters having the same meanings as in previous articles,
we have:

o = lwxgﬁ (1)
6 = lwx e (2)
Sw

The correction ¢; to be applied to the length of the course
is given by the formula

S S, )
= (/7 = = 3
a (xs~+gx5~w (3)
These corrections are to be subtracted algebraically from
the corresponding guantities.

CALCULATING AREA OF A COMPASS SURVEY.

PRELIMINARY OPERATIONS

17. To Determine the Most Westerly Corner of a
Field.—It is sometimes convenient to take the reference
meridian through the most westerly corner of the field sur-
veyed. This corner is very easily determined from the
corrected longitude ranges as follows:
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Let ABCDEFG A, Fig. 5, be the field. Imagine a refer-
ence meridian SV passed through any of the corners, as B.
The longitude of the next corner C is C, C, which is equal to
the longitude range of 2 C. The longitude of D is D, D,
which is equal to D, C/, or C, C, plus C’ D; that is, the longitude
of D is equal to the longitude of C plus the longitude range

N

/

g

E e e e e

- (S I N

[ F16.5

of CD. The longitude of £ is £, E, which is equal to £, 2V,
or D, D, minus IV E, or to D,D + (— D' E); that is, the
longitude of £ is equal to the longitude of D plus the longi-
tude range of D E.

In general, the longitude of the end of any course is equal
to the algebraic sum of the longitude of the beginning of the
course and the longitude range of the course. The longitude
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of A, for instance, is —A4, 4; that of G is G, G, and we have
—A4, 4= —(G'A—-A4A,G) = —(G'A—-G.G) = G.G
—G'A=G.G+(—G'A4).

To determine the longitudes of all the corners, the longi-
tude range of the first course B C from the auxiliary reference
meridian is written down as the longitude of the second
corner C; to this is added, algebraically, the longitude range
of the next course C D, to obtain the longitude of the third
corner D. To the result is added the longitude range of
the next course D £ to obtain the longitude of the fourth
corner £; and so on.

Having determined the longitudes of all the corners, the
corner whose west longitude is arithmetically greatest is the
most westerly. Should it happen that the longitudes of all
the corners are positive, this would indicate that the corner
through which the auxiliary reference meridian was passed
is the most westerly. In the actual application of this
rule, it is not necessary to draw the auxiliary reference
meridian S A, Fig. 5, nor even to make a diagram at all.
Any course may be called the ““first course,’”’ and the longi-
tudes of the corners may be determined as above, by a simple
process of successive additions. As a check on the work, the
longitude of the last corner A, Fig. 5, should be arithmetic-
ally equal to the longitude range of the last course, but have
the opposite sign. Thus, in Fig. 5, the longitude of 4 with
reference to SV is —A4, A, while the longitude range of 4 B
is +4, A.

ExaMPLE.—The longitude ranges of a six-sided field being as given
below, it is required to determine the most westerly corner of the field.

Course L(;::;t::e
AB +37.19
BC —43.16
cD —18.94
DE +29.18
EF —24.73
FA +20.46
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SoLuTION.—Starting with 4 B as the first course, the operations are
arranged as follows (Long. stands for longyfude, and R. for range):

+37.19 = Long. of B

Long. R. of BC =-43.16
— 5.97 = Long. of C

Long. R. of CD = -1894
. —24.91 = Long. of D

Long. R. of DE =+29.18
%+ 427 =Long. of £

Long. R.of EF = -24.73

—20.46 = Long. of F
= —(Long. R. of FA4)

As the longitude of D is the (arithmetically) greatest westing, D is
the most westerly corner. Ans.

In the majority of cases, the most westerly corner can be at once
ascertained from an inspection of the longitude ranges. Thus, in the
present case, it is seen that since the easting of 4 B is about 37, and
the westing of B C about 43, the corner C is about 6 chains (= 43
— 37) west of A. As D is about 19 chains west of C, it is about
25 chains west of 4. From D, we go about 29 + 20 (ranges of D E
and FA) or 49 chains toward the east, and only go back about 25
chains (range of £ F) toward the west, so that we still remain east of D.
This corner is, therefore, the most westerly.

EXAMPLE FOR PRACTICE

Determine the most westerly corner of the eight-sided tract whose
longitude ranges are as given below:

Course Long. R. Course Long. R.
I

AB —1I1.34 EF | +16.64

BC +12.03 FG —19.50

cDh - 9.76 GH T = 9.35

DE + 8.3r1 HA +12.97

Ans. The corner A.

18. Longitude and Double Longitude of a Course.
The longitude of a [line is the longitude of its middle
point. In Fig. 6, where SNV is the reference meridian,
and X, L, P, Q are the middle points of 4 B,BC,DE,EA,
respectively, the longitudes of these courses are K, K, L, L,

PIP,QIQ°
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The double longitude of a line is, as the name implies,
twice the longitude of the line.

19. Again referring to Fig. 6, it will be noticed that,
since BB, C,C is a trapezoid, and L, L bisects 2 C and is
parallel to C, C and B, B, we have

L.L = B, B-2i- G C
and, therefore, 2L,.L =B, B+CC

That is, the double longitude of B C is equal to the
N sum of the longitudes
ﬂ . of its extremities. The

same principle evidently
applies to all other

) k4 courses.

L i Let the longitude
B"““‘BI ranges of the courses
: AB, BC, CD, etc. be

D denoted, respectively,
K k by g., £. £, etc., their
double longitudes by
M, M, M, etc., and

;" the longitudes of the
! corners B, C, D, etc.
" 0 by m,m,m,, etc. The
1 numbers on the corners

will serve to make this

4 . .
¥ notation clear and easily
remembered.
) Fro. 6 Taking the course

D E, the longitudes of
whose ends are m, and m,, and whose longitude range is g.,
we have (see Art. 17)
me = M, +g0
Likewise, m, = m,+ g,
Adding these two equations,
ms+ m, = m,+ m, +ga +gc
But m, + m, is the double longitude A, of D E, and m,
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-+ m, is the double longitude A7, of CD. Substituting these
values in the preceding equation, the result is

M = M, 3 +g 3 +g .
As DE is any course, this formula may be stated in words
thus: )

The double longitude of any course is equal to the double longi-
tude of the preceding course, plus the longitude vange of the
preceding course, plus the longitude range of the course considered.

This principle affords a very simple method of computing
the double longitudes of the courses. The double longitude
of the first course 4 B is obviously equal to the longitude
range B, B, or g,, of that course. The other double longi-
tudes can be calculated by arranging the work in the general
manner indicated below (D. Long. stands for double longitude):

&, = D. Long. of A B
+£
+a
M, = D. Long. of BC
+£
+e
M, = D. Long. of CD
+£
g
M,
+£.
g
M, = D.Long.of EA (= —g))
The additions are, as usual, performed algebraically. As

a check, the double longitude of the last course must be
equal to the longitude range of that course.*

D. Long. of DE

*The reason for this is that, to obtain M,, all the longitude ranges
are added twice, except the last; that is,
My = 2, +2g.+21.’n+2g. + £
By adding and subtracting g,, this may be written
M, = 2(g, + gt gt g+ g)—g .

As the quantity in parentheses is the algebraic sum of the adjusted
longitude ranges, it is equal to zero (Art. 12), and therefore M, is
equal to —gs.

116—21
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ExaMPLE.—Find the double longitudes of the courses of a five
sided field from the following notes, the reference meridian passing
through the most westerly corner A:

Longitude Ranges
Feet
Courses

E, + W, -

A5 9.73

BC 8.41
cDh 7.18
DE .79
EA 10.17

SoLUTION.—Denoting the longitude ranges of 4B, BC, etec.
by £, £», etc., and arranging the work as indicated in this article,
we have:

5= 9.73 = D.Long.of 4 B
&5 = 9.73
& = 841

2787 = D. Long.of BC
& = 841
gH=— 1718

29.10 = D.Long.of CD
H=— 1718
ge=— .79

21.13 = D.Long.of DE
ge=— .79
& =-1017

1017 = D. Long. of £EA

—(-10.17)= —g,. Ans.

In adding several numbers having different signs, those
having one sign are added first, then those having the
opposite sign, and then the two results are combined by
algebraic addition.
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EXAMPLE FOR PRACTICE

Verify the values of the double longitudes given in the following
table, the reference meridian passing through A4:

Longitude R Double Longitudes
Courses Peet Feet
AB + 7245 + 724.5
BC —1,002.0 + 447.0
cD —1,276.0 —1,831.0
DE - 3725 —3,479.5
EF +4.431.0 + 579.0
FA —2,505.0 +2,505.0

COMPUTING THE AREA
20. General Rule.—Let SW, Fig. 7, be a reference

meridian passing through the
most westerly corner of the
field A BCDE. The lines
BB, CC, KK, etc. are
perpendicular to S/AN. The
courses are supposed to have
been run in the order of the
letters; that is, from A4 to B,
then to C, and so on. Their
latitude ranges are there-
fore equal, respectively, to
—AB., B; C., Cl Dn _D: E,,
and —E£,4. The middle
point of DE being K, the
length of K K, is the longi-
tude of D E.

The area of ABCDEA
is obviously equal to the
sum of the areas of the trape-
zoids BCC, B, and CD D, C,
minus the sum of the tri-
angles A BB, and EAE,, and

A

)

w0

L

N

CH

P10.7
the trapezoid D £ £, D,. The area of the latter trapezoid is
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equal to X, K X D, E,; or, disregarding signs, equal to the
longitude of D £ multiplied by the latitude range of the same
course. It is easy to see that the same rule applies to every
other trapezoid, such as B CC, B,, and to the triangles .4 B B,
and £ A4 E,. The area of 4 B B,, for instance, is equal to
the altitude 4 B, (= latitude range) multiplied by 4 5B, 8
(= longitude of 4 B).

If the area of the field is denoted by .S, and the double
longitudes of 4 B, B C, etc. by M,, M,, etc., the longitudes
of these courses will be A—g!, /_’/2_-, etc., and we shall have,

S=BCCB+CDD,C—-ABB, —EAE, -DEE, D,

=B.c,x%+c.0.x%—AB.x%‘_E.Axﬂ’_-
-DIEIX%

=4¥B.CXM,+C D XM, —AB, XM, — E,AX M,
— D, EXM,)

As B, C, CD, —AB, —E, A, etc. are the latitude
ranges of the courses, the quantity in parentheses is the alge-
braic sum of the products obtained by multiplying the lati-
tude range of each course by the double longitude of that
course; hence the following general method for determining
the area of a field:

Rule.-—Multiply the latitude range of each course by the
double longitude of the course, giving lo the product its proper
sign, according to the signs of the factors. Add these products
algebraically, and divide the sum by 2.

The products just referred to are called double areas,
as each represents twice the area of a trapezoid or a triangle.
Thus, the product 4 B, X M, represents twice the area of the
triangle 4 B B,.

The sign of the final result may be negative; but, as it
simply indicates the relative positions of the positive and
negative areas, it may be disregarded, and the arithmetical
difference taken between the sum of the positive and that of
the negative products, subtracting the smaller from the larger.
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21. Arrangement of the Work.—The work is con-
veniently arranged as in the table given below, which refers
to a six-sided field, the reference meridian passing through
the most westerly corner A4.

Longitude Latitude Double Areas
Courses Ranges Double Ranges
Chains Longitudes Chains + -
AB +27.4 + 27.4 +27.2 745.28
BC +63.2 +118.0 —23.8 2,808.40
cD +13.1 +194.3 —37.5 7,286.25
DE —33.1 +174.3 —33.3 5,804.19
EF —50.1 + or.1 +24.1 2,195.51
FA —20.5 + 20.5 +43.3 887.65
3,828.44 15,898.84
3,828.44
2)12,070.40
S = 6,035.20
sq.ch,
= 603.52 A.

The double longitudes are calculated as explained in
Art. 19, Each double longitude is muitiplied by the lati-
tude range on the right of it and the product placed in the
double-area column under the proper sign.

22. Position of the Reference Meridian.—In calcu-
lating areas, it is not necessary to take the meridian through
the most westerly corner. The double longitudes may be
computed from any corner, provided that they are given their
proper signs, and that the signs of the double areas are given
their algebraic significance according to the signs of the
double longitudes and of the latitudes. The advantage of
passing the meridian’ through the most westerly corner is
that the double longitudes are all positive.
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EXAMPLE FOR PRACTICE
Compute the area of the field to which the following notes refer:

Ans. 216.2 A,
Latitude Ranges Longitude Ranges
Courses Peet Feet
AB —2,343.0 + 235
BC —3,416.0 +2,342
cD + 876.5 —1,964
DE - 674.5 —2,878
EA +5,557.0 +2,265

PLATTING BY LATITUDES AND LONGITUDES

23. Latitudes of Corners.—If a reference parallel of
latitude is passed through any corner of a field, the latitudes
of all the corners, with respect to that parallel, are deter-
mined by the same general rule used for the determination
of the longitudes of the corners (Art. 19); that is, if, start-
ing at the corner through which the parallel passes, the
courses are taken in the order in which they were run, the
latitude of the end of the first course is equal to the latitude
range of that course; the latitude of the end of the second
course is equal to the latitude of the end of the first course
plus the latitude range of the second course; and, in general,
the latitude of the end of any course is equal to the latitude
of the beginning of the course plus the latitude range of the
course. Usually, the reference meridian and the reference
parallel of latitude are passed through the same corner.

ExAMPLE.—To determine the latitudes and longitudes of the cor-
ners of the field to which the following notes refer, the reference
meridian and parallel passing through the corner A:

Courses Latitude Ranges Longitude Ranges
AB + 48.27 — 41.73
BC + 17.66 - 37.18
CcD - 30.25 - 14.92
DE —106.67 +121.17
EF + 96.49 + 75.85
FA — 25.50 —103.19
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SoruTioN.—The operations and results are indicated by the follow-
ing arrangement (Lat. stands for /atifude and R. for range):
LATIiTUDES

Lat. R.of AB=+4+ 4827 =Lat. of B
Lat. R.of BC=+ 17686

+ 6593 =Lat.of C
Lat. R.of CD = - 30.25

+ 35.68 =Lat.of D
Lat. R.of DE=-10667

7099 = Lat. of £

Lat. R.of EF =4+ 9649
"4+ 2550 =Lat.of F
Lat. Rof FA = - 2550
00.0 0 = Lat. of 4
LONGITUDES

Long. R.of AB = — 4173 =Long. of B

Long. R.of BC = — 37.18
— 7891 =Long. of C

Long.R.of CD = — 1492
9383—Long ofD

Long. R.of DE = +l2ll7
+ 2734 = Long. of £

Long. R.of EF=+ 7585
+1083.19 =Long. of F

Long. R.of FA=-103.19
000.00 = Long.of 4

It will be observed that both the latitude and longitude
of A, as calculated from the preceding latitudes and longi-
tudes, should be zero. This is a check on the calculations.

24. Application to Platting.—Having computed the
latitudes and longitudes of the different courses, a plat of
the field is very conveniently made as follows:

Draw a light pencil line' S, Fig. 8, to represent the
reference meridian, in such position that the plat will be
as nearly in the center of the sheet as can be estimated from
an inspection of the notes, or from a rough sketch previously
made. On this meridian, mark the corner 4 from which
latitudes and longitudes are reckoned; that is, through which
the reference parallel of latitude is supposed to pass. From
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A, lay off on SNV distances A4 B,, A4 C,, etc. equal to the lati-
tudes of B, C, etc., upwards, if the latitudes are positive;
downwards, if they are negative. Through the points B,,(,
etc., draw light pencil lines B, B/, C, C’, etc. perpendicular
to S/, and on them lay off distances B, B, C, C, etc. equal
to the longitudes of the corners: to the right for positive
longitudes, and to the left for peggtive longitudes. The

N
’ C
2
, B
[}
DL D
F F o
' -
7
E E
8
PF1G. 8

polygon A BCD E F A formed by joining the points 4, B, C,
etc. is the required plat of the field.

The reference meridian and parallel are often passed
through the most westerly corner of the field. When, how-
ever, the field extends a great-distance east and west, and
the scale is large, it is preferable to pass the reference lines
through a corner about half way between the most westerly
and the most easterly, as illustrated in Fig. 8.
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VARIATION OF THE NEEDLE

25. Declination of the Needle.—It has been stated-
that the magnetic meridian is the direction of the magnetic
needle, that the true meridian is a true north-and-south line,
and that these two meridians do not coincide except in a few
localities. The angle that the magnetic meridian forms with
the true meridian, or, what is the same thing, the angle that
the magnetic needle makes with a true north-and-south line,
is called the declinatlon of the needle. In stating NN
the declination of the needle from the true merid- ‘}
ian, the north end of the needle is referred to,
and the declination is said to be east or west
according as the north end of the needle is
deflected to the right (east) or to the left (west)
of the true meridian. A

In Fig. 9, let V.S be the true meridian for any
given place, and AN’.S’ the magnetic meridian.
The angle N A N' is the declination of the needle
for that place; it is shown as east declination.
Usually, the direction of the magnetic north is A
indicated by half an arrowhead on one end of a § 8
line representing the magnetic meridian, while the F'¢-°
true north is indicated by a full arrowhead, as shown in Fig. 9.

The declination of the needle has different values in dif-
ferent localities, and also varies from year to year in a given
locality. The differences in the values of the declination
for different localities are not regular nor constant, though
in a general way they follow a more or less regular system.

The declination of the needle in any locality is ascertained
by taking the magnetic bearing of a line whose true bearing
is known. The difference between the two bearings is
the declination.

In nearly all large cities, the direction of the true meridian
is established by astronomical methods, and a line having




80 COMPASS SURVEYING §13

that direction, to be used for reference, is marked by per-
manent monuments. The magnetic bearing of such line,
taken at any time, gives the declination at that time.

The true meridian can be determined by astronomical
observations with the compass; but the methods are too
cumbersome and crude. The instrument that the surveyor
should use for that purpose is the transit, in a manner to be
explained in another Section of this Course.

26. On account of its many imperfections, the compass
is not now used for any important final surveys. In casea
surveyor has to employ it for a final survey, as that of a farm
to be sold, and he does not know the declination at the place,
the best thing for him to do is to set permanent marks on
one of the lines of the survey, and describe those marks in
his notes. Later the true bearing of the line can be deter-
mined, and this will give the declination at the time the
survey was made; or, if the lines are to be rerun with a
compass, the difference between the magnetic bearing of the
line, as originally recorded, and the new bearing will give
the change in the declination during the interval, which is a
correction to be applied to all the bearings. The important
thing that the surveyor should keep in mind is that the posi-
tions and directions of the lines of a permanent survey must
be so determined that there shall be no difficulty in rerunning
them at any time; and that, on account of the changes in the
direction of the magnetic needle, that end cannot be attained
by simply stating the magnetic bearings of the lines at a
certain time.

27. 1sogonic and Agonic Lines.—A line connecting
all points where the declination of the needle is the same is
called an isogonic line. An agonic line is a line con-
necting all points where the declination is zero; that is, where
the needle points in a true north-and-south direction. Both
isogonic and agonic lines are extremely irregular, and keep
changing their positions almost constantly. Charts showing
these lines are published for different years by the United
States Coast and Geodetic Survey. Outside of the agonic
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line, the north end of the needle inclines toward that line; in
other words, the declination at any place is east or west
according as the place is west or east of the agonic line.

28. BSecular Variation.—The declination of the mag-
netic needle is not only different in different localities on the
earth’s surface, but in a given locality it undergoes gradual
change. This change in the declination of the needle during
any given period of time is now commonly called the varla-
tion of the needle, although the term variation was formerly,
and is still sometimes, applied to the declination. There is
a general variation of the needle that seems to be of a periodic
character; that is, it is progressive or continues in the same
direction through a long period—over a century—at the end
of which, movement in the opposite diréction begins. This
variation in the declination of the needle is called secular
variation, and the change in the direction of the variation
is called the secular change.

29. The Yearly Change.—In the United States, at the
present time (1906), the agonic line is moving slowly west-
wards; in localities east of this line the west declination is
increasing, and in localities west of it the east declination
is diminishing. The change in the declination is not at all
uniform, however, but differs in different localities and at
different times in a given locality. Its values in the United
States vary between 1 and 5 or 6 minutes per year.

The amount of the yearly variation, as observed at differ-
ent points in the United States, is written on the isogonic
chart published by the Coast and Geodetic Survey. It is
expressed in minutes and tenths of a minute per year.
These values for the yearly variation of the needle are
approximately correct for a number of years following the
date for which the chart is constructed, and may be used for
obtaining roughly approximate values of the declination in
future years.

30. Daily Variation of the Needle.—The needle has
also a quite regular daily change, commonly called the diur-
nal variation. It swings daily through an arc that, in the
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northern part of the United States, varies from about 5 min-
utes in winter to about 11 minutes in summer. The north
end of the needle reaches its extreme eastern position about
8 A. M. It then moves westwards and reaches its extreme
western position about 1:30 p. M., when it begins to move
eastwards again. It has its mean position, or position giving
the true declination, about 10:30 A. M. and between 7 and
8p. M.

The amount of the change and the times of the extreme
positions differ somewhat in different localities and are also
subject to a more or less systematic change during the year.
The deviations of the needle from its mean daily position,
for different hours during the day, are given in the follow-
ing table; they are expressed in minutes.

Two sets of figures are given, designated as for northern
localities and southern localities, respectively. The former
apply to latitudes between about 37° and 49° north, and the
latter to latitudes between about 25° and 37° north.

31. To Reduce an Observed Bearing to the Dally
Mean.—The daily variation of the needle is so small that in
the ordinary work of the surveyor it may be neglected
entirely. When determining the declination of the needle,*
however, by directing the line of sight of the compass along
a true meridian that has been established, if the observation
is not made about 10:30 A. M., when the needle has its mean
position for the day, it is well to reduce the declination as
observed to its mean value for the day. A bearing observed
at any hour may be reduced to its mean value for the day by
means of the table given on the opposite page, which con-
tains the corrections to be applied to any observed bearing,
in order to reduce it to the mean bearing. The way in which
these corrections are applied is the same, in principle, as
that employed for reducing magnetic to true bearings, or
vice versa, which will presently be explained.

32. Magnetic disturbances affecting the direction of
the magnetic needle may occur at any time and cannot be
predicted. When of considerable amount and large extent,
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they are known as magnetic storms. Their presence is
generally indicated by rapid and apparently aimless fluctua-
tions of the needle. They cause deflections of the needle
that often amount to } degree, and occasionally to % and
even 1 degree. The compass should not be used during a
magnetic storm, as its indications are then uncertain and
unreliable.

33. To Change the Bearing of a Line From Mag-
netic to True or Vice Versa.—When the declination of
the needle is known, the true bearing of a line can be very
easily determined from its magnetic bearing and vice versa.

N » In a great many cases one can picture
in one’s mind the relative positions of
the true and the magnetic meridian,
and of the line whose bearing is to be
changed either from magnetic to true
or from true to magnetic. Thus, if the
declination of the needle is 2° east,
and the magnetic bearing of a line is
N 43° 0 E, it is easy to see that the
true bearing of the line is N 45° 0/ E,
since the line is 43° east of the magnetic
north, and the latter is 2° east of the
true north. Usually, however, it is

Fro. 10 better to make a sketch, from which
the change from one bearing to another can be readily made
without any danger of confusion or error.

Suppose, for example, that it is required to find the true
bearing of a line whose magnetic bearing is S 89° 15 W, the
declination being 2° 18’ east. In Fig. 10, the true and the
magnetic meridian are shown by the lines SN and S N,
respectively, the magnetic north being 2° 18 east of the
true north. The given line is represented by O A, making
an angle of 89° 15 with 0S’. It is evident, from the figure,
that the angle that the line makes with the true meridian,
or the angle 4 0SS, is equal to the sum of the angles 4 0%
and S’ OS, or 89° 15 4 2° 18/ = 91° 33’. Since this angle
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is greater than 90° and bearings are not reckoned above 90°,
the true bearing is northwest and is equal to the angle VO A4.
The angle NOA is equal to 180° minus the angle 4 0SS,
or 180° — 91° 33’ = 88° 27'. The true bearing of the line
O A is, therefore, N 88° 27/ W.

34. Declination Vernler.—In some compasses, the
line passing through the zeros of the needle circle has not
a fixed position coinciding permanently with the line of the
sights, but can be turned about the center of the instrument
through any required small angle to either side of the line
-of sight, the amount of the deviation being measured by a
graduated arc attached to the needle circle that turns-along
a graduated arc or limb fixed to the main plate of the com-
pass. By means of this device, called variously a declina-
tion vernier, declination arc, and varlation arc, the
line of zeros can be set at an angle with the line of the
sights equal to the declination of the needle at any given
place and time, so that the needle will read zero when the
compass is sighted on a true north-and-south line. This
makes it unnecessary to allow for the declination of the
needle in reading the compass, saving both the trouble of
doing it and the liability to error.

EXAMPLES FOR PRACTICE
1. The declination being 3° 20/ west, what is the true bearing of a line
whose magnetic bearing is: (a) N 28° 55/ W? (4) S 37° 10/ W?
(@) N32° 15 W
Ans{(5) 5 33°50' W
2. When the declination is 5° 30/ east, what is the true bearing of a
line whose magnetic bearing is: (a) S 12° 20/ E? (&) N 27°.55 E?
(a¢) S6°50 E
Ans.{(3) N33° 95 E
8. The magnetic bearing of a line is N 2° 30/ E; the declination is
4° 25’ west; what is the true bearing of the line? Ans. N1°55¢ W

4. The declination being 5° 20’ east, what is the true bearing of a
line whose magnetic bearing is N 86° 46’ E? Ans. S 87°55' E

5. In a northern locality, the bearing of a line as observed during
the month of July, at 3 p. M., is N 48° 21’ E; reduce the bearing to its
daily mean value. Ans. N 48° 16’ E
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6. In latitude 34° north, the bearing of a line as observed at 8 A. u.
on a day in October is S 12° 20/ E; what is the daily mean value of the
bearing? Ans. S 12° 17 E

7. As observed at 9 A. M. on a day in March, the bearing of a line
in latitude 45° north is found to be S 14° 58’ W; what is the daily mean
value of the bearing? Ans. S15°2° W

8. As observed at 2 p. M. on a day in August, the bearing of a line
in latitude 32° north is found to be N 49° 33’ W; reduce the bearing to
its daily mean value. Ans. N 49° 36/ W



TRANSIT SURVEYING

(PART 1)
THE TRANSIT

GENERAL DESCRIPTION

1. The Engineers’ Transit.—The instrument that is
now used most extensively in surveying is called the engi-
neers’, or surveyors’, transit. It combines to an
unusual degree the features of accuracy and convenience.
It generally has a magnetic needle and a graduated needle
circle, and can, therefore, be used as an ordinary compass.
In the transit, however, the line of sight, instead of being
given by a pair of sights, is defined by the axis of a telescope.
The transit is primarily intended for measuring angles in
a horizontal plane independently of the needle, but some
transits have also a vertical circle or arc for measuring
angles in a vertical plane. Usually, transits are so graduated
that they measure angles, or ‘‘read,” to the nearest minute;
but there are some that read to the nearest 30, 20, or even
10 seconds; while in geodetic work, improved transits are
used by which an angle can be measured to the nearest
second.

2. The telescope 7, Fig. 1, revolves in a vertical plane
on the axis a, which is called the axis of revolution, or
transverse axis, of the telescope, and is supported by the
standards 0. These are attached to the upper plate, or
vernier plate, U, to which is also attached one of the small
plate levels /. Another plate level // is attached to the
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vernier plate, as shown in Fig. 2, or to one pair of stand-
ards, as shown in Fig. 1. The object glass, or objective
lens, of the telescope is at o; it is protected from the direct
rays of the sun by the sunshade d, and is focused by the

Fic. 1

milled thumb wheel 4, which is here shown on top of
the telescope, though it is commonly placed on the right-
hand side.

3. A spirit level L is attached to the telescope longi-
tudinally. This consists of a glass tube, curved slightly
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upwards, and nearly filled with alcohol or a mixture of
alcohol and ether, the rest of the space inside being occupied
by a small air bubble, called the level bubble. The tube
is protected by a brass case having an opening in the top,
through which the bubble can be seen. In order that the
position of the bubble can be distinguished accurately,
graduations are marked either on the top of the glass tube
or on a small brass scale placed just above the opening.
When a level bubble is in the center of its tube, as shown by
the graduations, it is said to be centered. Each end of the
brass case is attached to the telescope tube by means of a
small stud, as shown at %, and can be raised or lowered by
means of two capstan-head nuts that screw on the stud. This
level is often called the attached level.

4.. The graduated arc V, called the vertical 1imb, or
vertical arc, and the vernler 7/, are for measuring vertical
angles. The telescope can be clamped and held at any
inclination to its axis of revolution by means of the clamp
screw /F; it can then be turned slowly on that axis by
means of the tangent screw g, to which is attached a
circular scale called a gradienter. In some transits, the
vertical arc is attached rigidly to the transverse axis of the
telescope, as shown in Fig. 1, while in others it connects by
a joint that allows it tb turn freely on that axis. This joint,
however, can be clamped by means of a clamp screw similar
to that shown at F; and then it turns with the telescope.
The vernier ¢/, by which the vertical arc is read, is attached
to the standards, and in some transits is made adjustable, so
that its zero mark can readily be made to coincide with
the zero® mark of the vertical limb when the telescope is
perfectly horizontal. In some transits the vertical arc is
attached to one pair of standards, and its vernier to the
transverse axis of the telescope.

5. A plain transit, Fig. 2, is one that has no vertical
limb nor attached level. The transit here illustrated is of
a different make, and consequently of somewhat different
form from that shown in Fig. 1. Corresponding parts are
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designated by the same letters in both figures, that they
may be readily compared. In Fig. 2 the objective o is
covered by the cap ¢ instead of by the sunshade & shown
in Fig. 1. This protects the objective when the instrument
is not in use.

F16. 2

6. The Plates.—All transits have two concentric plates
rotating independently on the same axis, which is called
the axis of the Instrument. When the axis of the
instrument is vertical, these plates rotate in a horizontal
plane. The lower of the two plates carries a graduated circle,
called the horizontal limb, or horizontal circle. To
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the upper or vernier plate, which rotates within and above
the other, are attached two verniers, which travel along the
graduated circle of the lower plate. By means of these
plates, carrying, respectively, the graduated circle and the
verniers, horizontal angles are measured. The graduated
circle is entirely covered and concealed by the upper plate,
except at two small openings where the verniers are attached
to the upper plate. Through each opening, which is pro-
tected by glass, can be seen the vernier and a short arc of
the graduated circle. The opening through which one ver-
nier is read is shown at z, Fig. 2; the other is diametrically
opposite. The verniers are usually distinguished by marking
one A and the other B. The vernier plate can be clamped
firmly to the lower plate by means of the clamp screw X,
called the upper clamp, or vernier clamp; and by means
of the screw /, called the upper tangent screw, it can be
revolved slowly on the lower plate, moving the vernier along
the divided circle, so that the instrument can easily be set at
any given angle. In order to prevent any lost motion, the
tangent screw operates against the opposing spring s.

At C is shown the compass circle, or needle circle,
which is attached to the upper plate. The needle-lifting
screw is shown at #n. These are the same as in a compass.

7. The Centers.—The upper plate U, Fig. 3, is attached
to an accurately turned and slightly conical axis or spindle Q
that extends down nearly to the tripod head. In transits of
the most modern construction, this axis revolves within a
socket that is controlled by the levellng screws .S.S and
about the upper portion of which revolves a socket that
extends down from the lower plate, forming what is called a
compound center. The centers, which control the entire
instrument above the leveling screws, can be clamped
against rotation by means of the clamp screw X/, and the
instrument can then be revolved slowly by means of the
tangent screw #. This clamp screw is called variously
the lower clamp, clamp to the centers, or clamp to
the lower plate, and the tangent screw is designated by
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corresponding terms. The centers are connected with the
plate O, sometimes called the lower leveling plate, tv
means of a hemispherical or ball-and-socket joint, shown a:
M, Fig. 3. The centers and the entire instrument above
them are supported in position by the four leveling screws.
which serve also to level the instrument. The plate ¢
screws on the tripod head. This plate and the leveling
screws, considered together, are sometimes spoken of as
the leveling head.

Fi6. 3

8. Shifting Center.—The exact position of the instru-
ment over a point is indicated by a plumb-boi) suspended
from a small chain or loop attached to the lower end of the
centers at the central point p, Fig. 3. It will be noticed
that the centers do not connect directly with the lower
leveling plate O, but, by means of the hemispherical joint #,
connect with a plate 72, which bears against the under side
of the leveling plate. By loosening the leveling screws,
the plate B and the leveling screws that support the entire
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instrument can be moved or shifted a small distance in any
direction on the lower leveling plate, thus permitting the
instrument to be easily and exactly centered over a point,
where it is held firmly by merely tightening the leveling
screws. This arrangement is called a shifting center or
shifting tripod head.

PRINCIPAL PARTS OF THE TRANSIT

THE TELESCOPE

9. Lenses.—In general, a lens is a transparent body
with curved surfaces. In passing through a lens, rays of
light are bent, or refracted, their direction being thus
changed. The lenses
commonly used for op-
tical instruments have x
either two spherical
surfaces, as shown in
Figs. 4 and 5, or one
spherical and one plane
surface, as shown in
Fig. 6.

The principal axis, c ¢
or simply the axtis,
of a lens having two
spherical surfaces is
the line X Y, Figs. 4
and 5, passing through
the centers C, C’ of
those surfaces. In the
case of a lens having
one plane and one
spherical surface, the axis,is the line X ¥, Fig. 6, passing
through the center C of the spherical surface of the lens
and perpendicular to the plane surface. In surveying and
other optical iustruments, several lenses are often joined
together, forming a compound lens. The axes of these

F16.6
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lenses are always in the same line, which is called the axis
of the compound lens.

The optical center of a lens is a point within, and in the
principal axis of the lens, its position being such that every
ray of light passing through it is refracted equally and in
opposite directions at the opposite surfaces of the lens, so
- that the ray leaves the lens in a direction parallel to that in
which it enters.

10. General Description of the Telescope.—One of
the most important parts of a transit is the telescope, by
means of which the line of sight from the point occupied by
the instrument to any observed point is defined. It consists
of two combinations of lenses placed in a tube. Onmne of
these combinations, called the object glass, or objective,
receives the rays of light coming from any object toward
which the telescope is directed, deflects them, and makes
them form an inverted image of the object. This image
appears to be in a plane surface meeting the axis of the
objective in a point called the focus of the objective.
The rays pass from this image to the observer’s eye through
another combination of lenses, called the eyepiece. The
main object of this combination is to magnify the image of
the object observed.

There are two general classes of eyepieces; namely, the
positive eyepiece, which magnifies the image directly in
its inverted position, thus showing objects upside down; and
the compound eyepiece, which reinverts the image and
shows objects in their natural positions. Telescopes having
eyepieces of the former class are called inverting tele-
scopes, and those having eyepieces of the latter class are
called erecting telescopes. Most all ordinary American
transits have erecting telescopes.

11. The Cross-Hairs.—In order that the line of sight
may be brought to bear precisely on any point of an object
within the field of view of the telescope, two fine material
lines, or threads, called cross-hairs, cross-wires, or
cross-lines, are placed with their intersection at the
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common focus of the object glass and the eyepiece. These
cross-hairs, as seen through the eyepiece, seem to be in the
same position as the image of the distant object, to which
they appear to be attached.

The cross-hairs are fastened to a substantial brass ring, or
diaphragm, placed within the telescope and held in position
by capstan-headed screws that pass through the telescope
tube and screw into the diaphragm, as shown in Fig. 7.
‘They are commonly placed at right angles to each other,
one being vertical and the other horizontal. The ring,

together with the cross-hairs that are attached to it, is some-
times called the reticle

or reticule. By means
of the four capstan-
headed screws (of which
three are shown at x,
Fig. 1) that control it,
the reticle can be moved
and the cross-hairs ad-
justed, as will be ex-
plained elsewhere. The
cross-hairs are either of
platinum wire, drawn very fine, or of spider webs. Some
engineers prefer the platinum cross-wires, because they are
less affected by changes of temperature; others prefer spider
webs, because they are more opaque, and also because they
do not gather moisture nor dust.

F16.7

12. Line of Sight or of Collimation.—Considered in
a general sense and without reference to the instrument, a
line of sight is a line joining any observed point with the
eye of the observer. With reference to the telescope of a
transit, the line of sight, or line of collimatlon, is a line
passing through the optical center of the object glass and the
intersection of the cross-wires. When this line is directed to
any external point, the image of the point appears to coin-
cide with the intersection of the cross-hairs, and the instru-
ment itself, or the telescope, is said to be directed to the
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point observed. In this position, the line of collimation
defines, or coincides with, the line between the point of
observation and the point observed.

THE HORIZONTAL LIMB

13. The horizontal limb. or graduated circle, is divided
into 360 equal parts. or degrees, and each degree is further
divided into two or three equal parts, as the case may be.
If the degree is divided into two equal parts, each part will
measure 3 minutes of arc. and if into three equal parts,
each part will measure X) minutes. Each subdivision of a
degree is marked by a line somewhat shorter than the regu-
lar degree graduations. while each fifth degree is indicated
by a longer line of division. and each tenth degree is marked
by a still longer line aad is also numbered.

The graduated circle is numbered in various ways, three
systems of numbering being employed. These may be
described as

1. The azimuth system, in which the figures extend
from O continuous'y arnund the entire circle to 360.

2. The transit system, in which the figures extend
from O in oppcsite directions through the adjacent semi-
circles to 180 at the point diametricaliy opposite the zero point.

3. The compass system, in which the figures extend
each way from two 0 points diametrically opposite each
other through the adiacent quadrants to the 90° points.

There are usually two rows of figures extending around
the graduated circle of a transit, each row being numbered
according to one of the above described systems. In some
transits, both rows are of the first, or azimuth, system,
extending in opposite directions around the circle. The
different systems are also combined in various ways.

THE VERNIER

14. Gencral Principle of the Vernier.—A vernier
is an auxiliary scale used for the purpose of measuring, on
another scale, fractional parts of the smallest subdivisions of
the latter scale. Thus, if a scale is divided into feet and

b
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tenths, the vernier may be used to measure on that scale
tenths of tenths, or hundredths, of a foot. The manner in
which this is done is shown by the illustrations that follow.

In Fig. 8, A B is a scale graduated to inches, and M N is
a vernier that can be slid along A4 B in either direction. In
this case, the graduated part of the vernier is 7 inches long,
as shown by the scale, but is divided into eight equal parts, -
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numbered from 0 to 8; that is, the vernier is divided into a
number of equal parts (eight) that is one more than the
number of divisions (seven) it covers on the scale. Each
division of the vernier being one-eighth of the total length
of the vernier, is one-eighth of 7 inches, or % inch; and,
therefore, the difference between one division on the scale
and one on the vernier is § inch.

Suppose, now, that the vernier is slid along the scale
until it occupies the position shown in Fig. 9, with its zero
between the 2-inch and the 3-inch mark of the scale. For
convenience, the division lines on the vernier will here be
marked and denoted by the letters a,, a,, a,, etc. The zero
of the vernier being at a,, its distance 2—a, from the 2-inch
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mark of the scale is ascertained as follows: It will be noticed
that the division line a,, or 5, of the vernier, coincides with a
division line of the scale. It should be very particularly
noticed that it is not necessary to observe the number of the
division line of the scale that coincides with a division line
of the vernier. As one division of the scale is greater by
} inch than one division of the vernier, the distance 6—a, on
the scale is # inch; as two divisions of the scale are greater
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by # inch than two divisions of the vernier, the distance 54,
is # inch. Likewise, 4-a, = % inch; 3-a, = # inch; and 2-a,
= % inch. The distance 2-a, is, therefore, equal to a num-
ber of eighths (five) equal to the number of the division line
of the vernier that coincides with a division line of the scale.
To measure the length of a line with the scale 4 2 and
the vernier M N, the zero mark of the scale is placed at the
beginning of the line, and the vernier is slid along the scale
until its zero mark coincides with the end of the line. The
number of the division mark of the scale immediately pre-
ceding the end of the line, or the zero mark of the vernier,
will give the number of whole inches in the
line, and the additional number of eighths is
given by the number of the division mark of
the vernier that coincides with a division mark

of the scale. Thus, if in Fig. 9 the line to

, be measured is (-a,, the zero mark of the
scale is placed at C; and the vernier is slid
----- —F—--| along the. scale until its zero mark coincides
—5| with the end a, of the line. The length of
= o| the line is evidently 2 inches plus 2-a,, or
M’ 2% inches. This is also the distance from the
zero of the scale to the zero of the vernier.
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N 15. In Fig. 10 is shown a vertical scale
— 10 AP with a vernier # /N; this may be taken
— 5| to represent a leveling rod. The divisions
marked 1, 2, etc. on the scale are tenths of a
foot, and each of these is divided into ten
equal parts, or hundredths of a foot. The
graduated part of the vernier M N covers
4 ¢ nine of the smallest subdivisions of the scale,
Frc. 10 and is, therefore, .09 foot long; it is divided
into ten equal spaces, and each space is one-tenth of .09,
or .009 foot. The difference between one division on the
scale and one on the vernier is .01 — .009, or .001 foot.
To measure a distance Ca,, the zero of the scale is placed
at C, and the vernier is slid up the scale to the position

-
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A’ N, in which its zero coincides with the end of the dis-
tance to be measured. The scale shows that the distance
Ca, is made up of the two parts Ca and aa,, the former of
which is 0.3 4+ .04 = .34 foot. The distance aa, is deter-
mined by the vernier thus: As will be noticed, the eighth
division mark of the vernier coincides with a division
mark (it is not necessary to note which one) of the scale.
Since one division of the scale is greater by .001 than one
division of the vernier, the seventh mark of the vernier is
.001 foot from the scale division mark immediately below it;
the sixth mark of the vernier is .002 foot from the scale
division mark immediately below it, etc. In this manner it
is found that the zero mark of the vernier is .008 foot from
the scale division mark ¢ immediately below it. The dis-
tance aa, is, therefore, .008, and Ca, = .34 4+ .008 = .348
foot. Here the number of tenths and hundredths in the
required distance is read off the scale, and the number of
thousandths is equal to the number of the vernier division
mark (eight) that coincides with a scale division mark.

16. Verniers are made in various forms and are gradu-
ated in various manners; but the general principle of those
that are commonly used in engineering instruments is the
same, and may be stated as follows: The length of the ver-
nier is made equal to a certain number of the smallest
divisions or subdivisions of the scale, and is then divided
into equal parts, the number of these parts being greater by
one than the number of subdivisions that the vernier covers
on the scale. Thus, in Fig. 8, the vernier covers seven of
the smallest divisions (inches) of the scale, and is divided
into seven plus one, or eight, equal parts; in Fig. 10, the
vernier covers nine of the smallest divisions (hundredths)
of the scale, and is divided into nine plus one, or ten, equal
parts. The difference between one division of the scale and
one of the vernier is called the least reading of the ver-
nier, and its value is a fractional part of the smallest division
on the scale equal to one divided by the number of divisions
of the vernier. In Fig. 8, the smallest division on the scale
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is 1 inch; the vernier is divided into eight equal parts, and
its least reading is one-eighth of 1 inch, or ¢ inch. In
Fig. 10, the number of divisions of the vernier is ten, and
the least reading is one-tenth of one of the smallest
subdivisions on the scale; that is, one-tenth of .01, or
.001 foot.

The distance from the zero of the vernier to the division
mark of the scale immediately preceding it is indicated by
the number of the vernier division mark that coincides with
a division mark of the scale. This number, multiplied by
the least reading, gives the distance in question. In Fig. 9,
the distance 2-a, was found to be % inch, or 5 (coinciding
vernier division mark) X # (least reading). In Fig. 10, the
distance a a, was found to be .008, or 8 (coinciding vernier
division mark) X .001 (least reading). The number thus
obtained by multiplying the number of the coinciding divi-
sion mark by the least reading is called the reading of
the vernier, while the number of divisions and subdivisions
of the scale preceding the zero of the vernier is called the
reading of the scale. In Fig. 9, the reading of the scale
is 2 inches; in Fig. 10, .34 foot. The sum of the reading of
the scale and that of the vernier expresses the distance of the
zero of the vernier from the zero of the scale, and is called
the reading of the instrument. Sometimes the expres-
sion reading of the vernier is, for convenience, used instead of
reading of the instrument, and likewise fo read the vernier is
used in the sense of /o read the instrument, it being understood
that the reading of the scale is to be taken first, and then
increased by the reading of the vernier.

17. Formulas Relating to the Vernier.
Let s = length of one of smallest subdivisions of scale;
n = number of equal parts into which vernier is
divided;

r = least reading of vernier;

m = number of vernier division mark coinciding
with division mark of scale;

R = reading of vernier.
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Then, from what was said in the last article,
s
r==> (1)

n
R=rm=fl><m (2)

ExXAMPLE 1,—A scale is divided into inches and half inches; the
wvernier is divided into eight equal parts, which cover seven of the half-
inch divisions of the scale. (a) What is the least reading of the
vernier? (4) What is the reading of the vernier when its third
mark coincides with a division mark of the scale?

SoLuTiON.—(4) Here s = } in., and » = 8. Therefore, by for-
mula 1,
i

1.
""§"'1§m' Ans.

() Here r = Y5 in. and m = 3. Therefore, by formula 2,

1 3.
R—EX!%—Em. Ans.

ExaMPLE 2.—The scale of a barometer is divided into inches and
fiftieths. (@) What must be the length of a vernier, and how must the
vernier be divided, that its least reading may be .002 inch? (4) What
is the reading of the vernier when its seventh mark coincides with a
division mark on the scale?

SoLuTION.—(a) Formula 1, solved for 7, gives, 7 = In this

s
>
case, s = g5 = .02, and » = .002; hence,

02

n=-— =10

.002
Therefore, the vernier must be divided into ten equal parts, cover-
ing nine of the small divisions of the scale, which makes it #% inch
long. Ans.

(6) To apply formula 2, we have, » = .002, m = 7, and therefore
R = .002X7 = .014in. Ans.

18. The Circular Vernier.—For the purpose of meas-
uring angles, a circle graduated to degrees and fractions of
a degree (usually halves, thirds, or sixths) is employed as a
scale. Smaller fractions of a degree than those into which
the circle is divided are measured by means of a vernier,
substantially as has been explained. An arrangement of
this kind is shown in Fig. 11, in which 4 B is the scale, or
graduated circle, and M AV is the vernier. The circle is
divided iato degrees and half degrees, so that here s = $°
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= 30V. As the vernier is divided into six equal parts, its
length, expressed in degrees, is equal to five (= 6 — 1)
of the small divisions of the circle, or 24°. The least read-
ing of the vernier, expressed in minutes, is (formula 1,
Art. 17) 32, or 5. In the case shown in the figure, the
second division mark of the vernier coincides with a divi-
sion mark of the circle. The reading of the vernier, or the
arc a a., is, therefore, 2 X 5 = 10’. The reading of the circle
to a is 51° 3(0. If the center of the circle is at the vertex of
an angle, one of whose sides passes through the zero of the
graduated circle and the other through a., the angle is equal
to the reading of the circle plus the reading of the vermnier,
or 531° 30 + 10 = 51° 40.

Usually, the division lines on the vernier are marked by
numbers indicating the corresponding readings of the ver-

nier when those lines coincide with lines on the graduated
circle. Thus, in the case illustrated in Fig. 11, the last divi-
sion line wou.d be marked and called 30 (= 6 X 5); the one
immediately preceding, 25 (= 5 X 5); and soon. This makes
it unnecessary to perform the multplication indicated in
formula 2 of Art. 17.

19. The Transit Verniers.—Generally, the horizontal
circle of a traasit is divided into degrees and halves, and the
vernier reads to minutes. As in this case. s = §° = 30,
azd » = 1’, formula 1, Art. 17, gives x = 3 = 30, which
shows that the vernier must be divided into thirty equal
parts coverinrg twernty-nine of the half-degree divisions of
tze graduated circie. In Fig. 12, .4 B represents part of the
horizootal circle, and M A oce vernier, there being another
vernier M N’ on the left of /. The vernier M N is used
when angles are turned to the lefi; that is. when the zero of

) L S
n,
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the vernier slides in the direction 4 B, and the degrees are
indicated by the upper figures (60, 70, 80, etc.) on the gradu-
ated circle. The vernier A/ /N’ is used when angles are
turned to the right, and the degrees are indicated by the
lower figures (90, 100, 110, etc.) on the graduated circle.
Nearly all transits have two combinations of verniers similar
to N N/, the zeros of which are 180° apart. Each of these
combinations, although it really consists of two verniers, is
referred to as one vernier, one of them being called ver-
nier 4 and the other vernier B. For very accurate work,
both verniers are read, and if they do not agree, the mean
of the two readings is taken as the true reading.

Again referring to Fig. 12, suppose that, the center of the
graduated circle being over the vertex of an angle to be

P1a. 12

measured, and its zero on one of the sides, the vernier has
been slid to the right along the graduated circle until the
other side of the angle passes through the zero mark of the
vernier, and that the vernier has then the position shown in
the figure. Since the vernier has moved to the right, the
side M NV is to be read. The twenty-third mark of the vernier
coincides with a division mark of the scale, and, as the least
reading of the vernier is 1/, its reading, in this case, is 23'.
The reading of the scale, up to the division mark immedi-
ately preceding the zero of the vernier, is 74°. The reading
of the instrument, or the measure of the angle, is, therefore,
74° 4 23’ = T4° 23'.

20. The vertical circle or arc V, Fig. 1, is often grad-
uated to degrees and halves, and the vernier #/, Fig. 1, which

is double, like the vernier of the horizontal circle, reads
115—23
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either to single minutes or to 5 minutes. If the vernier is
attached to the standards, it is stationary, and instead of it
sliding along the vertical arc, the vertical arc slides on it.
Care should be taken always to read that side of the vernier
whose numbers increase in the same direction as those by
which degrees are measured on the graduated circle.

EXAMPLES FOR PRACTICE

1. Each division of the scale of a barometer is .05 inch. (a) It
the vernier is divided into twenty-five equal parts, what is its least
reading? (&) If the reading of the scale is 29.10 inches, and the
thirteenth division mark of the vernier coincides with a division
mark of the scale, what is the reading of the barometer?

a) .002 in,
A“s‘{{b; 29.128 in.

2. The graduated circle of a transit is divided into degrees and
thirds, and the vernier, into forty equal parts; what is the least read.
ing of the vernier? Ans. 30"

3. The graduated circle of a transit is divided into 10-minute
spaces; how many of these spaces must the vernier cover, that its least
reading may be 10”? Ans. 5

4. What is the reading of the instrument in Fig. 12, the angles
being measured from B toward A; that is, assuming that the vernier
has slid along the circle in the direction &V V'? Ans. 105° 37

MOTIONS OF THE TRANSIT

21. The Plate Levels.—Before an angle can be meas-
ured with the transit, the plates carrying the graduated circle
and verniers must be made horizontal. This is effected by
means of the four leveling screws S, Figs. 1 and 2, the
horizontal position of the plates being indicated by the two
plate levels /, //, which are placed at right angles to each
other. Each of these levels is substantially the same as the
large level attached to the telescope, Art. 3, but smaller.
When they are adjusted properly and each air bubble is
exactly in the center of its tube, the plate to which they are
attached is perfectly level, and will revolve in a horizontal
plane,
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22. The Leveling Screws.—The leveling screws .S,
Fig. 3, have milled heads by which they are turned, and are
arranged 90° apart about the axis of the instrument; they
are thus in pairs, the two screws in each pair being on oppo-
site sides of the center, and the vertical plane through one
pair being at right angles to that through the other pair.
‘Their upper ends screw into arms, or into a solid circular
plate projecting from the centers, and their lower ends rest on
the lower leveling plate. By turning the two screws in either
pair, one in and the other out, the level plate can be tipped
in the necessary direction to make it horizontal. A more
complete description of this operation will be given later.

23. The Axes of Rotation.—The design and construc-
tion of the transit is such as to provide two axes of rotation.
The more important of these is the axis of the instrument.
(Art. 6), which must be truly vertical when the level plate
is horizontal; this axis is also called the vertical axis of
the telescope. The other is the transverse or horizontal
axis of the telescope (Art. 2). This axis, when adjusted prop-
erly, is at right angles to the vertical axis, and is therefore
horizontal when the instrument is level. The point where
these two axes intersect is the center of the instrument;
that is, the point from which all measurements are taken,
and is the point that is always understood when the center
(not centers) of the instrument is referred to. In a properly
constructed transit, the line of collimation should pass exactly
through this point.

24. Rotation in Two Planes.—The line of sight has
two distinct turning motions, namely:

1. Horizontal Rotation About the Vertical Axis of the
Instrument.—As has been explained, the centers of the
transit are so made that this motion can be effected in two
ways—either by revolving the upper plate only, or by revolv-
ing both plates together. Since measurements of azimuth
are made by means of the rotation of the instrument about
its vertical axis, this motion is commonly spoken of as rota-
tion In azlmuth, and the convenient phrases fo revolve in
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azimuth, to reverse in azimuth, etc. are often used with refer-
ence to it. The operation of revolving the telescope on its
vertical axis through one-half of one revolution, or 180°, so
that it will point in the opposite direction, is sometimes
called reversing in azimuth.

2. Vertical Rolation About the Transverse Axis of the Tele-
scope.—The operation of revolving the telescope in a vertical
plane, that is, turning it on its transverse axis, so that it will
point in the opposite direction, is called plunging the tele-
scope. In general, to reverse the telescope is to turn it
through 180° about either axis so that it will point in the
opposite direction. The term is sometimes used in the sense
of revolving the telescope 180° in azimuth, but oftener in that
of plunging the telescope. In order to avoid ambiguity, it is
preferable to employ the terms reverse in azimuth and plunge,
or else the self-explaining expressions reverse the telescope on
ils vertica_l axis, reverse the lelescope on ils horizontal axis.

TRANSIT FIELD WORK

PLACING THE INSTRUMENT IN POSITION

25. Setting Up the Instrument.—Since much of the
work of an engineering party is suspended while the instru-
ment is being set up, it is highly important that facility in
performing this operation be acquired. In setting up a
transit over a point from which measurements are to be
taken, three preliminary conditions should be satisfied as
nearly as possible, viz.:

1. The tripod feet should be planted.firmly.

2. The plate on which the leveling screws rest should be
approximately level.

3. The plumb-bob should be directly over the mark (as a
tack) by which the point is defined or indicated.

The first condition is very essential in order that the
instrument may maintain its position unchanged. It is
desirable that the second condition be obtained approxi-
mately, so as to avoid turning the leveling screws to their
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extreme positions. The third condition must be obtained
perfectly, and this is rendered comparatively easy by the
shifting center with which most modern transits are pro-
vided. (See Art. 8.) The string by which the plumb-bob
is suspended from the centers should be so adjusted that the
point of the bob almost touches the mark over which it is
desired to set it.

If the instrument has no shifting center, the plumb-bob
must be brought directly over the point by moving the legs
of the tripod. The direction in which they must be moved
will be clearly indicated by the position of the plumb-bob.
In soft soil, the transitman, after laying down the instru-
ment, goes around it, pressing the legs into the ground, so
as to insure steadiness.- The plumb-bob can usually be
brought over the point by exerting a little extra pressure on
one or two of the legs.

26. Leveling the Instrument.—The next operation
is to make the level plate horizontal. This is called level-
ing the Instrument, and is accomplished as follows:
Loosen the lower clamp and turn the instrument on its
vertical axis so that one of the plate levels is parallel to the
line passing through a pair of opposite leveling screws. As
the plate levels are at right angles to each other, when one
level is parallel to the line passing through one pair of
leveling screws, the other level is also parallel to the line
passing through the other pair of leveling screws, so that
one is leveled with one pair of screws and the other is
leveled with the other pair. By grasping the milled heads
of the two leveling screws in either pair, one between the
thumb and forefinger of each hand, turn one screw in and
the other out until the bubble of the corresponding level is
centered approximately, then manipulate the other pair of
leveling screws in the same manner and repeat with each pair
of leveling screws alternately until each bubble is centered
exactly. The leveling screws being all right-handed, if
the thumbs of both hands move toward the center of the
instrument in turning either pair of screws, the right-hand
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side of the instrument will be elevated and the left-hand
side depressed, so that the bubble will move to the right,
while if the thumbs move outwards, or from the center, the
bubble will move to the left. Turning both screws of a
pair to the right will loosen them on the lower leveling
plate, so that, if both pairs are loosened, the instrument can
be shifted on the tripod head, as described in Art. 8, while
turning both screws of a pair toward the left will again
tighten them and hold the instrument firmly in place. Both
pairs of screws should be brought to firm bearings, but
should not be turned so tightly as to cause any strain.

27. Focusing the Telescope.—The operation of bring-
ing the object observed and the cross-hairs distinctly into the
field of view is called focusing the telescope. The object
glass is attached to a slide that fits into the object end of
the main telescope tube and is caused to slide in or out
by means of a rack and pinion operated by a milled thumb
wheel 4, Fig. 1. By this means, the object glass is moved in
or out, according as the object viewed is farther from or
nearer to the instrument. The telescope being directed to
any object to be observed, the object glass is focused by
turning the screw & one way or the other until the object
appears distinctly in the field of view. As stated above, the
nearer the object is, the farther out should the object glass
be slid.

The eyepiece is focused on the cross-hairs in a similar man-
ner by sliding it in or out along the eye end of the main tele-
scope tube. In some instruments, the eyepiece is controlled
by a milled thumb wheel similar to that which controls the
object-glass slide; in others, it is controlled by a milled ring
encircling the eyepiece, which, by a rotary motion, operates a
screw that carries the eyepiece in or out, while in other
instruments the slide is merely pushed in or pulled out with
the hand. The eyepiece is adjusted so as to bring the cross-
hairs properly into focus for the eye of the observer; it is
then allowed to remain in such position and its focus seldom
needs to be changed for the same observer. To bring the
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cross-hairs into proper focus, point the telescope toward the
sky and move the eyepiece in or out until the cross-hairs
appear perfectly sharp and distinct. When in proper focus,
the cross-hairs will appear to be attached to, or be a part of,
whatever object is observed, and will show no movement, but
will retain exactly the same position on the object regard-
less of how much the position of the eye may be changed.

THE WORK OF THE TRANSIT

28. Transit Polnts.—A point over which the transit is
set is called an instrument point, or transit point. The
stakes that are set to mark the instrument points of a transit
survey differ materially from the regular station stakes
described in Compass Surveying, Part 1. The flag, held at
the measured distance, is lined in by the instrument, and a
stake is driven at the point thus determined until its top is
about 1} feet above the ground. When a transit point is set,
the position for the stake is found in the same manner. Butin
this case the stake has usually a level top and is driven nearly
flush with the ground. Such a stake is called a hub or plug.
After a plug has been driven at the required point, a pointed
pole or rod (better still, a pencil or a nail, with the point
downwards), is held on it and lined in by the transitman.
The exact point thus determined is marked by a flat-headed
tack driven flush with the top of the hub. After the tack is
driven, the flag (or pencil, or nail) is held on it and the
instrument again directed to it as a check.

This operation of marking the exact point on the hub is
called centering the hub; and when the hub is so marked,
it is said to be centered. That the hub may be easily
found, a stake similar to a station stake is driven at a distance
of about a foot from the hub, at right angles to the line, and
marked with the number of the station on the side facing the
hub. Such a stake is called a guard stake.

29. How to Prolong a Stralght Line.—Let 425,
Fig. 13, be a straight line whose position on the ground is
fixed by stakes set at 4 and B, and let it be required to
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prolong the line to C. This can be done in two ways; namely,
by foresight only, or by backsight and foresight, the
latter method being commonly called backsight.

1. By Foresight.—The transit is set over the point at A4,
and the line of sight directed to a flag held at Z; if the
point C is to be set at a given distance from 5, the chainmen

A [ (4

measure the required distance, the head chainman being kept
in line by the transitman. When the required distance has
been measured, the point C, which evideatly lies in the pro-
longation of A4 B, is marked by a stake or otherwise.

2. By Backsight.—Set the transit over the point at B and
sight on a flag held at .4. Plunge the telescope, which will
then be directed along the prolongation of 4B8. Any
required distance B C may then be measured from 2 in the
direction indicated by the line of sight.

30. Review of the Functions of the Clamps and
Tangent Screws.—The manner in which the clamps and
tangent screws work has already been explained. The sub-
ject, however, is here restated in a different form, as a
thorough understanding of it is of the greatest importance
for an intelligent manipulation of the transit. -

The lower clamp and the lower tangent screw control the
motion of the lower plate about its vertical axis. When the
lower clamp is set, the lower plate, and therefore the instru-
ment as a whole, cannot be revolved except very slowly by
means of the lower tangent screw.

The upper clamp and tangent screw control the sliding
motion of the upper plate over the lower. -When the upper
clamp is set, the upper plate cannot be revolved over the
lower except very slowly by means of the upper tangent
screw. When the instrument is to be revolved as a whole,
the upper clamp should be set, and the lower loosened. This
motion does not alter the reading of the instrument.

When the upper plate is to be revolved over the lower,
the lower clamp should be set, and the upper loosened.
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This motion, which makes the vernier slide along the
graduated circle, naturally changes the reading of the
instrument. '

31. Directing the Line of S8ight, or the Telescope,
to a Given Mark.—Suppose that, the instrument being set
up and leveled at some point, with both clamps set, it is
desired to direct the line of sight toward a certain mark, as
a pole held at one of the stations of a survey.

In order to do this, one of the clamps must be loosened.
If the reading of the vernier is to remain unchanged, the
lower clamp should be loosened; otherwise, the upper
clamp. We shall assume that the upper clamp is loosened.
The plate is then revolved horizontally, or in azimuth, one
hand being placed on each side of it. The transitman walks
[

[.
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around the instrument, looking over the telescope, until the
latter points to the flagpole to be observed, as nearly as he
can estimate by the eye. He then looks through the tele-
scope, which, if necessary, he turns to one side or the other,
and up or down, until the pole appears in the field of view.
Still turning the plate with his hands, he brings the image
of the flagpole nearly into coincidence with the vertical
cross-hair. This is shown in Fig. 14, where aé and cd are
the cross-hairs, and P Q the image of the flagpole. He now
sets the upper clamp, and turns the upper tangent screw
until the intersection of the cross-hairs exactly bisects the
pole, as shown in Fig. 15. This completes the operation.
The process is the same when the lower clamp is loosened
before revolving the telescope, except that in that case the
lower instead of the upper tangent screw is used.
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Whenever such expressions as ‘‘Loosen the lower clamp
and direct the telescope (or the line of sight) to Station A’
occur, it should be understood that an operation similar to
the one just described is to be performed.

32. Measurement of Horizontal Angles.—The hori-
zontal circle of the transit, like that of the compass, measures
only horizontal angles; that is, angles between the horizontal
projections of the lines of sight. This subject was fully
explained in Compass Surveying, Part 1.

Let A B and A4 C, Fig. 16, be two lines on the ground the
angle between which it is desired to measure with the transit.
Set up the instrument precisely over the vertex A, level it
carefully, loosen the upper clamp, and turn the upper plate
until the zero of the vernier to be read (say vernier 4) nearly
coincides with the zero of the graduated circle. Clamp the

¢ plates, and by turning

w.{ 30— the upper tangent

/ screw bring the zero of

/ the vernier exactly in

B 4 line with that of the
Fic. 16 limb. This operation

is called setting the vernier at zero. Loosen the lower
clamp (if it is not already loosened), and direct the telescope
to a flag held at B (see Art. 31). Next, loosen the upper
clamp, and direct the telescope to a flag held at C. The arc
of the graduated circle traversed by the zero point of the
vernier will measure the angle B A4 C, whose value can be
determined by reading the instrument; that is, by adding
the reading of the vernier to that of the limb (see Arts.
16 and 19). The arc is here described as turned clockwise,
or in a direction corresponding to the movement of the
hands of a watch when face upwards, and in this case has a
value of 143° 3(/, which will be the reading of the instrument.

It is not always necessary nor convenient to set the vernier
at zero before measuring an angle. The upper clamp being
set, whatever the position of the vernier may be, the tele-
scope is directed to 5, as explained above, and the reading

RN
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of the instrument taken. The upper clamp is then loosened,
the telescope directed to C, and the instrument read again.
The difference between the two readings is the value of the
angle.

TRAVERSING

—_—

DIFFERENT METHODS OF TRAVERSING

33. In surveying, a traverse is a series of consecutive
courses whose lengths and directions are determined by
measurement. For determining the directions of the courses
of a traverse, three methods are commonly employed,
namely:

1. By Bearings.—In this method, which was treated in
Compass Surveying, Part 1, the directions of the courses of
the traverse are determined by their magnetic bearings.

2. By Azimuths.—In this method, the directions of the
courses of the traverse are determined by their azimuths,

3. By Deflection Angles, or by Deflection.—In this method,
the relative directions of the courses of the traverse are
determined by measuring the angle by which the direction
of each course is deflected from the prolongation of the
immediately preceding course.

TRAVERSING BY AZIMUTH

34. On Azimuth.—As explained in Compass Surveying,
Part 1, the azimuth of a line is the angle that the line
makes with the meridian. It was also explained that azimuth
is measured from 0° to 360°, either from the south in the
direction west—north—east, or from the north in the direc-
tion east—south—west. Sometimes, a line that is neither a
true nor a magnetic meridian is used as a line of reference
from which azimuths are measured in the same manner as if
the line were a meridian. Such a line of reference is called
an assumed meridian, or, for shortness, a meridian.

When the directions of courses are given by their azimuths,
a transit is used with its horizontal circle graduated from
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0°to 360°, as explained in Art. 13. It often happens that,
by the addition of certain angles, an azimuth greater than
360° is obtained. An azimuth greater than 360° is equal to
the same azimuth diminished by 360°. Thus, referring to
" Fig. 17, where S & is the meridian, it is immaterial whether
we say that the azimuth of 4 B is measured by the arc
MO PQMO or by the arc M O; that is, whether we call it
400° (= 360° + 40°), or 40°. In other words, whether the
telescope is deflected from the meridian by 400° or by 40°,
it will, in its final position, point in the direction of 4 B. As
the limb of the transit reads only to 360°, whenever an azi-

Fi1c. 17 Fro. 18

muth greater than 360° occurs, 360° should be subtracted
from it, in order that it may be turned off with the transit.

35. Forward Azimuth and Back Azimuth.—When
the azimuth of a line is referred to, the vertex of the angle
measuring it is assumed to be at the beginning of the line.
If a backsight is taken along the line, from the end to the
beginning, the azimuth of this backsight is called the back
azimuth of the line, while the azimuth proper is called the
forward azimuth. In Fig. 18, where A4 is the beginning
and B the end of a line, and S V and S’ M’/ are meridians,
the forward azimuth of the line is measured by the arc PR,
and the back azimuth by the arc P/ Q' R’.
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It will be noticed that the back azimuth P’Q'R’ is equal to
S’ BR 4 180°, or N A R + 180°; that is, equal to the for-
ward azimuth plus 180°. In all cases, the back azimuth of a
line is equal to the forward azimuth of the line plus 180°.
Should the sum be greater than 360°, it must be replaced by
the difference between it and 360°, as explained in the last
article. Thus, in Fig. 19, the forward azimuth of A2 is
290°; its back azimuth -
is 290° + 180°, or
470°, or, subtracting i
360° from this sum, ‘\$
470° — 360°, or 110°. pl T N

36. Orienting |
the Transit.—To e
orlent a transit is \
to set its vernier & 4 )
(usually vernier A) \ q,9°
to read the azimuth I
of a given line, and
then direct the tele- 8
scope along that line. Fre. 19
It is evident that, if the upper plate is then unclamped and
revolved until the vernier reads zero, the telescope will be
directed toward the north or toward the south, according
to which point the azimuths are reckoned from. For this
reason, the orienting of the transit is usually said to consist
in so setting the instrument that the vernier of its horizontal
limb reads zero when the telescope is directed toward the
north if azimuths are reckoned from the north, and toward
the south if azimuths are reckoned from the south.

87. The Process of Azimuth Traversing.—Suppose
that 4, Fig. 20, is a given point on a line A F previously
surveyed, and that it is desired to connect this point with the
point £ by a traverse following the contour of the surface in
such a manner as to give about the minimum rise and fall.
The true bearing of 4 F, as previously determined, is N 42°
36’ W; therefore, its azimuth, counted from the north, is
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360° — 42° 36’ = 317°24’. The points B, C, and D are
chosen in advance of the survey, in such positions as will
fulfil the required conditions as nearly as can be judged,
each point being selected while the instrument is being
- moved forwards, set up, and oriented at the preceding point.
The instrumental operations in running this traverse are as
follows:

The transit is first set up at 4 and oriented by setting the
vernier (say vernier 4), at 317° 24’ (azimuth of 4 F) and
directing the telescope, with the upper plate clamped, along
A F, the point F being marked by a flag. The vernier clamp
is now loosened, the telescope is turned in azimuth and

30’
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directed to a flag held at B, and the vernier is read. The
reading, which in this case is 75° 17/, is recorded as the
azimuth of 4 B. As A is the initial point of the survey,
complete information as to how the instrument is oriented
should be described by means of a sketch or a written state-
ment. As a check, the magnetic bearing of A4 F and that of
the last line should be taken and recorded. Suppose the
magnetic bearing of 4 F to be N 40° 10/ W; as the true
bearing is N 42° 36’ W, the declination is 2° 26’ west. This
value should be noted.

The instrument is now moved forwards, set up at B, and
oriented by making the reading of the vernier equal to the
azimuth of B 4, which is equal to that of 4 B plus 180°; that
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is, 76° 17 + 180° = 255° 17/ (see Art. 35). The upper
clamp being set, the telescope is directed to A4; the lower
clamp is set, the upper clamp loosened, the telescope directed
to C, and the vernier read. The reading is found to be
89° 3(¥, which is recorded as the azimuth of B C. The
instrument is then moved to C, and the azimuth of CD is
determined as explained for B C. This azimuth is found to
be 213° 47’. The instrument is moved to D and oriented
by backsighting on C. The forward azimuth of CD
being 213° 47/, the back azimuth is 213° 47/ + 180° = 393° 47/,
or 393° 47 — 360° = 33° 47’ (see Art.34). Setting the vernier
at this reading, and directing the telescope to C, the transit
is oriented at .. The upper clamp is now loosened, the
telescope directed to £, and the vernier read again, the
reading being the azimuth of DE.

The magnetic bearing of D E is now taken; suppose it
to be N 77° 15 E. As the declination is 2° 26’ west, the
approximate true bearing of D E, as obtained from the
compass, is N 74° 49’ E. Since the line has an azimuth
of 74° 34/, its true bearing is evidently N 74° 34’ E, which
agrees with that given by the compass within the limit of
accuracy of the latter instrument, with which angles are read
to the nearest quarter of a degree. In a traverse consisting
of many lines, it is advisable to take the magnetic bearing of
every third or fourth line, and compare it with the true bear-
ing obtained from the azimuth of the line.

38. Field Notes of an Azimuth Traverse.—The
notes on the next page are those of the azimuth traverse
shown in Fig. 20. They are similar to those used in
compass surveying, and do not require any explanation.
The distances, which are obtained by merely subtracting
the number of each instrument station from the number of
the succeeding instrument station, are recorded in the fourth
column. This is usually done in the office.

39. Latitude and Longitude Ranges Computed
From Azimuths.—The ranges of a line whose azimuth is
known are calculated by fqrmulas similar to those used in
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Compass Surveying, Part 2, the azimuth of the line being used
instead of the bearing. When azimuths are reckoned from

Station | Azimuth {True Bearing | Distances Remarks

16+ 95 74° 34' | N74°49’E End of line.
10 + 31|213° 47
6 + 85| 89° 30
2490 75°17 v
F, 64 [317° 24’ [N 42° 36/ W
0 Station 0 is at Sta.
58 + 60 of surveyed
lineof O. & B.R. R.
Oriented by for-
ward azimuth on
Inst. Point F, at
Sta. 64 of same.
True bearing N 42°
36’ W. Declination
2° 26/ west.

the north, these formulas have the advantage that they give
both the numerical value and the algebraic sign of each
range. In Fig. 21, S/ is the meridian, A B is a line whose

N N N N
A A A A
. '\\ k\
n"\‘
g \
B
¢ )
!
t
A ! A /z
4 41
8 8 8 8
(@) ® © (@

Fic. 21

azimuth is Z, length /, and ranges 7 and ¢g. The general for-
mulas for finding ¢ and g are, whatever may be the value of Z,
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t =lcosZ (1)
g =1sin 2 (2)

In Fig. 21 (a), Z is acute, and the formulas at once follow
from the right triangle 4 B 5'.

In Fig. 21 (4), we have, since south latitude ranges are
negative, and cos Z/ = —cos (180 — Z’) = —cos Z, and
sin Z’ = sin (180° — Z’) = sin Z,

t=—B A= —lcosZ = —IX(—=cosZ)=1lcosZ
g=1IsinZ =1/sinZ

In Fig. 21 (c), both ¢ and g are negative, and, since cos Z
= cos (180° 4+ Z') = —cos Z/, and sin Z = —sin Z’, we
have,

t=—BA= —lcosZ =1IX(—cosZ') =1lcos Z

&= —BB = —lsinZ =1X(—sinZ')=1sinZ

Let the student verify that the formulas apply likewise
to Fig. 21 (d).

40. Platting an Azimuth Traverse.—The most
accurate method of platting a traverse is by latitude and
longitude ranges. This method was fully explained in Com-
pass Surveying, Part 2. The ranges are calculated by the
formulas given in the preceding article.

The plat may be made with some degree of expedition by
means of an ordinary circular or semicircular protractor, a
decimally divided scale, and some means for drawing parallel
lines, such as a parallel ruler moving on rollers, a T square
and triangle, or a pair of triangles. The position of the
initial point A4, Fig. 20, and the direction of the meridian
are chosen so that the whole traversed line may be platted
on the sheet. Whenever convenient, the meridian should be
made vertical on the plat.

It may or it may not be desirable to show the line by
which the instrument is first oriented, as the line A 7} when
shown, it is platted in substantially the same manner as any
other line of the survey; in the present case, this line has a
bearing N 42° 36/ W. The protractor is placed on the left-
hand (west) side of the meridian line, with its straightedge

coinciding with this line and its center at the initial point A,
115—24
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and a point is marked on the paper at the graduation mark
for 42° 36’ on the graduated semicircular edge of the pro-
tractor. The protractor is then removed and a line drawn
through the initial point 4 and the point marked. It will
be noticed that the direction of the line 4 F is laid off by
its bearing. When the direction of a line is laid off by its
azimuth, however, the angle is laid off from the north point
in the direction of the movement of the hands of a watch;
that is, in the direction east—south—west—north, up to 360°,
If the protractor used is a complete circle, it is placed on
the paper with its center at the initial point of the line and
its zero point on the meridian, north of the initial point,
and the azimuth angle is laid off on the graduated circular
edge in the direction just described. A similar method is
employed with a semicircular protractor if the azimuth is
not greater than 180°. .

When a semicircular protractor is used, however, and the
azimuth exceeds 180°, it cannot be laid off directly since the
protractor does not measure angles greater than 180°. In
such a case, the azimuth is subtracted from 360° and the
remainder is laid off toward the west of north; that is, from
the north in the direction north—west—south, by placing
the protractor on the left-hand (west) side of the meridian
with its center at the initial point of the line and its zero on
the meridian north of the vertex of the angle.

Protractors are usually graduated to degrees and half
degrees. Minutes must be estimated by the eye.

TRAVERSING BY DEFLECTIONS

41. The Process.—The relative directions of the courses
of a traverse may be determined by measuring, with a transit,
the angle by which each line is deflected from the prolonga-
tion of the one immediately preceding. Such a traverse is
sometimes called an angle line. The method by azimuths
is far preferable, and the student is advised to use it
exclusively. In the field notes, an angle is sometimes
recorded R or L, according as it is turned to the right or to
the left of the line from which it is measured.
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The process of running a traverse by deflections is as fol-
lows: Let the line to be run be A B CD E, Fig. 22, which
is the same as that shown in Fig. 20. The transit is set up
at the starting point 4, and, with the vernier set at zero, the
telescope is directed to a flag held at F, the position of the
line A4 F being supposed known from a previous survey.
Or, A F may be a line defined by the point 4 and some
permanent object, such as a church spire or a tree. The
important thing is to have a fixed reference line from which
to start the survey. The vernier plate is then unclamped,
the telescope turned in azimuth and directed toward a flag

PFic. 22

held at the next point B, and the vernier read. The reading,
which in this case is 117° 53/, is recorded as the deflection
from 4 F. As this deflection is to the right of 4 F it is
marked X.

The instrument is now moved forwards and set up at B,
and the flag that was at 7 is moved to 4. With the vernier
again set at zero, the telescope is directed to the flag at A,
and then plunged. The upper clamp is loosened, the tele-
scope is directed to C, and the vernier read. The reading,
which is 14° 13/, is the angle made by B C with the pro-
longation of 4 AB. As it is turned to the right of that
prolongation, it is marked R. The instrument is then
moved to C, and the deflection to D measured in a similar
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manner. The same operation is repeated at each of the
other angle points of the line. The distance between A and
B is measured when the transit is at 4, the transitman
keeping the head chainman in line; the distance between
B and C, when the transit is at B, etc.

42. Checking by the Needle—Deduced Bearings.
Notwithstanding the greatest care, errors in the reading
and recording of angles will occur. The best check to
such errors is obtained by reading the magnetic needle.
Although this is not an exact check, owing to the lack of

% Meridian

'Y
Magnetio

Fro. 8

precision in reading the needle and to the influence of local
attraction, yet it is very convenient and is used very gen-
erally. The bearing of each line is taken and recorded
immediately after the deflection angle has been read off
the vernier.

The method is illustrated in Fig. 23, in which the lines 4 8
and B C represent the first two lines of a deflection traverse.
The bearing of A B, as determined from B (not from A on
account of the local attraction at 4) is supposed to be
S 68° 15 W. The angle deflected from B to Cis 10° 25 to
the right. The bearing of the line 48 is N 68° 15 E, or
68° 15’ to the right of north. Since both the bearing of the
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first course and the angle turned are to the right, the sum of
the bearing and angle should be the bearing of the second
course. The bearing of a course, as thus computed from
the bearing of the adjacent course and the angle between the
courses, is called its deduced or calculated bearing. The
deduced bearing of the course B C is, therefore, N (68° 15/
+ 10° 25') E, or N 78° 40/ E. The magnetic bearing of the
course B C, as read from the needle, is N 78° 30/ E, which
agrees with the deduced bearing within the limits of accuracy
of the compass.

43. Field Notes.—A good form for the field notes of a
deflection traverse like that described in Art. 41 is given
below. The first four columns are supposed to cover some,
or all, of the left-hand page of the notebook. The last

Seriow | Deflection | JrweBaaring | Do Bearing Remarks
S5 End of Line
P13 L a39°ss’ | nreoe9's |V gosrE
Er8S |R/22°17° |S33°F9'W |s23°#7' W 2~
2+90 R reoss’ |waspse |wasesor P-4
P) w25 s E ¥ g 418 of Swirch
g @) Eenton Sts.
0XRT pechimation 2°26W

column represents the entire right-hand page, which is used
for remarks and sketches. The sketch shown locates Sta-
tion 0 and describes the direction of the first course by
means of the angle that it makes with the center line of the
railroad at this station.

Another way of recording the work is simply to make
a sketch on which angles and distances are marked, with
whatever explanations are necessary.
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TRANSIT SURVEY OF A CLOSED FIELD

THE FIELD WORK

44. Measuring the Angles.—The corners of the field
to be surveyed having been marked, the relative directions
of the boundary lines are determined as for a traverse, set-
ting the instrument at the different corners in succession,
and using either the method of azimuths or that of deflec-
tion; the former is by far the better of the two. If the
direction of the true meridian is known, azimuths are
referred to it. If not, a reference line, defined by per-
manent marks or monuments, may be assumed as a merid-
ian, to which all azimuths are referred.

Another method consists in setting the instrument at the
different corners in succession and measuring directly the
angle between the two lines meeting at each corner.

45. Field With Irregular Boundary.—When one or
more of the boundary lines are not straight, as in fields
bounded by rivers or lakes, a traverse line is run as close to
the boundary line as possible, and offsets are taken from the
traverse line to those points at which the direction of the
boundary line changes.

46. Checking the Angles.—After the work is finished,
the accuracy of the measurement of the angles is checked by
one of the following methods, according to the method used
in measuring the angles:

(a) When the Angles Are Measured Directly.— As explained
in Geometry, Part 1, the sum S of the interior angles of a
polygon of n sides is given by the formula

S = 180° X (n — 2)

It should be borne in mind, in applying this formula, that

reentrant angles, as that at 4, Fig. 24, are greater than 180°.
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The angle A4 should be called 260°, not 100°. The sum of
the measured angles should satisfy the formula within
about 2 minutes per angle.

(86) When the Deflection Method is Used.—Each deflection
angle, being the angle made by a side with the prolongation
of the preceding, is an exterior angle of the polygon. The
sum of all these angles should be equal to 360°, within the
limits mentioned above.

(¢) When Azimuths Are Used—The azimuth of the first
line is measured, or laid off, when the transit is set at the
first corner, and then the azimuth of each line is determined
from that of the preceding, as al-
ready explained. In this manner,
the azimuth of the first line may be
determined from that of the last,
by again setting the transit at the
starting corner. This second de-
termination of the azimuth of the
first line should be approximately
equal to the one with which the
survey was started. Besides, the
sum of the angles of the polygon
should satisfy the formula already
given. The manner of determining Fic. %
the angle between two lines whose azimuths are known is
similar to that used when the bearings are known, and does
not require special explanation.

BALANCING THE SURVEY

I. WHEN THERE IS A SMALL ANGULAR ERROR

47. Latitude and Longitude Ranges.—The latitude
and longitude ranges are computed by the formulas in
Art. 39. If the azimuths have not been measured directly
and the azimuth of one of the sides is known, the azimuths of
the other sides can be readily determined from the measured
angles. If no azimuth has been measured, any of the sides
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is assumed as a meridian, and azimuths and ranges are
referred to it.

48. General Remark on Balancing.—As in the case
of compass surveying, it will generally be found that a
transit survey does not close. Here, however, the method
of balancing explained in Compass Surreying, Part 2, cannot
be applied, as that method assumes the possibility of larger
errors in the angles than are likely to occur in transit work.

49. Case Where the Angular Error is Small.—When,
in testing the angular measurement of a survey that does
not close, it is found that the angular error, though suffi-
ciently great to be considered, is small as compared with the
error of closure, the following rule may be applied for cor-
recting the ranges:

Rule.—As the arithmetical sum of all the ranges of one kind
is lo the corvesponding range of any course, so is the total ervor
in the sum of the ranges of that kind to the correction to be
applied to the corvesponding range of that course.

In order to express this by a formula,
Let R = arithmetical sum of ranges of one kind;
r = corresponding range of any course;
£ = total error in latitude or longitude ranges;
¢ = correction in latitude or longitude range, to be

applied to r.
Then, R : »r = £ : ¢; whence,
c=Er

R

If it is desired to weight the courses when using this rule,
the ranges of each separate course are multiplied by the
weight assigned to that course, and the ratio between each
weighted range and the arithmetical sum of all the weighted
ranges of the same kind is used in distributing the error.
In other words, the weighted range is substituted for » and
the arithmetical sum of the weighted ranges for R in the
above formula.

The student should notice that only arithmetical values are
used in applying the formula. The correction for any range
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is added arithmetically to the original range, if that will
diminish the total error; otherwise, it should be subtracted.
Thus, if the sum of the northings is greater than that of the
southings, the northings should be diminished, and the south-
ings increased.

II. WHEN THERE IS NO ANGULAR ERROR

50. General Consideration.—The foregoing rule for
balancing a survey is founded on the assumption that the
error of closure is due partly to erroneous angles and partly
to errors in chaining. When, however, the angles are
measured accurately, the error of closure may be assumed
to be mainly due to erroneous chaining. In this case, the
survey must be balanced by correcting the lengths of the
sides, which must be so adjusted as to give a closed figure
approaching the true conditions as nearly as possible. In
adjusting the lengths of the lines due consideration should
be given to the following principles:

Principle 1.—Measurements made either up or down a slope
are likely to be too long as compared with measurements made
under similar conditions on level ground.

Principle Y1.—Error in chaining is more likely to occur in
lines measured over rough ground or under unfavorvable condi-
tions than in lines measured over smooth ground and under
favorable conditions.

These principles may serve as a guide in balancing a
transit survey, an operation that must be done by trial,
as no exact method has yet been devised.

51. Trial Method.—Let A BCD EF, Fig. 25, represent
the plat of a survey that contains no angular error and does
not close, and in which the line A4 F represents the error
of closure.

From a mere inspection of the plat it is usually easy to
determine which lines must be lengthened and which lines
shortened, in order to close the survey. Should any difficulty
be experienced in determining this, prolong the closing line,
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in both directions if necessary, and draw perpendiculars to it
from the extreme angles of the plat. The angles from which
the perpendiculars are drawn will lie between lines that are
to be lengthened and those that are to be shortened. Thus,
. in the figure, the closing line A4 is prolonged in both direc-
tions and the perpendiculars B M and £ /N drawn to it from
the extreme angles of the plat. 4 M and NV F are evidently
the projections of the lines that must be lengthened, and

E F16.2%

M N the projection of the lines that must be shortened, in
order to close the survey. Consequently, the lines A8
and £ F must be lengthened and the lines B C, CD, and D E,
shortened; the angles B and £ lie between the lines that
must be lengthened and those that must be shortened.
Measure the error of closure A4 F to the scale of the draw-
ing, and divide the amount of this error by the sum of the
lengths of all the sides. Multiply each line that is to be
lengthened by one plus the quotient, and each line that
is to be shortened by one minus the quotient. Then,
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beginning with a line adjacent to the error of closure and
proceeding in order around the plat, lay off each line of a
length equal to the product thus obtained and in a direction
parallel to its former position. When this has been done
accurately, it will be found that the error of closure is much
diminished, and in some cases wholly corrected, but in most
cases a new error of closure, as /7 4, will be formed.

The new error of closure is corrected by what is sub-
stantially a repetition of the process just described. The
line A4 F' representing the new error of closure is divided
by the sum of the lengths of the new sides, and each side is
multiplied by one plus the quotient or one minus the quotient,
according as it is to be lengthened or shortened. From an
inspection of the figure, it is found that the lines 4 &/, B/ C/,
and C’ DV are to be shortened, and the lines 2V £/ and E’' F'
are to be lengthened. It will be noticed that the line 4 B
that was lengthened in the first trial is shortened in the
second trial, and that the line D £ that was shortened in
the first trial is lengthened in the second. The second trial
gives the smaller error of closure F”/ A, and by repeating
the operation, the error of closure can be made smaller and
smaller. As this method is partly graphic, and therefore
only approximate, it will be necessary to make the last slight
adjustments arbitrarily, in order to cause the survey to
balance accurately.

52. Graphic Method.—When a survey having no angu-
lar error does not close, it can be balanced by arbitrarily
distributing the error among all the lines of the survey by
means of the following graphic construction:

Let ABCDE A, Fig. 26, represent the traverse of the
boundary of a tract of land, in which the error of closure 4 A’
is to be corrected by adjusting the lengths of the sides.
Draw the line 4 A4/, representing the error of closure, divide
it into a number of equal parts that is one less than the figure
has sides, and, beginning at A’, number consecutively the
points of divisidn, including the extremities of the line, as
shown. From each angle of the tract, draw a line parallel
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to A A’ and in the same direction from the angle that 4'is
from A; make each line of the same length as 4 4’, divide
it into the same number of equal parts, and number the
points of division in the same manner. Now, beginning at 4’
draw the lines 1-1, 2-2, 3-3, 4—4, and 5-1, joining corre-
sponding points in succession around the figure, prolonging

F16. 28

each two adjacent lines to an intersection. The lines so
drawn will be parallel, respectively, to the original sides of
the plat, the last line coinciding with the last side £ A4/, and
will form a closed figure. This method merely distributes
the error arbitrarily among all the lines of the survey, in such
manner as to affect to the greatest degree those lines that
are most nearly parallel to the error of closure.
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ADJUSTMENTS OF THE TRANSIT

53. Detinitions.—The high degree of accuracy attaired
in measurements made with a transit requires delicacy and
exactness in the construction of certain essential parts, and
extreme precision in their arrangement. Such parts are
liable to become disarranged or disturbed from their true
positions by shocks and other causes; this does not neces-
sarily injure the instrument itself, but it impairs its accuracy.
In order that such parts, when disturbed, can be rearranged,
they are made movable, or adjustable, by means of
accurately fitted screws. An adjustable part is said to be in
adjustment or out of adjustment, according as it is or is
not in its proper position. The instrument itself is said to
be in adjustment or out of adjustment, according as its parts
are or are not in adjustment. To adjust, or make the
adjustments, of an instrument, is so to arrange its parts
that they shall have their proper relative positions.

54. Conditions That Must be Fulfilled by a Transit
in Adjustment.—When a transit is in perfect adjustment,
it must, after being leveled, fulfil the following conditions:

1. The centers must revolve on a truly vertical axis, so
that the plate levels will remain centered during a complete
revolution.

2. The line of collimation must be perpendicular to the
transverse axis of the telescope, so that it will be in the
same straight line when the telescope is plunged.

3. The axis of revolution (the transverse axis) of the
telescope must be horizontal, and, therefore, perpendicular
to the vertical axis of the instrument.

When a transit has a level and a vertical arc or circle
attached to the telescope, it should fulfil the following
additional conditions:

4, The line of collimation must be parallel to a line
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tangent to the tube of the telescope level at its middle
point, so that the line of collimation will be horizontal when
the bubble of the telescope level stands at the middle of
its tube.

5. The vernier of the vertical arc or circle must read
zero when the line of collimation is horizontal.

The adjustments establishing these conditions should be
made in the order in which the conditions are stated. The
best time for adjusting an instrument is on a’ cloudy day, or
in the early morning before the air has become heated and
the sun dazzling. An open and nearly level space affording
an unobstructed sight for at least 400 feet from the transit
in opposite directiong should be chosen for making the
adjustments. In setting up the instrument, the feet of the
tripod should be planted firmly in solid ground that is not
subject to jars from heavy machinery or other causes, so
that its position will not be disturbed.

55. First Adjustment.—To make the axes of the plate
levels perpendicular to the vertical axis of the instrument,
so that when the bubbles are centered by the leveling
screws the axis of the centers will be truly vertical and the
plates will revolve in a horizontal plane.

This adjustment is substantially the same as for the com-
pass, and is performed as follows:

With the upper clamp set and the lower clamp loose, turn
the instrument so that the plate levels will be, respectively,
parallel to the lines determined by the two pairs of leveling
screws, and bring each bubble to the middle of its tube by
means of the corresponding pair of leveling screws. Next,
turn the instrument half way around; that is, revolve it in
azimuth through 180°, so that each level will be in the
reverse position with respect to the same pair of leveling
screws. If the levels are in adjustment, the bubbles will
remain in the centers of the tubes. If the bubbles do not
remain so, but run to either end, bring them half way back
to the middle of the tubes by means of the capstan-headed
screws attached to the ends of the tubes, and the rest of the
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way back by the leveling screws. Then revolve the instru-
ment again through 180° and observe the positions of the
bubbles. Sometimes this adjustment is made by one trial,
bat it is usuiilly necessary to repeat the operation.

86. Becond Adjustment.—To make the line of sight
perpendicular to the transverse axis of the telescope.

The manner of performing this adjustment is illustrated
in Fig. 27. Set and level the instrument at a point A4, and
direct the telescope to some well-defined point B a few
hundred feet distant. Both clamps being set, plunge the
telescope and set another point, as a marking pin or a tack,
in the top ¢f a stake, a few hundred feet away, on the
opposite side of the instrument from B. If the line of sight
is truly perpendicular to the transverse axis of the telescope,
this point will be in the prolongation of 2 4. In order to
ascertain if this is the case, loosen either clamp, turn the

~7
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instrument in azimuth through 180°, set the clamp and, by
means of the tangent screw, direct the line of sight again
to B, and plunge the telescope again. If the line of sight
strikes the same point as before, it is perpendicular to the
transverse axis, and no adjustment is necessary.

But, suppose that the point set after the first plunging is
at D, and that the point set after the second plunging is at £,
to one side of . This will show that the line of sight must
be adjusted. In order to make this adjustment, measure the
distance D £ (the points D and £ are set at the same distance
from A, as nearly as can be estimated by the eye), and set a
mark at 7, making the distance £ F equal to one-fourth D £.
Move the cross-hairs by means of the capstan-headed screws
until the vertical hair exactly covers the mark at F, being
careful to move them in the opposite direction to that in
which it would appear they should move. In order to move
the cross-hairs, loosen the screw on the side of the telescope
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tube away from which they are to be moved, and then tighten
the screw on the opposite side. Bring the screws to a firm
bearing, but do not turn them so tight as to cause any strain.
The cross-hairs having been thus moved and the telescope
plunged back, the line of sight will not fall on the point B,
but on a point G, at a distance from A equal to £F. By
means of either tangent screw, bring the line of sight again
on, the point B, then plunge the telescope. If the adjust-
ment is perfect, the line of sight will strike the point
which is in the prolongation of the line B A4 and midway
between D and £. The adjustment should be tested by
reversing the instrument again in azimuth, then plunging
the telescope and sighting forwards as before. It may be
necessary to repeat the operation several times in order to
obtain an exact adjustment.

57. Third Adjustment.—To make the transverse axis
of the telescope perpendicular to the vertical axis of the instru-
ment, so that when the instrument is leveled the transverse
axis of the telescope will be horizontal.

Suspend a fine, smooth plumb-line from a rigid support
at as high an elevation as convenient and at a distance from
the instrument not exceeding the length of the line. The

“weight should be suspended in a pail of water, care being
exercised that it does not touch the bottom of the pail
and that the line is not exposed to wind. With both plate
bubbles in the middle of their tubes, direct the line of
sight to the upper end of the plumb-line; then, turning
the telescope slowly downwards, notice whether the
intersection of the cross-hairs exactly follows the line
throughout its length. If it does follow it, the line of colli-
mation revolves in a vertical plane. The plumb-line will
usually vibrate slightly, but its mean position can be esti-
mated by the eye. If the intersection of the cross-hairs does
not coincide with the plumb-line throughout its length, but
diverges to one side as it approaches the bottom of the line,
the error must be corrected by raising or lowering one end
of the transverse axis of the telescope, which is adjustable
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by means of screws placed in one of the standards. If the
intersection of the cross-hairs diverges on the side of the
plumb-line toward the adjustable end of the transverse axis,
this end is to be lowered; if on the opposite side, it is to be
raised.

This adjustment can also be tested and made in the fol-
lowing manner:

Level the instrument, apd direct the telescope to some
well-defined point on a church spire or other high object, as
the point 4, Fig. 28. Having set both the upper
and the lower clamp, depress the object end of
the telescope and set a point in the line of sight
on the ground at the base of the object; loosen the
upper clamp, reverse the instrument in azimuth,
plunge the telescope, sight again on the high
point, again turn the telescope downwards, and
notice if the line of sight strikes the same point
as before. If it does, the transverse axis of the
telescope is horizontal. If the point first set is
the point B, and the second line of sight passes
through D, instead of B, the transverse axis is
not horizontal, and must be adjusted. The adjust-
ment is made by raising or lowering one end of ,
the transverse axis (in this case the right-hand end
would have to be lowered), and again repeating
the test, until the points B and D coincide (that is, until the
line of sight, when the telescope is depressed, strikes the
same point, as C, both before and after reversal).

c D
F10.28

58. Fourth Adjustment.—To make the bubble of the
telescope level stand in the middle of its tube when the line
of sight is horizontal. This adjustment makes the transit
adapted to leveling work. It is the same as that of a regular
level, and will be described in another section of this Course.

59. Fitth Adjustment.—To make the vernier of the
vertical arc or circle read zero when the line of sight is hori-
zontal. To perform this adjustment, level the instrument,

turn the telescope on its transverse axis until the bubble in
115—26
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.-the attached level is nearly in the middle of its tube; clamp

“the telescope, and center the bubble of the attached level

) -exactly by means of the gradienter screw g, Fig. 1. If the

‘vernier of the vertical limb does not read zero, set it so that
it willyead zero by means of the capstan-headed screws that
control it.

This adjustment is not strictly necessary, provided that the

. reading of the vernier when the telescope is horizontal is

observed and noted. This reading is called the index
error of the vertical circle or vernier and should be allowed
for in reading vertical angles.

60. - An Important Test.—For convenience in directing
‘the 't'cle.ﬁcope to a signal, it is desirable that the vertical cross-
‘hair should be truly vertical, and the other truly horizontal.
“The two cross-hairs are attached to the adjustable diaphragm
‘exactly at right angles to each other, so that when one is
vertical the other is horizontal. In order to test the vertical
cross-wire, sight on any sharply defined point, focusing
the' telescope perfectly and bringing the point exactly in
range with either end of the vertical cross-wire. Then turn
the telescope on its transverse axis slowly and notice if the
point sighted remains on the cross-wire throughout the motion.
Should any deviation be discernible, loosen the capstan-headed
screws that control the cross-hairs, and by the pressure of the
hand, or by tapping lightly against the heads of the screws
outside the telescope tube, rotate the cross-hairs very care-
fully in the direction opposite that in which they should

" apparently be rotated, until the point sighted remains on the

cross-hair throughout the motion of the telescope. Then
tighten the screws sufficiently to bring them to a firm bearing
without straining them, and repeat the test.

This test should be applied before performing the third
adjustment for the line of collimation. If the plate levels are
in perfect adjustment, it can also be made by sighting at a
plumb-line suspended at a suitable height and distance, with
the plate levels centered perfectly, and observing whether
the vertical cross-hair coincides exactly with the plumb-line.
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TERRESTRIAL CIRCLES-LATITUDE AND LONGITUDE

1. The Earth’s Axis and Poles.—The earth revolves,
or turns, once in 24 hours about an imaginary north-and-
south line called its axis. The points where this line meets
the earth's surface are called the earth’s poles, one being
the north pole and the other the south pole.

2. Equator and Meridians.—The equatorial plane,
or plane of the equator, is a plane passing through the
center of the earth, and perpendicular to the earth’s axis.
It cuts the surface of the earth in a circle called the terres-
trial equator.

Any plane containing the earth’s axis is called a meridian
plane, and the circle in which it intersects the earth’s sur-
face is called a meridian line, or simply a meridian.

In Fig. 1, S NV is the axis of the earth; .S is the south pole;
N, the north pole; £EQR 7, the earth’s equator; and the
circles NVRSE, NG S,and N FS are meridians. All merid-
ian planes are perpendicular to the plane of the equator.
It is evident that through any place on the earth’s surface

a meridian may be passed; such a meridian is called the
meridian of that place.
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2 TRANSIT SURVEYING §15

It will be noticed that meridians are circles, not straight
lines, and that they all meet at the poles. But, for the
purposes of ordinary surveying, where only comparatively
small areas are dealt with, meridians are treated as parallel
straight north-and-south lines; or, rather, all points within
the area surveyed are assumed to have the same meridian.
The error arising from this mode of treatment is too small
to be considered in such work.

Fre. 1

3. Latitude.—The latitude of a point on the earth’s
surface is the angle that the radius of the earth passing
through that point makes with the plane of the equator. In
Fig. 1, the latitudes of B and G are, respectively, the
angles BOR and GOG’'. These angles are measured by
the arcs R B and G’ G of the meridians passing through the
two points. The latitude of a point may, therefore, be also
defined as the angular distance of the point from the equator,
that distance being measured on the meridian through the
point, and being the number of degrees in the arc of the
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meridian included between the equator and the point. When
it is stated that the latitudes of the points B, G, F, are,
respectively, R B, G’ G, F' F, it should be understood that
these arcs are to be expressed in degrees, latitude being an
angular quantity, not a linear quantity.

The latitude of a point is said to be north or south accord-
ing as the point is north or south of the equator.

4. Parallels of Latitude.—Any plane parallel to the
equator, that is, perpendicular to the earth’s axis, cuts the
earth’s surface in a circle called a parallel of latitude, or
simply a parallel. The circle eg7#, Fig. 1, whose plane is
parallel to that of £Q R 7, is a parallel of latitude. All
points, as », G, F, on a parallel have the same latitude, as the
arcs Rr, G' G, F' F are evidently equal.

5. Longitude.—The longitude of a point on the
earth’s surface is the angle between the meridian plane
through that point and another meridian plane assumed as a
plane of reference. This angle is also referred to as the
angle between the meridian passing through the given point
and the meridian determined by the plane of reference. The
meridian of Greenwich, England, is generally taken as a
reference meridian. Suppose that NV G S, Fig. 1, is the merid-
ian of Greenwich; the longitude of the point C, referred to
that meridian, is the angle between the planes of the merid-
ians VG S and N CS. This angle is the same as G’ O /,
or G O F, and is measured by the arc G’ F’ of the equator,
or by the arc, as G F, of any parallel included between the
meridian of Greenwich and the meridian through the point
considered. The longitude of a point may also be defined
as the angular distance of the point west or east of the refer-
ence meridian.

Longitude is usually counted from the reference meridian
toward the west, from 0° to 360°.

Note.—It will be noticed that some terms, as /alitude and longitude,
are here used in a sense somewhat different from that given to them
in previous Sections of this Course. The circumstances under which

these terms are employed, however, always indicate plainly in what
sense they should be taken.
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THE CELESTIAL SPHERE

6. Definition.—The sun and stars seem to be and move
on the inner surface of an immense sphere. This sphere
is called the celestial sphere, or the heavens.

7. The Celestial Poles.—The points where the axis of
the earth, produced, meets the celestial sphere are called the
celestial poles. The one nearer the north pole of the
earth is called the north pole; the other, the south pole.

8. The Celestial Equator and Meridians. — The
celestial equator is the circle in which the plane of the
terrestrial equator intersects the celestial sphere.

A celestial meridian is a circle in which a meridian
plane intersects the celestial sphere.

9. The Zenith.—If a vertical line at any point on the
earth’s surface is produced upwards, the point where it
pierces the heavens is called the zenith of that point.

10. The Celestial Horizon.—The celestial horizon
of any point is the circle in which a horizontal plane through
that point intersects the celestial sphere.

11. Altitude.—The altitude of a point, with regard to
a point on the horizon, is the angle that a line from the latter
to the former point makes with the plane of the horizon.

12. Latitude and Longitude Measured on Celestial
Circles.—In Fig. 2 are represented the earth O—n rse and
the celestial sphere O—N RS E. The dimensions of the
earth, as compared with those of the sphere, are shown very
much exaggerated. In reality, the earth is so small, com-
pared with the celestial sphere, that for all astronomical
purposes it is treated as a point. The earth’s axis s», when
produced, meets the sphere in the celestial poles NV and S.
The meridian planes nas,ngs,nrs, when extended, inter-
sect the sphere in the celestial meridians NA S, NGS,
and NV RS, respectively. The celestial equator £Q R is
the intersection of the celestial sphere and the plane of the
terrestrial equator e¢ 7.
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Assuming ngs, or NG S, to be the meridian of Greenwich
(or any other reference meridian), and nas, or N A S, the
meridian of a point a on the earth’s surface, the longitude of
that point is measured by the arc a’g’, on the terrestrial
equator, or by the arc 4’ G/, on the celestial equator. The
latitude of a is the angle a Oa’, or A O A’, measured by either,
a’aor A’ A. Since Oa is a radius of the earth, or a vertical

F16.2

line, the point A4 in which that line produced meets the heavens
is the zenith of the point a. Therefore, the latitude of any
point on the earth’s surface is measured by the arc 4’ 4 of the
celestial meridian of that point included between the equator
and the zenith of that point. Hence, the latitude of a point
on the earth’s surface may be defined as the angular distance
of the zenith of that point from the celestial equator.
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TIME

13. Culmination.—All celestial bodies have an appar-
ent motion from east to west around the axis of the celestial
_sphere. In this motion, they cross every meridian twice in
24 hours. The passage of a celestial body across the meridian
of a place is called the culmination, or transit, of that
body, with respect to that meridian; and the culmination of
a celestial body is called upper culmination or lower
culmination, upper transit or lower transit, according
as the body crosses the meridian above or below the pole.

14. s8idereal Time.—The interval of time that elapses
between two successive upper or lower transits of a star
over the same meridian is called a sidereal day. This day
is divided into 24 hours, each hour into 60 minutes, and each
minute into 60 seconds. It begins, for any place, when a
special point of the equator, called the vernal equinox,
crosses the meridian above the pole. This instant is called
sidereal noon. Sidereal hours, minutes, and seconds are
reckoned from 0 to 24 hours, starting from sidereal noon.
Time expressed in sidereal days and fractions (hours,
minutes, seconds) is called sidereal time.

15. True Solar, or Apparent, Time.—The interval
between two successive upper transits of the sun is called a
true solar day, or an apparent day. Like the sideresl
day, the apparent day is divided into 24 hours, each hour
into 60 minutes, and each minute into 60 seconds. Time
expressed in these units is called apparent time.

On account of the fact that the sun does not, like the stars,
move in a plane perpendicular to the axis of the heavens,
and that its motion is not uniform, a solar day is not equal to
a sidereal day; nor are all solar days of equal duration.
Apparent time is therefore not convenient to use for the
ordinary affairs of life.

16. Mean Solar Time.—The earth makes one complete
revolution around the sun in 366.2422 sidereal days. or
365.2422 true solar days. This motion constantly changes
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the relative positions of the earth, sun, and stars, and has the
effect of making the sun seem to move among the stars,
making a complete circuit of the heavens in 366.2422 sidereal
days. In this apparent motion, the sun crosses the equator
every spring at the point defined in Art. 14 as the vernal
equinox. The mean sun is an imaginary body supposed to
start from the vernal equinox at the same time as the true
sun, and to move uniformly on the equator, returning to the
vernal equinox with the true sun. The time between two
successive upper transits of the mean sun is called a mean
solar day, and time expressed in mean solar days is called
mean solar time, or simply mean time, This is the
time shown by ordinary clocks and watches.

A mean solar day is, as its name implies, the mean of the
duration of all the true solar days in a year (a year being
the time in which either the true or the mean sun makes a
complete circuit of the heavens). As there are 365.2422
true solar days and 366.2422 sidereal days in a year, we have,
366.2422 .

3659492 1.0027379 sidereal days
= 24" 3™ 56.55*, sidereal time

1 mean solar day =

Likewise,

365.2422
366.2422
= 23" 56™ 4.09*, mean solar time

These values are given here as a matter of general infor-
mation. In practice, sidereal time is converted into mean
solar, and mean solar into sidereal, by means of tables.

1 sidereal day = = .99726957 mean solar day

17. cCivil Time.—In the ordinary way of reckoning
time, the day begins at 12 o’clock at night, and hours are
counted up to 12 at noon, and, beginning again at noon, up
to 12 at midnight. The day is thus divided into two inter-
vals of 12 hours each, the first interval being known as A. M.
time, the second as P. M. time.* When time is reckoned in
this manner, it is called civil time.

*These abbreviations mean, respectively, anfe meridiem (before

meridian traosit, before noon) and pos¢ meridiesn (after meridian
transit, after noon).
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18. Astronomical Time.—For astronomical purposes,
the day is considered to begin at noon, and hours are counted
from 0 to 24. When time is reckoned in this manner, it is
called astronomical time.

The astronomical day begins 12 hours later than the civil
day, and this fact should be borne in mind when converting
astronomical time into civil, or vice versa. For instance,
the date October 17, 7* 14= 3% (7 hours, 14 minutes, 3 sec-
onds), astronomical time, means 7* 14 3* after noon of the
civil date October 17, and is in civil time, 7% 14= 3* p. M.
The astronomical date February 20, 18® 6= 12* means
18" 6= 12* after noon of the civil date February 20, or
6 6™ 12* after midnight of February 20; that is, February 21,
6" 6™ 12* A. M.

19. Relation Between Longitude and Time.—The
earth revolves about its axis from west to east once in
24 hours. This causes the sun to appear to move from east
to west, crossing all meridians in succession. The mean
sun is supposed to have a similar apparent motion, and to
describe a complete circle around the earth in 24 mean solar
hours. Now, there being 360° in a complete circle, the sun
moves over %’;, or 15°, every hour. If the difference
between the longitudes of two places A4 and B is 15°, and B
is west of A4, the sun will reach the meridian of 4 one hour
earlier than the meridian of B; so that, when it is 0* (noon)
at B, it is 1" at 4. In general, if the difference between the
longitudes of 4 and B, expressed in degrees, is L, the time

at 4 will always be TL.E greater than the time at B. Thus,

if L = 25° 15’ 30/ (= 25.2583°) and the time at B is 13" 12,
the time at A4 will be
13 12= + 2i1255-3§ = 13" 12 + 1.684> = 14® 53= 2
In order that operations of this kind may be readily per-
formed, longitude is often expressed in hours, minutes, and
seconds, instead of degrees. For instance, a longitude of
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15° is expressed as 1%, one of 30°, as 2%, etc. When longi-
tude is so expressed, the difference between the hours of any
two places is simply the difference between their longitudes.
If, for instance, the longitude of A is 14" 17™ 12¢, and that
of B is 19* 37= 45, the difference, 5" 20 33*, must be added
to the time at B to find the corresponding time at A.

Let the longitudes of 4 and B, expressed in time (hours,
minutes, etc.), be g, and g;; and let 7', be the time at 4 when
the time at B is 7,. Then,

T. =T+ (g — g.)

ExaMpPLE 1.—The longitude of Washington, west of Greenwich, is
bb 8= 1s; that of San Francisco, 8t 9= 475, (a) What is the time at
Washington when it is 9% 3= at San Francisco? (4) What is the time
at San Francisco, when it is 19» 54 30% at Washington?

SoruTiON.—(a) Here A, the eastern locality, is Washington, and
B is San Francisco, and the data are, g, = 8" 9= 473, g, = 5t 8= 13,
7, = 9t 3=; applying the formula,

7, = 9b 3m 4 (8h 9m 475 — §b 8m 1s) = 12b 4m 46s, Ans.
(6) Since here the time at A is given, and what is required is the
time at B, the formula must be solved for 73:
To=T,— (g'o —g‘)
or, substituting the given value,
7, = 19® 54m 305 — (8h 9m 47+ — 5b 8m 1s) = 16% 52m 445, Ans.

ExAMPLE 2.—The longitudes of Havana (Cuba) and Salt Lake
City (Utah) being, respectively, 6 29m 26¢ and 7h 28= 24s, what is the
time at Havana when it is 11® 42m 45¢ p. M. at Salt Lake City?

SoLUTION.—Here g, = 5» 29m 26, g, = 7b 28= 245, and 7}, = 11> 42m4bs,
Therefore, by the formula, )

74, = 118 42m 45 4 (7h 28m 24s — 5h 29m 268) = 13k 41™ 43 p. M.

As this is civil time, in which the day ends at 12 p. M., the true value
of 7, is the excess of 13b 41m 43s over 12b; that is, 13b 41m 43s — 12t
= 1b 41m 43s; but this time evidently belongs to the following day; so
that, if the given time at Salt Lake City is for Monday, the time at
Havana will be 1t 41m 43s, Tuesday. Ans.

20. Rules for Converting Degrees of Longitude
Into Time, or Vice Versa.—When it is necessary to pass

from degrees to time, or from time to degrees, it is not
expedient to express minutes and seconds as decimals.
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Since 1 hour is equivalent to 15°, it follows that 1 minute
o

of time is equivalent to % = 15’; and 1 second of time, to

15

80 = 15”. From these relations the following rules are

derived:

Rule I.— 70 pass from time to degrees: (1) Multiply the
seconds of time by 15, and divide the product by 60, the integral
part of the quotient will be minules of arc, and the remainder,
seconds of arc. (2) Multiply the minules of time by 15, add to
the product the minutes of arc obtained in (1), and divide the
resultl by 60, the inlegral part of the gquotient will express
degvees, and the remainder, minutes of arc. (3) Multiply the
hours by 15, and to the product add the degrees found in (2);
the result will be degrees.

Rule I1.—70 pass from degrees to time: (1) Divide the
number of degrees by 15, the integral part of the quotient will be
hours. (2) Multiply the remainder by 60, add the product to
the given minutes of arc, and divide the resultl by 15, the inte-
gral part of the quotient will be minutes of time. (3) Multi-
ply the remainder by 60, add the product to the given-number of
seconds of arc, and divide the sum by 15, the result (carried, if
necessary, to one or more decimal places) will be seconds of time.

ExamMpLE 1.—To express, in degrees, a difference of longitude
of 3h 47m 34s,

SoLutioN.—The operation is disposed as shown below. Multiplying
34, the number of seconds of time, by 15, gives 510 sec. of arc. Divi-
ding 510 by 60, the quotient 8 expresses minutes of arc, and the remain-

3 47m 34s
5 15 16
15 706 60)510(8
11 8 480
b6° 60)713(11 3o
660
BEX

der, 30, expresses seconds. Multiplying 47= by 15 gives 705’, to which
must be added the 8 minutes obtained from the previous operation.
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The result is 713/, which divided by 60 gives 11°, and 53/ over. Multi-
plying 3* by 15, and adding to the product the 11° previously obtamed
the result is 56°. The answer is, therefore, 56° 53/ 30”.

ExaMpPLE 2.—To express, in hours, a difference of longitude
of 21° 28 17",

SoruTtioN.—The work is disposed as shown below. This arrange-
ment, studied in connection with rule II, makes further explanation

15)21 (1
15
8
x60
360
add 28
15)388 (26
376
13
x60
780
add 17
16)797 (53.13

unnecessary. The resuit, to the nearest hundredth of a second,
is 1b 25= 53.13. Ans.

EXAMPLES FOR PRACTICE
(1) What is the civil date corresponding to the astronomical date,
January 5, T 35=? Ans. January 6, 7t 36= p, M.

(2) What is the civil date corresponding to the astronomical date,
March 24, 15 7= 30s? Ans. March 25, 3 7= 30% A. M.

(3) What is the astronomical date corresponding to the civil date,
July 4, 62 30= A, M.? Ans. July 3, 18t 30=

(4) The longitudes of New York and Sacramento are, respectively,
74° 00’ 03" and 121° 27/ 44 west of Greenwich. (a) Express these longi-
tudes in time. (6) What is the astronomical time at New York, when
the time at Sacramento is 13 6= 20s? (¢c) What is the civil time at
Sacramento when it is 11 28= 16 A. M. at New York?

{(a) 4b 56m; 8 fm 5l
Ans.{ (6) 165 16= 11s
(c) 8h 18m 248 A. M.

(5). Express in degrees, minutes, and seconds of arc a difference of

longitude of 2b 39m 37s. Ans. 39° 54/ 15"

(6) Express, in time, a difference of longitude of 49° 59’ 43”.
Ans, 3b 19= 58.87
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21. Local Time.—The time dealt with in the foregoing
articles refers to the meridian of the place to which the time
refers, and is counted from the instant the mean sun crosses
the meridian of that place, either above the pole (astronomical
time) or below the pole (civil time). This time is called
local time, or the time of the place considered. Thus,
when it is said that Chicago’s local astronomical time is
3h 45m, it is meant that it is 3" 45™ since the mean sun crossed
the meridian of - Chicago. All places on the same meridian
have the same local time.

22. Standard Time.—If watches and clocks showed
local time at every place, it would be a complicated and
cumbersome operation to compare those times for the
regulation of the ordinary affairs of life. For this reason,
watches and clocks are set, within certain longitudes, to keep

ghzom 8% 7hgom  yh Ghgom  6h  shgom  sb gt3om

| I | T
Pac}iﬁc Mou})tain Cen‘tral Eas}em

127° 30/ 120° 112°30 105° 97°30 go° " 82°30 75° 67° 30
Fi1o. 3

time referred to a certain meridian between those longitudes;
that is, the time shown by a clock or watch between those
longitudes is the local time of all the places on the meridian
of reference. Time thus reckoned is called standard time.

The United States is divided into four zones, or sections,
of standard time, whose reference meridians are, respect-
ively, 75°, 90°, 105°, and 120° west of Greenwich; or, in
hours, 5% 6% 7% and 8® west of Greenwich. Each of these
meridians passes through the center of a zone of standard
time, and, therefore, controls the watch time of all places
within 74° on either side of it. This is shown in Fig. 3.
Time referred to the 75° meridian is called eastern time;
to the 90° meridian, central time; to the 105° meridian,
mountain time; and to the 120° meridian, Pacific time.

23. To Change Standard Into Local Ttme.— This
is an operation with which the student should familiarize
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himself, as it is of constant occurrence in the applications of
astronomy to surveying. When the standard time at any
point within one of the zones is given, the local time is
determined by the formula in Art. 19. But in order to
apply this formula it is necessary to know the longitude of
the place. When the longitude is given in degrees, minutes,
and seconds of arc, it must first be reduced to time.

ExampLE.—The civil time, by a watch, at a place whose longitude
is 81° 37/, is 9b 37m 45% A. M.; what is the local time at that instant?

SorutioN.—Since the longitude is 81° 37/, the place lies within the
zone of 75° meridian, or eastern, time. To apply the formula in

Art. 19, we have,
T, = 9b 37m 45

The difference g» — g4 is obtained by reducing to time the differ-
ence 81° 37 — 75° = 6° 37/ between the longitude of the given place
and that of the reference meridian. Therefore,

Ty = Ty — (gs — ga) = 9 37m 45% — 26m 28* = 9 11m 175, Ans.

EXAMPLES FOR PRACTICE

1. The longitude of Cincinnati is 84° 29 31”; what is the local time
when the standard (central) time is 4 24m 175 p. M.?

Ans. 4" 46 19s p. M.

2. The longitude of a place being 113° 49/, what is the local time at
the place when the time shown by a watch is 11» 58= 30s p. M.?

Ans. 23= 14s after midnight

3. The time by a watch at Los Angeles being 1t 44™ A. M., and the
longitude of the place being 118° 10/ 44”, what is the astronomical local
time at that instant? Ans. 13b 51m 17s

DETERMINATION OF THE MERIDIAN BY OBSER-
VATIONS OF POLARIS

POLARIS

24. Position of Polaris.—There is a star called Polaris,
the north star, or the pole star, the proximity of which to
the north pole makes it very convenient for the determin-
ation of the true meridian. Its position can be very easily
ascertained by means of a constellation, or group of stars,
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commonly known as the Dipper, and called by astronomers
Ursa Major, or the Great Bear. This constellation consists
of seven stars, a line joining which forms the outline of a
dipper, as shown in Fig. 4. Although its position with
reference to both the meridian and the horizon varies with
the date and time of night, as well

Pole's Polarie as with the observer's position, it

I \ can, on account of its peculiar form,

i \ be easily identified on any clear

i \ night. The two stars in the bowl

; that are farther from the handle are
\ known to astronomers as a (a/pha)
and 3 (beta), and commonly called

\ the pointers, from the fact that

\e

\
\
R
/ T \Y/
Dc;,or or Great Bear
| ( Uren Majer.)

Fic. ¢ PF16.5

they point almost directly to the north pole. By follow-
ing toward the north the line determined by the pointers,
the north star, which lies very nearly on that line, and at
the same time very nearly due north, can be readily located.
(See Fig. 4.)

25. Approximate Determination of Latitude From
Polaris.—In nearly all methods of determining the true
meridian, the latitude of the place of observation must be
known, at least approximately. In the majority of cases, the
latitude can be taken from a map or book of reference. In
case this cannot be done, a sufficiently close value may be
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obtained by measuring with a transit the altitude of Polaris,
which is very nearly (within about 1°) equal to the latitude
of the place.

. This method of determining latitude is founded on the
following very simple and very useful principle:

The latitude of any place on the earth’s surface is equal to the
altitude of the pole with respect to the horizon of that place.

Let O, Fig. b, be any point on the earth’s surface; £S5 Q N,
the meridian; F A, the horizon; £ Q, the equator; Z, the
zenith; A, the north pole. The latitude of the place is /
(Art. 3), and the altitude of the pole is £ (= FON). Now,
since SV is perpendicular to £ Q, and O Z to F H, we have

2+ 4k =90°% p+ 7 = 90° whence £ =/

DETERMINATION OF THE MERIDIAN BY OBSERVING
POLARIS AT CULMINATION

26. Times of Upper Culmination of Polaris.—In
Table I are given the local astronomical times of upper
culmination of Polaris for different dates, between the begin-
ning of the year 1905 and the end of the year 1911. This
table contains the times of upper culmination for the dates
given. The extreme right-hand column of the table contains
the difference between the times of culmination for any two
succeeding days. Each difference applies to any day between
the date horizontally opposite that difference in the left-hand
column, and the following date. Thus, the difference 3.95=,
which is horizontally opposite January 1, indicates that,
between January 1 and January 15, the time of culmination
decreases by 3.95 minutes per day. For instance, the time
of culmination on January 8 is obtained by subtracting from -
the time of culmination for January 1 the product 3.95= X 7,
or 27.65, the number of days elapsed from January 1 to
January 8 being 7.

In order, however, to facilitate calculation, Table II gives
the corrections to be applied for all intermediate dates.
Suppose, for instance, that it is desired to find the time of

115—38
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TABLE 11
CORRECTION FOR INTERMEDIATE DATES

Difference for 1 Day in Minutes
Day of the Month .

3.91 3.92 3.93 3.94 3.98
2 or 16 3.9 3.9 3.9 3.9 3.9
3oriy 7.8 7.8 7.9 79 7.9
4 or 18 11.7 11.8 11.8 11.8 11.8
5 0r 19 15.6 15.7 15.7 15.8 15.8
6 or 20 19.5 19.6 19.6 19.7 19.7
7 or 21 23.5 23.5 23.6 23.6 23.7
8 or 22 27.4 27.4 - 27.5 27.6 27.6
9 or 23 31.3 31.4 31.4 31.5 31.6
10 Or 24 35.2 35.3 35-4 35.5 35.5
11 Or 25 39.1 39.2 39.3 394 39-5
12 or 26 43.0 43.1 43.2 43.3 43.4
13 or 27 46.9 47.0 47.2 47.3 47-4
14 or 28 50.8 §1.0 5I.1 5I1.2 51.3
29 54.7 54.9 55.0 55.2 55.3
30 58.6 58.8 58.9 59.1 59.2
31 62.6 62.7 62.9 63.0 63.2

upper culmination on October 9, 1905. The difference for
1 day horizontally opposite October 1 in Table I is 3.93.
Looking for this difference in the vertical columns of
Table II, 31.4= is found in that column horizontally opposite
the given date 9 (9 or 28). Subtracting 31.4=from 12" 45.2=,
which is the time of culmination for October 1, 1905, the
required time is found to be 12" 13.8=,

27. Between April 12 and April 15, the correction given
in Table II cannot, in some cases, be subtracted, the minuend
being less than the subtrahend. In this case, 23" 56.1=,
which is the mean solar time between two consecutive cul-
minations (Art. 16), should be added to the minuend before
performing the subtraction.

28. It should be borne in mind that the times given
in Table I are mean local times counted in the astronomical
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way; that is, from 0* to 24*. In applying the table, care
should be taken to reduce the civil standard time shown by
the observer’'s watch or clock to the corresponding local
astronomical time.

29. Time of Lower Culmination.—Since Polaris
makes a complete revolution around the pole in 23* 56.1=,
the interval of time between an upper and the next lower
culmination is B 56.1° 26'1.
upper culmination for any given date, as found from the
table, is less than 11* 58=, the latter quantity is added to it,
in order to obtain the time of lower culmination. If the
time of upper culmination is greater than 11* 33=, the latter
guantity should be subtracted from it, in order to obtain the
time of lower culmination for the same date. This will be
r readily understood by reference
to Fig. 6. in which the circle 4 B
/ \ represents the path of Polaris,
and L U, the meridian. The
star describes either of the
B 4 semicircles L AL or U'BL in
about 11* 58=, Let this inter-
val of time be denoted by 7.
\ / If, when Polaris is at & (upper

culmination), the time is less
L than 7, this indicates that, at
Fro s the beginning of the day. the
star was at some point S to the right of L. Before the end
of that day, the star will describe the path {'B L S, crossing
the meridian at L (lower culmination) 7 hours after its pas-
sage through . If, when Polaris is at L. the time is greater
than 7, this shows that, at the beginning of the day, the star
was at some point S’ to the left of Z; in moving from S’ to U.
the star evidently reached L, its lower culmination, 7 hours
before it reached U; so that. in this case, the time of lower
culmination is obtained by subtracting 7 from the time of
upper culminaion.

, or 11* 58= nearly. If the time of

8
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30. Observing Polaris and Marking the Meridian.
Select a date on which Polaris is at either lower or upper
culmination during the night (preferably during the early
part of the evening). Determine, by means of Table I, the
exact time of culmination, being careful to reduce the tabular
values to standard civil time. It is safer, in order to avoid
confusion, for the observer to set his watch to show local
time (Art. 23). About 15 minutes before the time of cul-
mination, set the transit in such a position that an unob-
structed view toward the north may be obtained for a
distance of between 300 and 500 feet. Drive a stake, and
mark by a tack the exact point occupied by the instrument.
About 5 minutes before the time of culmination, direct the
telescope to the star, holding a lamp in front and a little
toward one side of the objective glass to illuminate the
cross-wires. Set both clamps, and with either tangent screw
set the vertical cross-wire exactly on the star. The star
will appear to be moving toward the left or toward the right
according as it is approaching upper or lower culmination.
Follow it in its motion by turning the tangent screw until the
exact time of culmination (which, preferably, should be called
out by an assistant). This completes the observation of the
star. Now depress the telescope, direct it to a point on the
ground about 400 or 500 feet from the instrument, and have
an assistant drive a tack on top of a stake in line with the line
of sight; this completes the operation. The line between the
two stakes is a true north-and-south line, or true meridian.

ExaMpPLE 1.—To find the time of upper culmination of Polaris
on September 12, 1907.

SoruTtIiON.—From Table I,

Upper culmination, September 1, 1907
Difference for 1 day, 3.92.

From Table II,

Correction under 3.92, opposite 12 (*‘12 or 26"’} . 43.1
Required time . . . . . ... e e e e 142 2.7m
Ans.

ExampLE 2.—To find the time of lower culmination of Polaris
on April 13, 1908.
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SoLuTiON.—From Table I,

Time of upper culmination, April1,1908 . . . . 0" 46.8=
Add 1 sidereal day (Art. 27) . . . .. ... .. 23 56.1

Difference for 1 day, 3.94.
Correction from Table II, under 3.94

andopposite 13 . . . . . . .. ... L. L 47.3
Time of upper culmination . . . . . . . .. .. 23k 55.6=
Subtract (see Art. 29) . . . ... ... .. .. 11 58
Time of lower culmination . . . . . . . . . .. 11* 57.6=

ExAMPLE 3.—An observer is located in longitude 110° 12/, and his
watch keeps standard mountain time; what is the time, by his watch,
when Polaris will be at lower culmination on December 21, 1905?

SoLuTION.—From Table I,

Time of upper culmination, December 15, 1906 7% 50=
Difference for 1 day, 3.95.

Correction from TableII . . . . . . . . PP 23.7
Time of upper culmination, December 21, 1905 7 26.3=
Add (Art. 29) . . . ... ... ... ..., 11 58
Time of lower culmination . . . .. ... . .. 19® 24 3m

As this is astronomical time, it shows the interval that has elapsed
since noon of December 21, and corresponds, therefore, to the civil
date December 22, 72 24.3m o. M. We must, then, take the time of
the previous culmination corresponding to the astronomical date,
December 20.

Upper culmination, December 15, 1905 . . . . . 7° 50=
Difference for 1 day, 3.95.

Correction from TableII . . . . . . . ... .. 19.7
Upper culmination, December 20 . . . . . . . . 7 30.3=
Adding . . . . . . .. Lo o 11 58
Lower culmination, December20 . . . . . . . . 19> 28.3=

The local civil time of culmination is, then, 7 28.3™ A. M. As the
observer is in longitude 110° 12/, he is 5° 12/ west of the standard
7-hour meridian. This difference in longitude converted into time
is 20.8". Then, by the formula in Art. 19, noticing that here
T, = 7» 28.3m,

T, = 70 28.3m 4 20.8m = 70 49.1m

which is the required standard time of lower culmination. As stated
in Art. 30, it may be convenient to set the watch on local time
beforehand. Ans.



§15 TRANSIT SURVEYING 21

EXAMPLES FOR PRACTICE
1. Find the time of upper culmination of Polaris: (a) on Feb-

ruary 24, 1908; (4) on April 13, 1907. Ans {{z; g: ;21.0-
. m

2. Find the time of lower culmination of Polaris: (2) on Septem-
ber 5, 1910; (4) on April 14, 1906. . Aus. {iz} f;fg‘ib;m

3. An observer is located in longitude 118° 4/, his watch keeping -
standard Pacific time; find the time, by his watch, at which Polaris
will be at lower qulmination: (a@) on July 4, 1909; (4) on November 8,
1907. Abns {(a) 6> 30.1m p. M.

*1(4) 10% 12.9m A, M.

DETERMINATION OF THE MERIDIAN BY OBSERVING
POLARIS AT ELONGATION

31. Elongation of a Star.—When in its motion about
the axis of the heavens a star reaches its extreme westerly
position, it is said to be at western elongation. Like-
wise, the star is at eastern elongation when in its extreme:
eastern position.

32. Azimuths of Polaris.—The azimuth of an object,
with respect to a point of observation, is the azimuth of the
line between that point and the object. Table III gives the
azimuths of Polaris at elongation for different years and
latitudes. If a transit is directed to the star when at
elongation, and the corresponding azimuth taken from the
table, all that is necessary to determine the meridian is to
turn the telescope through an angle equal to the azimuth, to
the left (west) if the star is at eastern elongation; to the
right (east) if the star is at western elongation.

33. Time of Elongation of Polaris.—Polaris is at
eastern elongation about 5* 55™ before it reaches its upper
culmination; and at western elongation, & 55™ after upper
culmination. The times of elongation can, therefore, be
readily determined from those of culmination taken from
Table I. It should be noted, however, that the time of
elongation does not need to be known exactly; it is only
necessary to know it approximately, so that the observer
may know about when to make his observations.
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TABLE II1
AZIMUTHS OF POLARIS AT ELONGATION
Year
Y
g 3 1905 1906 1907 1908 1909 .
z 5
3 5 3 g @a n N o o« - L] - - -
H £ 2 H 1] ] H 8 H s
& -} ] E o a E - 4 3
F £ g ] o 8 8 - 8 o £
ala|la|l&|a|&|a|l®|a|=|{a'=
- —
25 19.4 1 19.1 1 18.7 1 18,4 1 18.1 T 5.7
26 20.1 19.8 19.4 10.1 18.7 184
a7 208 20.§ 20.1 19.8 19.4 191
28 21.6 21.3 20.9 20.5 20.1 188
29 22.4 22.1 217 21.3 20.9 2.5
30 1 23.1 1 22.8 1 22.4 1 a2.1 1 21.7 1 213
3 24.0 23.6 23.2 22.9 22.§ 223
32 24.9 24.5 24.1 23.8 23.4 31
a3 5.9 25.5 as.1 24.7 24.3 220
34 26.9 26.5 26.1 25.7 25.3 250
3as 1 27.9 1 27.8 1 27.1 1 26.8 1 26.4 T 260
36 29.0 28.6 8.2 27.9 27.8 1
37 30.1 29.7 29.3 29.0 B.6 2B
a8 31.4 31.0 30.6 30.2 28 .4
39 32.7 32.3 31.8 314 310 056
40 1 34.0 1 33.6 1 33.2 1 328 1 324 1 320
41 35.4 35.0 34.6 342 33.8 334
42 36.9 36.5 36.0 35.6 35.2 348
a3 8.5 381 37.6 37.2 368 33
a“ 40.1 39.7 39.2 88 B4 379
45 1 41.8 1 41.4 1 40.9 1 40.5 1 40.1 3 39.6
46 43.7 43.2 42.7 42.3 41.9 s
47 45.6 45.1 44.6 44.2 43.7 a3
48 47.7 47.2 46.7 46.3 45.8 453
49 49.8 49.3 488 8.4 47.9 a7
50 1 52.0 1 (381 1 s1.0 1 50.6 1 50.1 1 -6
st 54.4 54.0 53.5 53.0 s2.8 s2.0
s2 370 56.4 §5.9 55.4 54.9 S44
3 59.6 59.1 8.6 s8.1 §7.6 §7.1
54 2 2.5 2 2.0 2 1.8 3 0.9 2 0.4 9.9
(13 2 5.6 2 5.0 2 4.4 2 3.9 2 3.4 2 a8
56 8.8 8.2 7.7 7.1 6.6 6.0
87 12.2 1.7 1.1 10.5 10.0 9.4
s8 15.9 15.3 14.7 14.2 13.6 13.0
9 19.8 19.2 18.6 18.0 17.4 16.8
60 2 24.0 2 23.4 2 228 2 22.1 2 1.8 2 2.9
61 8.5 27.9 27.2 26.6 25.9 5.3
62 33.4 32.7 32.1 31.4 308 0.1
63 38.6 38.0 37.3 36.6 35.9 35.3
64 44.3 43.6 429 42.2 ars ©8
65 2 50.4 2 49.7 2 49.0 2 48.3 2 47.5 2 | 68
66 57.1 56.3 55.6 54.8 54.1 53.3
67 3 4.4 3 3.6 3 2.8 3 2.0 3 1.2 3 o4
68 12.3 11.§ 10.7 9.8 9.0 8.2
69 21.0 20.1 19.3 18.4 17.6 16.7
70 3 | 306 3 2y.7 3 [ 88| 3 |29 | 3 | ;o | 3 | B
71 41.3 40.3 39.4 8.4 37.8 %
72 53.2 s2.1 st.1 50.1 9.1 é1
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34. Making the Observation and Marking the
Meridian.—Determine the approximate time of elongation
as just explained. About 20 minutes before that time, set
the transit over a point properly marked, and level it care-
fully. Set the vernier at zero. Direct the telescope to the
star, and, with both clamps set, follow the star by means of
the lower tangent screw. If the star is approaching eastern
elongation, it will be moving to the right; if western, to the
left. About the time of elongation, it will be noticed that
the star ceases to move horizontally, and that its image
appears to follow the vertical cross-wire of the instrument.
The star has then reached its elongation, and the observation
is completed. Take the azimuth from Table III. Depress
the telescope, and turn it through an angle equal to the
azimuth, to the west or to the east, according as the star was
at eastern or western elongation. The line of sight will then
be directed along the true meridian, and by marking another
point 400 or 500 feet from that occupied by the instrument,
the direction of the true meridian will be established.

This is the most accurate method of determining the true
meridian, and, where possible, should be used in preference
to others.

ExaMpLE.—To find thé times of elongation of Polaris on May 10, 1906.
SorLuTiON.—From Table I,

Upper culmination, May 1,1908 . . . . . . . . . 22h 46.1m
Difference for 1 day, 3.93.
Correction from Table II . . . . . .. ... .. _ 34
Upper culmination, May 10,1906 . . . . . . . . 22h 10.7m
For western elongation,add. . . . .. ... .. 5 55.0
28v §,7m
As this brings the time on the following day, it
is necessary to subtract a sidereal day . . . . 23 56
Western elongation (to nearest minute), May 10,
1906. . ... ... e e e e e e e e e e 4h 10w
Ans,
Also,
Upper culmination, May 10,1906 (to nearest minute) 22t 11=
Subtract . . . . . . .. 000 e e e e 5b 56
Eastern elongation . , . ., . . ¢4+ ¢ ... ... 168 16~

Ans.



24 TRANSIT SURVEYING §15

EXAMPLES FOR PRACTICE

1. Find the time of eastern elongation of Polaris on August 17, 1907.
Ans. 9* 49.6~

2. Find the time of western elongation of Polaris on May 17, 1908,
Ans. 3* 41.3=

PROBLEMS ON INACCESSIBLE LINES

TRIANGULATION

35. Definition.—Triangulation is an application of
the principles of trigonometry to the determination of dis-
tances and angles. It consists essentially in determining by
trigonometry the values of all the parts of a triangle from
three parts whose values are measured directly. The values
of all parts of the triangle being thus determined, any side
can be taken as the side of a new triangle, and by measuring
the angles at the extremities of that side, the values of the
unknown parts of this triangle can be computed. This
process can be repeated so as to cover any given area with a
network of triangles, all the sides of which, except the ﬁrst
are determined by calculation.

The purpose for which triangulation is most often
employed in ordinary surveying, however, is the determina-
tion of the lengths of lines that are inaccessible for direct
linear measurement. A few illustrations of a general char-
acter will be given here, covering the triangulation problems
that occur most often in ordinary field work.

86. Problem 1.—7#%e two ends of a line not wholly acces-
stble being both visible, and one of them accessible, to determine
the length of the line.

A common case in which this problem has to be solved
occurs when the line of a survey crosses a stream too wide
and deep for direct measurement, and it is required to deter-
mine the length of the line intercepted by the stream.
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Let A4, Fig. 7, be the accessible end of the line, and B the
other end, which must be distinctly defined, either by some
prominent natural object, suth as a tree, or by a flagpole.
Set the transit over the point A, set the vernier at zero, and
direct the telescope to 5. Unclamp the upper plate, and turn
off an angle A to the right or to the left, as may be more

Fi1G6. 7

convenient. A right angle is preferable, and should be used
whenever practicable. Measure along the line of sight a
distance of about 300 or 400 feet to a point C. Set the transit
at C, and measure the angle C. In the triangle 4 B C,
the angle B is found from the relation B = 180° — (A4 + (),
and then the distance A A is calculated by the following
formula, which is given in trigonometry:

ACsin C
AB = ===
sin B
If A is a right angle, 4 B C is a right triangle, and then
AB = ACtan C

In this case, it is very convenient to make A4 C a multiple
of 100—say 400—and use the natural tangent of C. When 4
is not a right angle, logarithmic functions are preferable.
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EXAMPLES FOR PRACTICE

1. Suppose that in the triangle 4 B C, Fig. 7, the side 4Cis
425 feet, and the angles 4 and C are 79° 00 and 56° 20/, respectively;
what is the distance 4 B? Ans. 503.2 ft.

2. If in the triangle A B C, Fig. 7, the side A C is 500 feet, the
angle A4, 90°, and the angle C, 49° 54’, what is the distance A B?
Ans. 593.8 ft.

37. Problem 11.—70 determine the length of a line both
ends of which are inaccessible.

Let 4 B, Fig. 8, be the line, the ends 4 and B of which
are inaccessible. Select two
points P, O from which both
ends of the line can be seen,
[ and at a distance from each
"i other of about 300 or 400 feet

]

]

(or more, if necessary). After
¥ PN ! measuring the line P Q, set the
transit at one of its extremities,
as P, and measure the angles X

1
[}
[}
\
\M ? and L. Then take the transit

to O, and measure the angles
M and N.
In the triangle 4 P, the angle R is computed from the
relation R = 180° — (K + L + Af), and then
AP = PQsinM
sin R
Likewise, in the triangle, BPQ, S = 180° — (L + M+ N),

and BP = PO sin (M + N)
sin §

In the triangle 4 PB, the sides A P and PAB and their
included angle K are now known. To find 4 B, we have,
from trigonometry,

PB—-PA

tan (X - V) = PH+Pd cot } K

(PB—PA)cos + K
sin #(X = ¥)

AB =
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ExampLE.—If, in Fig. 8, the distance P Q is 400 feet, and the angles,
as measured, are X = 37° 10/, L = 36° 30/, M = 52° 15/, N = 32° 5%,
what is the distance 4 B?

SoLutioN.—In the triangle 4 PQ, R = 180° — (37° 10/ + 36° 30/
+ 52° 15) = 54° 05/, and
sin 54° 05/

AP =

In the triangle BPQ, S = 180° — (36° 30/ 4 52° 15 + 32° 65/)
= 58° 20/, M+ N = 52° 15’ 4+ 32° 55 = 85° 10/, and
400 sin 85° 1¢/
BP= “sin58°00 = 468.30 ft.
We have, also, X' = 37° 10/, § X = 18° 35/, and
o _ (468.30 — 390.53)
tan HX - ¥) = 6530 + 390,53
whence, }(X — V) = 15° 04, and therefore
45 — (46830 — 390.53) cos 18° 85/
- sin 15° 04/

: )
400 sin 52° 15 _ 390.53 ft.

cot 18° 35/

= 283.58 ft. Ans.

EXAMPLE FOR PRACTICE
If, in Fig. 8, the distance P is 500 feet, and the angles X, L, M,
and /V are, respectively, 42° 30, 42° 55/, 45° 30/, and 20° 50/, find the
distance 4 5. Ans. 348.3 ft.

38. Problem I1I1.—7v determine the angle between two
lines whose point of intersection is inaccessible; also, the distances
from a point in each
line to the point of
intersection.

This problem is of
frequent occurrence
in railroad work, the
two given lines being
the center lines of
two tracks that are
to be connected by a
curve.

Let A B and CD,
Fig. 9, be the given - P
lines, P their inaccessible point of intersection, and B P
and D P the required distances. Measure the distance B D
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and the angles X" and L. Then, M = 180° — (K 4 L), and

BDsin L BDsin K

sinM ' bp = sin M

In railroad work, the external angle / is usually required.
instead of M. Since / is an exterior angle of the tn-
angle BDP, we have / = K+ L.

If B is not visible from D, two points are selected, as &
and /Y, one on each line, that are visible from each other.
The distance B’/ and the angles K’ and L’ are measured.
and M,I,B’' P, and [’ P determined as before. The dis-
tances B’ B and Y D are next measured, and then

BP=A8BP—-—BB and DP=DP-DD

If the lines are entirely invisible from each other, as when
there is an intervening hill, any convenient point B is taken
on one of them, and a line B” D' is run making any conve-
nient angle K/ with it. The intersection 2/ of this line
with CD is marked, the distance B’ D’ and the angle L”
are measured, and the solution completed as before. The
distance B” D" is measured when the line is being run.
As D" is not visible from B”, it will be necessary to set the
instrument at one or more intermediate points, from each of
which the line is prolonged in the manner explained in Zransit
Surveying, Part 1. If it is not convenient to run a straight
line between 4 B and C D, a broken or traverse line may be
used, as will be explained elsewhere.

BP=

EXAMPLES FOR PRACTICE

1. Referring to Fig. 9, suppose that the angle X = 25° 10/, the
angle L = 24° 30/, and that the distance B D = 410 feet. Determine

the angle / and the distances # Pand D P. = 49° 40/
Ans. B P = 223.05 ft.
DP = 228.72 ft.

2. Suppose that, in Fig. 9, the angles X” and L” are 61°45 and
42° 33/, respectively, and that the distance B” D’ is 312.4 feet. If the
distances B” B and D" D are, respectively, 52.2 feet and 36.5 feet,

determine the distances B8P and D P. Ans. { = 165.8 ft.
. DP=2AT5#.
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39. Bpecial Problem.—The following special problem
is given as a further illustration of the methods that are used
in practice. The student will readily understand that a great
variety of such problems are likely to occur, which cannot be

F16. 10

brought under any classification or general rules. In work
of this kind, the surveyor must exercise his ingenuity.

In Fig. 10, A B and CD represent two lines on shore that
intersect at the point 7, which, being in the water, is inac-
cessible. The line 4 B when prolonged crosses a dock .S,



30 TRANSIT SURVEYING §15

too wide for direct measurement, then crosses the wharf or
pier 7 U, and passes over the water to the point of intersec-
tion /. It is required to find the distances B F, B/, and D/,
and the angle X between the two lines.

With the transit at D, the point G is located on the whart
in the prolongation of the line CD. With the transit at B,
the point F, in the prolongation of A B, is located on the
wharf, and at the same time the angle K is measured. The
transit is then set at F, directed to A4, and the angle L
between 4 F and F G is measured. The telescope is again
directed to A, plunged, and the angle A between 4 / and
F D is measured. The distance F G is measured, and also
the angle P at G.

Since the angle L is an external angle of the triangle /G,

we have,
X+P=L, whence X=L-P

The angles NV and D are found from the relations
N=180°—(K+ L), D=X-M
The triangle B F G gives

pr=fGsnN

sin &

The triangle /G gives
Fl = F G sin P

sin X
The sum of B Fand F/ gives B/. The triangle FD I gives
FIlsin M
DI = —=-
sin D -

EXAMPLE FOR PRACTICE
Suppose that, in Fig. 10, X = 38° 40/, L = 109° 10/, M = 21° 50,
P = 57° 50/ and the distance F G = 180.3 feet. Determine the dis-
tances B F, B/, and D/ and the angle X between 4 B and CD.
2n- it
A"”-{D 7=1478
X =51
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PASSING OBSTACLES

40. A building or other obstacle is often found directly
in the line of survey. In such cases the problem is to carry
the line around the obstacle so as to continue it in its true
position beyond the obstacle, and at the same time deter-
mine the length of the portion of the line that cannot be, or
is not, measured directly. This can be accomplished in diff-
erent ways, and in many cases in a very simple manner
and without resorting to triangulation. Some of the
methods employed are described in Chain Surveying and
in Compass Surveying, Part 1. Here only those methods
will be described that are used in transit surveying.

Fia. 11

41. First Method: by Right-Angle Offsets.—Sup-
pose that a building A, Fig. 11, stands directly in the line
A B of a survey and extends a considerable distance on each
side of the line, which must be prolonged beyond the build-
ing, as at £F. The instrument being set up at 5, the
telescope is directed to A4, and the angle A4 B C, equal to 90°,
is turned off on the horizontal circle, in this case to the left,
giving the direction of the line B C. A distance B Cis then
measured along this line, of sufficient length for the line C D,
at right angles to B C, to clear the end of the building. The
transit is then set at C, the telescope directed to B, and the
angle B C D, equal to 90°, is turned in the opposite direction
to that in which the angle 4 B C was turned. On the line
CD, a distance CD is measured sufficiently long to clear the
obst.acle;.l 5_’£7he instrument is then set up at D, the telescope
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is directed to C, and the right angle CD £ turned toward the
prolongation of A B. On the line D E, a distance DE is
measured equal to B C. The instrument is now set up at £,
the telescope is directed to 0, and the angle D £ F, equal
to 90°, is turned off. The telescope will then be directed
along the continuation £F of 4 B. The distance BE is
equal to the distance CD.

When the offset distances are small, the right angles can
usually be estimated by the eye closely enough for ordinary
purposes, but when a high degree of accuracy is required or
the offset is large, the right angles should be given by the
transit, as just explained.

F10.13

42. Becond Method: by an Equilateral Triangle.
Let A4 B, Fig. 12, be the line of survey, and A the obstacle
to be passed. The instrument being set up at 5, the
telescope is directed to A4, then plunged, and the forward
angle D B C, equal to 60°, is turned off. A point Cis set in
the line B C at a suitable distance from B, say 150 feet. The
transit is then set up at C, the telescope is directed to 5, an
angle B C D, equal to 60°, is turned off, and a distance equal
to B C is measured to a point D. The point D will be in the
prolongation of 4 5.

The transit is then set up at D, directed to C, and an
angle CD E, equal to 120°, is turned to the left. The line of
sight will then point along the prolongation D £ of 4 B. The
distance B D is equal to B C, since the triangle BCD is
equilateral.,
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43. Modifications of Second Method.—It may some-
times be convenient to make the angle D B C, Fig. 12, equal
to 45° and the angle B CD equal to 90°, in which case the
angle CD B is made equal to the angle D B C, or 45°, and
the distance CJD is made equal to the distance B C. The
distance B D will then be equal to B C + sin 45° = 1.4142 B C.

In some cases, a triangle whose angles are, respectively,
30°, 60°, and 90° can be employed to advantage. In other
cases it may be convenient to use other angles. Any angles
whatever may be turned off from Zand C. The angle CDE
to be turned off at D is always equal to B+ C. The dis-
tance B C is taken so that the line C D run from C will clear
the obstacle. The distance CD to be measured from C
is computed from the measured angles and the measured

distance B C. The distance 8D is computed in a similar
manner.

44. Third Method: by an Isosceles Triangle.—Sup-
pose that A4’A, Fig. 13, is the line of survey and that
the obstacle is a large tree 7, standing directly in the line.
The transit being set at 4, any small angle B’ A B may be
turned off in either direction, just large enough to pass the
obstacle. A point B is set in the deflected line in any con-
venient position near or just beyond the obstacle, and the
distance 4 B is measured. The transit is then set up at B, a

, s, T D

backsight is taken on A4, and a forward angle 4 BC is
turned off equal to 180° minus twice the angle B’ A4 8.
The distance B C is then measured along this line equal to
the distance 4 B, and the point C is marked. This point
will lie in the prolongation of the line 4’ 4. The transit is
then set at C, directed to B, and a forward angle BCD is
turned off equal to 180° minus the first angle B’ 4 B. Then

the telescope will be directed along the prolongation of the
line 4’ A4.
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That the student may not forget the different stages of
the process, he should bear in mind that the object of the
operation is to determine an isosceles triangle 4 B C. Since
the acute angles at 4 and C are equal, the exterior angle CBC
is equal to twice either of them, as 4, and therefore 4 B Cis
equal to 180° — 2.4, and BCD to 180° — 4. Another way
of proceeding is to direct the telescope from B to A, plunge
it, and turn off the angle C’ B C equal to 2 4. Likewise,
after directing the telescope from C to B, it may be plunged,
and the angle 2 CD turned off equal to 4. However, it is
always advisable not to plunge the telescope.

The distance 4 C can be readily determined by solving
the triangle 4 B C, which gives

AC=2ABcos A

For nearly all practical work, the cosine of an angle less
than 1° may be taken equal to 1, and therefore, when A is
less than 1°, 4 C may be taken equal to 24 5.

SUPPLYING OMISSIONS

GENERAL METHODS

45. Introductory Statement.—It is sometimes impos-
sible to measure the length and bearing of every side of a
closed field, and sometimes, from accident, omissions occur
in the notes. In such cases, the parts that are missing must
be calculated from the other parts. In a closed survey, any
two omissions can be supplied by calculation. The surveyor
should make every measurement practicable, however, so as
to avoid the necessity of supplying omissions in this manner;
for, when omissions are supplied by computation, it must be
assumed that the remaining field notes are exactly correct;
consequently, there are no means of balancing the work, and
all errors are thrown into the part or parts supplied.

In what follows, the directions of the courses will be
assumed to be given by azimuths, not by bearings. When,
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however, they are given by bearings, the same general
methods apply.

46. Cases That May Occur.—There are six cases in
which omissions can be supplied by calculation, namely:

When the azimuth of one side is wanting.

When the length of one side is wanting.

When the azimuth and length of one side are wanting.
When the azimuths of two sides are wanting.

When the lengths of two sides are wanting.

When the azimuth of one side and the length of another
side are wanting.

47. CcCases 1, 2,and 3. When the azimuth, the length,
or the azimuth and length of any side are wanting, find the
ranges of the remaining sides. The algebraic sum of the
ranges of either kind, with its sign changed, is equal to
the corresponding range of the side in question. Knowing
the two ranges of the course, its length / and azimuth Z can
be found by the formulas, .

tan Z =g + ¢
/= \/g’ + £, or!/ =g +sinZ

ExAMPLE.—The azimuths and lengths of the first three courses of a
survey are 32° 15/, 22 chains; 143° 30/, 10 chains; and 164° 1%, 5 chains,
respectively. To determine the length and azimuth of the fourth
course, which closes the survey.

SoLuTioON.—Let g,, £1, £, £ be the longitude ranges, and ¢,, 4,, ¢,, Z.,
the latitude ranges of the courses; also, let /, and Z, be, respectively,

the required length and azimuth of the fourth course.
The ranges of the three given sides are as follows:

PO WN -

g, =22sin 32°15 =22 X 53361 =11.74

£, = 10sin 143° 30/ = 10 X .59482 = 5.95

£ = 5sinl64°15 = 5 X 27144 = 136
19.05 ch.

t, =22cos 32°15 =22 X .84573 = 1861

t, = 10 cos 143° 30’ = 10 X —.80386 = —8.0 4

5= Hcos164°15 = 5 X —.96246 = —4.81
+5.76

Therefore, ¢, = —19.05 ch., £, = —5.76 ch., and tan Z, = }”5"(7’2,
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The value of Z, may be either the acute angle 73° 11’, or 180° + 73° 1V,
since these angles have the same tangent. Notice, however, that,
since {/, is always positive, and /, = g, + sin Z,, sin Z, must have
the same sign as g,. In this case, g, is negative; therefore, sin Z,
must be negative, and the value 180° + 73° 1’ = 253° 11’ must be
taken for Z,. Then,

I = -19.05

;1;——.‘011-, = 19.90 ch. Ans.

EXAMPLES FOR PRACTICE

1. The azimuths and lengths of the first three courses of a survey
are 48° 16/, 25.16 chains; 158° 30/, 14.00 chains; and 208° 13/, 15.62
chains, respectively. Determine: (a) the length of the fourth course,

which closes the survey; (6) the bearing of that course.
Ans {(a) 19.33 ch.
"1(6) N 58° 43 W

2. The lengths of the four sides of a closed field are 286.5 feet,
300 feet, 250 feet, and 573 feet, respectively. The azimuths of the
first three sides are 274° 16/, 248° 32/, and 158° 46’; find the azimuth
of the fourth side. Ans. 55° 53’

48. cCases 4 and 5.—(a2) When the two deficient sides
are adjacent, find the ranges of the other sides. Let D Z£
and £ F, Fig. 14, be the two deficient sides. Then, having
found the ranges of the other sides, the azimuth and length
of the line D F join-
ing their extremities
can be found as de-
scribed for ome side.
Then, in the triangle
D FEF, in Case {4,
three sides are
known, and in Case 5
one side and two
angles are known,

Fic. 14 from either of which
conditions all remaining parts of the triangle can be cal-
culated and the omissions supplied.

(4) When the two deficient sides are not adjacent, one of
these sides must be shifted to a position adjacent to the




§15 TRANSIT SURVEYING 37

other. Let A F and D E, Fig. 15, be the two sides whose
azimuths or lengths are wanting. Imagine the side D £ to
be shifted, parallel to itself, to the position G F, and the
side E F to the position D G, thus bringing the two deficient
sides 4 F and FG adjacent and forming the new figure
A BCDGF. This does not change the values of the lengths
or azimuths of the sides, and reduces the solution of the prob-
lem to the case in which the deficient sides are adjacent.
Draw the line A G, joining the two extremities of the known
sides. Then, in the figure 4 B CD G, the lengths and azi-
muths of all the sides except 4 G are known. The length
and azimuth of 4 G can be found as described for finding the
length and azimuth of one side.

F1G.15

If the lengths of the two sides 4/ and D E are known
and their azimuths are wanting, in the triangle 4 FG the
lengths of the three sides are known, and the angles can be
calculated and the required azimuths determined. If the
azimuths of the sides 4 Fand D £ are known and the lengths
are wanting, in the triangle 4 /G all the angles and the
length of one side are known, and the lengths of the other
two sides can be calculated.

In solving all problems of this character, a plat of the trav-
erse should be drawn to scale, showing all the conditions
clearly and the triangle that is to be solved. This will pre-
vent mistakes and facilitate the work.
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49. cCase 6.—When the azimuth of one side and the
length of another are wanting, the problem is solved by
shifting one deficient side to a position adjacent to the other
deficient side, and calculating the line joining the extremities
of the known sides as described for Cases 4 and 5. In this
case, the two deficient sides together with the calculated
closing side form a triangle in which two sides and one angle
are known.

ExaMpPLE.—Suppose that, in Fig. 15, the azimuths and lengths of
the first three and the fifth courses are: A4 B, 43° 50/, 5.76 chains;
B C, 77° 30, 5.65 chains; C D, 157° 15/, 6.23 chains; and £ F, 275° 39/,
7.24 chains; and that the length of D £ is 6.80 chains and the azimuth
of FA is 330° 36’. To determine the azimuth of D £ and the length
of FA.

SoLuTION.—Assume the side D £ to be shifted parallel to itself to
the position G F, and the side £ F shifted to the position D G. In the
new figure A B C D G F, it is required to find the azimuth of G F and
the length of #A. The line G A4 is drawn and its length and azimuth
are calculated as described in Art. 48. Its length is found to
be 4.72 ch., and its azimuth, 266° 00/. 1n the triangle 4 G F, the azimuth
of G A is 266° 00/, and the azimuth of F A is 330° 36/. Therefore, the
angle G AF is equal to 330° 3¢/ — 266° 00/ = 64° 36/. In the tri-
angle GAF

sin AFG =

whence, A F G = 38°5('.
A G F = 180° — (64° 36’ + 38° 50') = 76° 34/
F G sin 76° 3¢/
Then FA= ein 6 36 = 7.32 ch. Ans.
The azimuth of G F is equal to the azimuth of G4 minus the
angle A G F, or 266° 00/ — 76° 34’ = 189° 26¢/. Ans.

A G sin 84° 36/ _ 4.72 X 90334
FG 6.80

EXAMPLES FOR PRACTICE

1. Suppose that, in Fig. 14, the bearings and lengths of the first
three and the sixth courses are N 40° 36’ E, 314.0 feet; N 89° 35 E,
406.0 feet; S 32° 14’ E, 212.0 feet; and N 26° 15/ W, 196.2 feet; and that
the bearingsof D £ and £ F are § 57°46’ W, and N 79° 47/ W. Deter-
mine the lengths of 2 £ and £ F. Ans {DE = 514.3 ft.

LE F = 204.8 ft.

2. The azimuths and lengths of the first two courses of a survey
are 282° 36/, 32.00 chains; and 38° 49, 14.00 chains, respectively. The
length of the third course and the azimuth of the fourth course are,

z
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respectively, 32.562 chains, and 198° 15'.
Determine: (¢) the azimuth of the third
course; (&) the length of the fourth course.
a) 74° 08’
Ans.{{3) 35 20 ch.

APPLICATIONS

50. Passing Obstacles by a
Traverse.—Suppose that obstacles
make it impossible to measure di-
rectly a long portion PQ of a line
A B, Fig. 16, and that the conditions
make it impossible or inconvenient
to apply any of the methods already
described for passing obstacles.
Starting from a point A4,, on the
line, and near the point P where the
first obstacle is met, run a traverse
A, A, A, A,, etc., selecting the points
A,, A,, etc. so that the number of
lines will be as few as possible, and
that their lengths /,, /,, /,, etc. can be
conveniently measured. The last
point A4, should be so selected that a
line from it shall cross the line of sur-
vey at a point 4, (to be determined)
beyond the last obstacle Q. For con-
venience, the line 4 B is taken as a
meridian; that is, it is treated as if it
4 were a north-and-south line, B being
' its northern end. The azimuths of
1, 1,, 1,, etc., referred to this assumed
meridian, are measured, and also the
lengths of all the lines to 4,. The
azimuth of /, is also measured, but its
length, which determines the point A4,
on the line of survey, must be com-
puted. Here the azimuths of all the
lines are known (the azimuth of A, A4,
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being 0°),-to determine the lengths of the two sides A, 4.
and 4, A4,. These lengths are determined as explained in
Art. 48. Since the direction of A4, 4, is known, the point 4,
is located by measuring from A, the calculated length /.
The transit is then set at A,, and oriented on A,, by setting
the vernier to read the back azimuth of 4, 4, and directing
the telescope to 4,. The upper plate is then loosened,
and the vernier is set at zero. The line of sight will then
have the direction 4,8, or 4 B, since the azimuth of this
line is 0°.

ExAMPLE.—To determine A, A, and /, from the following measure-
ments, the azimuths being denoted by Z:

I, = 325 feet 2, = 45°
I, = 400 feet Z, = 204°
I, = 500 feet Z, = 30°
e = 150 feet Z, = 330°
Iy = 400 feet Z, = 16°

Z, = 325°

SoLuTiON.—The ranges of /,, /,, etc. are as follows:
£, = 825 sin 45° +229.8
£, = 400 sin 204° = —400 sin (360° — 204°) = —-365.4

£, = 500 sin 30° = +2560.0
£« = 150 sin 330° = —150 sin (360° — 330°) = — 75.0
£, = 400 5in 16° = +1103
+149.7

¢ = 325 cos 46° - = + 2298
¢, = 400 cos 204° = 400 cos (860° — 204°) = 4+ 162.7
¢, = 500 cos 30° = + 4330
¢, = 150 cos 330° = 150 cos (360° — 330°) == 4+ 1299
¢y = 400 cos 16° = ) 4+ 3845
+1339.9

The ranges of the closing line A, 4, have opposite signs to those of
the algebraic sums of the ranges of all the other courses. Therefore,
the longitude range g of 4, A, is —149.7, and the latitude range ¢ is
-1,339.9.

For the azimuth Z of 4, A,, we have
—149.7
-1,339.9

The value of Z may be either 6°23' or 180° 4 6° 23/, since these
angles have the same tangent. But, since sin Z must have the same
sign as the longitude range (see Art. 47), it must be negative, and

tan Z =
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since sin (180° + 6°23/) is negative, the value of Z is 180° + 6° 23’
= 186° 23
The angle Z’ is equal to the back azimuth of A4, A4,, or (180°
+ 186°23') — 360° = 6°23'. For the length / of A4, A4, we have
£
sin Z
It is not necessary to actually calculate /, as will be seen from the
transformations given below. '
The angle K is equal to the back azimuth of A4, A,, that is (325°
+ 180°) — 360° = 145°. Also, L = 180° — X" = 180° — 145° = 35°
M= Z, - Z = 325° - 186° 23’ = 138°37
The triangle A4, A, A, now gives
in Z/ sin M
b= A= BT
Substituting the value of / given above, we have

L= £ sinZ A A, = g sinM

! =

sin Z sin L’ sin Z sin L
But £ _ —149.7 —149.7 ' 149.7
sin Z sin (180°+2)  “sinZ _sinZ
Then, I = 149.7 sin Z’ 149.7 = 261.0

sinZ’ sin Z _sin L

149.7 sin M 149.7 sin 138° 37
Ade = G Z sinL ~ sin 6993 sin 35° = 1/861.9. Ans.

51. Inaccessible Intersections.—The intersection 2,
Fig. 17, of two lines being inaccessible, and the conditions
being such that the methods explained in Arts. 38 and 39
cannot be applied, the distances B 2 and D P and the angle /
are determined by running a traverse line B 4, A, A, D
between two points on the given lines. Forconvenience, one
of the given lines (A B in this case) is taken as a meridian.
After measuring the azimuths and lengths of /,, /., 7, /,, the
transit is set at D, on CD, oriented on D A4,, and the azimuth
of D C is measured. The angle / is equal to this azimuth,
since 4 B, or A E, is the meridian.

In the polygon B A, A,A,D/, all azimuths and lengths
are known, except the lengths of the two sides D P and PB.
These sides can be supplied by the methods already explained.
It should be carefully borne in mind that the azimuth of D P
is equal to the back azimuth of D C, or 180° + 7, and that
the azimuth of P 2B is zero.
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ExAMPLE.—To determine D P and P B from the following measure- ‘
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ments:

I, = 600 feet Z, = 120°

l, = 800 feet Z, = 6°

I, = 450 feet Z, = 75°

I, = 350 feet Z, = 30°

I = azimuth of DC = 107° 39

SoLuTiOoN.—The ranges of the traverse are:

£, =0600sin120° =+ 519.6 ¢ = 600 cos 120° = —300.0

£gr»=3800sin6° =+ 314 {, =300 cos 8° = +2984

£ =460sin75° = 4+ 4347 ¢ =450cos75° = +116.5

£ =380s5in30° =4 1750 /4 =360cos30° = +303.1
+1160.7 +418.0

'
£ N

4, Fro. 17
For the azimuth Z of the closing line D B we have
—-1,160.7
tanZ=———-_418.0 , Z = 250° 12
Also, 7' = Z - 180° = 70° 12
—1,160.7 -1,160.7 1,160.7

TsinZ T sin(180°+ 2) © sinZ
= 180° — 7 = 180° — 107° 39 = 72° 2V
=/-2 =107°3¢ — 70° 12’ = 37° 2P
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The triangle B D P gives
_,sinZ _1,060.7 sinZ _ 1,160.7 _ 1,160.7 _
DP=1 sin L sinZ sin L sinlZ _ sin72°2l 1,218.0 ft.
PB = lsinl(= 1,160.7 sin X' 1,160.7 sin 37°27
sinL ~ sin 2 sinL  sin 70° 12’ sin 72°21

= 787.2 ft.

EXAMPLES FOR PRACTICE

1. The azimuths of four courses of a deflected traverse that has
been run to pass an obstacle in the line of survey are 273° 12/, 49° 56/,
312° 15, and 42° 45’, respectively. The lengths of the first three courses
are 250 feet, 150 feet, and 200 feet, respectively. Determine: (a) the
length of the fourth coursg; (6) the distance between the two points.

a) 416.6 ft.
Ans.{ iog 551.1 ft.

2. In order to determine the distances of two points B and D,
Fig. 17, on the lines A B and C D, from their point of intersection 2,
a traverse of five lines was run from B to . The lengths of these
lines and their azimuths, taking 4 B as the meridian, were as follows:

!, = 200 feet Z, = 102° 45’
I, = 300 feet Z, = 38°3¢
I, = 150 feet Z, = 139° 14/
I, = 100 feet Z, = 42°5V
4y = 250 feet Z, = 32°2%9

Azimuth of D C = 113° 37
Determine the distaaces B/ and D 7 and the angle of intersection /.

B I = 659.4 ft.
Ans.{ DI = 744.5 ft.
/ = 113° 37
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PROBLEMS ON AREAS

GENERAL REMARKS ON THE DETERMINATION
OF AREAS

AREA BOUNDED BY STRAIGHT LINES

52. Division Into Triangles.—When the lengths and
bearings (or azimuths) of all the courses of a closed field
are known, the best method for calculating the area is by
double longitudes, as explained in Compass Surveying, Part 2.
If the angles at the dif-
ferent corners have been
measured, instead of the
bearings or azimuths,
any of the sides may be
assumed as a meridian;
the azimuths or bearings
of all the sides with ref-
erence to that meridian
can be easily determined,
the ranges calculated,
and the method of double
longitudes applied.

Another way of com-
puting the area is by
dividing the field into

Fro.18 triangles. This method
is especially adapted to a field surveyed by the chain only,
as explained in Chain Surveying. As there stated, the
division into triangles should, if possible, be so made that
the angles will be neither too acute nor too obtuse. In this
respect, the surveyor must use his judgment and exercise
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some ingenuity. Fig. 18 shows a tract divided into triangles
by the diagonals £ C, E B, etc. If the chain alone is used,
these diagonals must be measured in the field.

If a transit or compass is used, it is not necessary to
measure the diagonals CE, B E, etc., but, the angles C,, B,, B,,
etc. having been measured, the areas 7, 7,, etc. are com-
puted by the formula given in Plane Trigonometry, Part 2,
for the area of a triangle of which one side and the angles
are known.

When two of the sides of a triangle 7, are parts of the
boundary and the angle between them has been measured,
the area is equal to one-half the product of the two sides and
the sine of the included
angle.

If there is a point in-
side the field visible
from all the corners, the
method illustrated in
Fig. 19 may be used.
Here O is a point inside
the field visible from
all the corners. The
lengths of the sides 4 B,
B C, etc. having been
measured, as well as the
angles A,, A,, B,, B,, etc., the areas of the triangles 73, 7,, 7.,
etc. are computed by the formula of trigonometry just
referred to.

For the conditions shown in Fig. 19, a method that is in -
some cases very expeditious, when it is not necessary to
measure the boundary lines of the tract, is to set up the
transit at O and measure the angles 408, BOC, COD,
etc. and also measure the radial lines OA4, OB, OC, etc.
The area of each triangle is equal to one-half the product of
the two sides and the sine of the included angle.

F1G. 19

53. When not very accurate results are required, the
area of a field, or of any other figure bounded by straight
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lines, may be obtained by making an accurate drawing to
scale, dividing it into triangles, and measuring on the draw-
ing itself whatever dimensions are necessary for determining
the area of each triangle.

In order to obtain as accurate results as possible, the plat
should be as large and the triangles into which the polygon
is divided should be as nearly equilateral as the conditions
will permit.

Let the irregular polygon 4 B CD E F, Fig. 20, be the
outline of a tract of land the area of which is required. The
diagonals B F, CF, and CE are drawn, dividing the figure
into the four triangles A BF, BCF, CEF, and CDE.
From the vertexes 4, B, D, and E, the perpendiculars 4 G,

B

N,

\ (4

A \“'"“\
—~—— G

r
F16.20

B H, DK, and E L are let fall on the opposite bases of the
triangles. The lengths of the several bases and altitudes
are measured to the scale used in constructing the plat, and
the area of each triangle is calculated by multiplying the
altitude by one-half the base.

ExAMPLE.—Assuming Fig. 20 to represent the plat of a tract of
land, drawn to a scale of 4 chains to the inch, it is required to
calculate the area of the tract.

SoruTiON.—In the triangle 4 B F, the base scales 6.25 ch. and the
altitude 3.10 ch.; hence, its area is equal to } X 6.256 X 3.10 = 9.6875
sq. ch. The base F C of the triangle B CF scales 8.20 ch. and the
altitude B A scales 3.80 ch.; the altitude L £ of the triangle CEF,
which has the same base, scales 3.90 ch.; hence, the area of the
quadrilateral B C £ F formed by the two triangles 8 C Fand CEFis
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equal to } X 8.20 X (3.80 + 3.90) = 31.57 sq. ch. The base C £ of the
triangle CD E scales 5.50 ch. and its altitude scales 2.75 ch.; hence,
the area of this triangle is equal to § X 5.50 X 2.75 = 7.5625 sq. ch.
‘The area of the entire tract is therefore equal to 9.6875 4 31.57 4 7.5625
= 48.82 sq. ch. = 4.882 A. Ans.

54. Division of the Plat Into Trapezoids.—A plat
of the tract having been drawn to scale, the greater portion
of the plat can be divided into trapezoids and the remainder
into triangles, and the area of each trapezoid and triangle
calculated separately. The sum of these different areas
will then be the area of the tract. Thus, in Fig. 21, the
diagonal 4 D is drawn as a base, and the lines BB/, CC',E E’,
and FF’ are drawn perpendicular to 4 D, dividing the figure
into trapezoids and tri-
angles. The area of
the trapezoid BCC' B’
is equal to one-half the
sum of its bases B B’/
and C C’ multiplied by
its altitude B’ C’. The
areas of the other
trapezoids are calcu-
lated in like manner,
the dimensions being
scaled from the plat.
In the case here illus-
trated, the area of the
polygon is equal to the sum of the trapezoids B C (' B’ and
E FF'E' and the triangles A BB, CDC',DEE',and AFF'.

~

~

S S| |

F1c.21

55. Auxlllary Trapezolds.—If the plat of the tract,
when drawn. to scale, is an ifregular polygon, its area can
often be calculated easily by means of the difference
between the sums of the areas of two series of trapezoids
constructed for the purpose. A straight line is drawn as a
line of reference in any position near the polygon, and a per-
pendicular is drawn to this line from each angle of the
polygon. Since these perpendiculars will be parallel to

each other, a series of trapezoids will be formed, one side
115—28
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of each trapezoid being formed by a side of the polygon and
one side by the line of reference. The area of each trape-
zoid is then calculated, and the sum of the areas of the
trapezoids lying between the line of reference and the nearer
sides of the polygon is subtracted from the sum of the areas
of those lying between the same line and the farther sides
of the polygon; the remainder is the area of the polygon.
Thus, in order to determine the area of the polygon
ABCDEFG, Fig. 22, the line of reference A P is drawn,
and from the angles of the
polygon the lines A H, BK,
G L, etc. are drawn perpen-
dicular to A/ P. The areas of
all the trapezoids thus formed
are found, and from the sum of
the areas of the three trape-
zoids ABKH, BCNK, and
Fic. 22 CD PN the sum of the aréas
of the trapezoids AGLH, GFML, FEOM, and ED PO
is subtracted. The remainder is the area of the polygon
ABCDEFG. The line of reference may be drawn in any
position near the polygon, as in the figure, or through an
angle of the polygon, or may coincide with one of its sides.

ExXAMPLE.—Assume that the polygon 4 B C D E F G, Fig. 22, rep-
resents the plat of a tract of land, drawn to scale, from the angles of
which perpendiculars have been drawn to the line of reference A P,
and that by measuring the lines to scale they are found to have the
following lengths, in chains: A H = 7.20, BK = 9.60, CN = 9.60,
DP=1740, EO =200, F.W/ =200,GL =540, HK = 220, KN
= 1060, NP =300, PO =210, OM =790, ML = 250, and
L H = 3.40; what is the area of the tract?

SoLuTiOoN.—The areas of the trapezoids lying between the line
of reference and the farther sides of the polygon are: 4 BKH

= 720+ 960 X 2.20 = 1848; BCNK = 9.60 X 10.60 = 101.76;

2
coPN="0FT40 3 _ 555 and the sum of these thres
trapezoids is 18.48 + 101.76 + 25.50 = 145.74 sq. ch. The areas of the
trapezoids lying between the line of reference and the nearer sides

of the polygon are: DPOE = 7—49*'&0x2 10 = 9.87; EOMF
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2.00 +-5.40
2

X 3.40 = 21.42; and the sum of these four trapezoids is

9.87 + 15.80 + 9.256 + 21.42 = 56.34 sq. ch. Hence, the area of the
Ppolygon is equal to 145.74 — 56.34 = 89.40 sq. ch. = 8.94 A. Aans.

= 2X7.90 = 16.80; FML G =
o 2404720
2

X250 =92; GLHA

EXAMPLES FOR PRACTICE

1. Assume that Fig. 20 represents the plat of a tract of land drawn
to scale, and that by measuring the lines to scale they are found to
have the following lengths, in chains: B F = 7.80, 4G = 3.85,
FC=1020, BH =480, LE = 4.9, CE = 6.90, and KD = 3.45;
what is the area of the tract? Ans. 7.639 A.

2. Assume that Fig. 22 represents the plat of a tract of land drawn
to scale, and that by measuring the lines of the plat to scale they
are found to have the following lengths, in chains: A4 A = 29.00,
BK =3850, CN =38.50, DP=29.50, £EO = 8.00, FM = 8.00,
GL =2150, HK = 880, KN = 4250, NP = 12.00, PO = 8.50,
OM=3150, ML = 10.00, and L A = 13.50; what is the area of
the tract? Ans. 144.15 A.

-

AREAS BOUNDED BY IRREGULAR LINES

56. The methods of computing the area of a figure
bounded by one or more curved lines were fully treated in
Plane Trigonomelry, Part 2. As explained elsewhere, the
method that is most commonly employed in surveying is that
of selected offsets, which consists in running one or more
straight lines close to the boundary, measuring perpendicular
offsets from them to the points on the boundary in which
the direction of the latter changes, and considering the por-
tion of the boundary between any two consecutive offsets to
be a straight line. This is a very convenient and accurate
method, and can be applied to any area, whether partly or
wholly bounded by irregular lines.

DIVISION AND PARTITION OF LAND
87. The surveyor is frequently required to solve prob-
lems relative to the subdivision and partition of land, such
as cutting off from a field a piece ilaving a given area, or
dividing a tract into parts whose areas shall have a given
ratio, by a line having a given direction. The process of
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dividing a tract in such manners is very simple when the
tract is of rectangular form, but is much more difficult in
other cases. The solution of problems of this kind depends
on a judicious application of the principles of geometry and
trigonometry. This subject cannot be treated in a general
manner, it being obviously impossible to formulate or give
rules for all the cases that may occur in practice. A few
common cases are here given, which should be studied care-
fully, as they may suggest methods for the solution of other
similar problems.

58. Problem 1.—70 divide a trapezoid into two parts

whose areas shall be proportional to two given numbers, by a line
parallel lo the bases.

Let it be required to divide the trapezoid 4 B C D, Fig. 23,
into two parts that shall be to each other as two given
—_ b — — numbers m, n, the

/ l/\ dividing line EF

(to be determined)

being parallel to
x the bases. Let

5
! the length of this
g N——yY _.] ®  line be denoted by
I — x, the area of the
Fia. 23 trapezoid by S, and

the areas of the two parts by .S, and S,, as shown. The rest
of the notation is plainly shown by the figure. The auxiliary
line D B’ is parallel to CAB.

(@) 7o determine S, and S,.—By the conditions of the
problem, we must have,

S.: S, = m:n; whence, S, = "73‘
Also, S.+S, =S
or, writing the value of .S, found above,
S+23% < s

whence, clearing of fractions and solving for S,
S =—"2_=5 (1)

m+n
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« e n
Similarly, S, = py nS (2)

The value of .S is to be found by one of the formulas given
in Plane Trigonomelry, Part 2, according to the data.

(8) To determine the length x of the dividing line E F.—As
shown in Plane Trigonomelry, Part 2, °

S _ bli — x! S - b‘l —_ b..
' 2(cot A + cot B)’ 2(cot A + cot B)

Substituting these values in formula 1 and canceling

2(cot 4 + cot B), there results
b;' —x' = i (bl’ - 61')
m+n
whence, clearing of fractions,
mb* +nbd'— (m4+n)x" =mb*—mb,

Transposing and solving for x,

x = mb,'+ nb.' (3)
V m+n

(c) To determine the distances D E and A E.—In the

similar triangles D A B’ and D E G, we have,

DE _ D4

EG AB
But, £EG = EF—-GF = EF-DC=x—6,DA4 = a,
and 4 B’ = b, — b.. By the substitution of these values, the
preceding proportion becomes

DE - a

X — bg b. - bl

whence, DE = ‘E%L;Q (4)
Aloon e
alx — b x—b
= —_— - —_— T T 1] -=—"
AE=AD —~DE =a b — b a( 6.—6.)
or, performing the subtraction,
4 E = b —x) (5)

bg_bg
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In applying these formulas, the value of x is first found
by formula 3. The calculated distance DE or A E is
measured on A D from D or A4, as the case may be, and
the line £ F is then run from £ parallel to the bases, and
equal in length to the calculated value of x.

(d) 7o determine the altitudes h, and h, of the trapezoids
S, and S,—Any two corresponding sides of the similar
triangles D A B’ and D E G are to each other as the alti-
tudes of the triangles; that is, as £is to 2. Therefore,

AB _ &k b—56, _ k&
EG k' x—b h

whence, solving for 4,,

or

h=tat) (g

Subtracting %, from %, and reducing, we find,

_ k(b —x)
ho=tb=2) )

ExampLE.—Suppose that 4 B CD, Fig. 23, represents a tract of
land in which D C = 50 chains, 4 B = 100 chains, A D = 47.50
chains, and # = 35 chains, and that the tract is to be so divided by
the line £ F that the parts m and n will be as 3 and 2, respectively;
required £ F, D E, and A,.

SoLuTION.—By substituting the given values in formula 3,
TFEOT 29 < 100° L
EF =\/37><¢*'52—x—w2 = 5,500 = 74.16 ch. Ans.

Formula 4,

DE = 47.50 X (74.16 — 50)

= 22.95 ch. Ans.

100 - 50
Formula 7,
h= DU 1410 _ 1809 ch. Ans.

EXAMPLES FOR PRACTICE

1. The bases of a trapezoidal field are 46.75 and 25.33 chains. The
altitude of the trapezoid is 7.45 chains, and one of the angles (say A,
Fig. 23) adjacent to the longer base is 73° 47. It is desired to divide
the field into two trapezoidal tracts by a line parallel to the bases, and
so that the tract S, adjacent to the longer base shall be two-thirds of
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the tract S, adjacent to the shorter base; find S,, S,,x, A E, DE,

A,, and A,. g, = }3.74 A.
s = 16.11 A.
x = 39.60 ch.
Ans.{ A E = 2.59 ch.
DE = 5.17 ch.
hy, = 2.49 ch.
ks = 4.96 ch.

2. The area of a trapezoidal field is 102.74 acres; its bases are 39.46
and 53.67 chains; and one of the angles, say D, adjacent to the shorter
base is 127° 58. It is desired to cut off a trapezoidal tract D E FC,
adjacent to the shorter base, and such that its area shall be 60 acres;
find the length x of the dividing line, and also the distance D £ and

the altitude 4,. x = 48.27 ch.
Ans.{DE = 17.36 ch.
hy, = 13.68 ch.

59. Problem I1I.— 70 cut off a given area by a line start-
ing from a given poinl on the boundary of a polygonal field.

Let A B CDEF, Fig. 24, be the plat of a field bounded by
straight lines, from which it is required to cut off S acres by
a line run through a given point G in the boundary. Drawa
line G D from G to one of the opposite angles of the plat in
such position as to cut off an area nearly equal to the required
area. Calculate the length
and bearing of G D by the
method of supplying omis-
sions already explained.
Calculate the area G B CD,
which will be called S..
Find the difference be-
tween the required area .S
and the calculated area S..
If S is greater than S,, an
additional area .S’ must be E
found; let G D H be this Fio. 24
area. Then,area GDH = S— S, = 5. In the triangle
G D H, the side G D and the angle /¥ are known. We have,
from trigonometry, S’ = 3 GD X D H sin IV; whence,

_ 29
DH = G D sin D/

B
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If the required area .S is less than S,, the process is sub-
stantially the same, except that the required distance should
be calculated and measured from D along the line DC,
instead of on the line D £, thus locating the position of GH
on the opposite side of G D.

ExaMpLE.—In Fig. 24, assume that the length of the line G D is
8.93 chains, that the angle G D H is 61°, and that the area of G B CD
is 3.58 acres; what must be the distance of the point A from the point D

in order that the line G / will cut off 5 acres; that is, in order that the
area of the figure G B C D H will be b acres?

SoLuTION.—The area S’ of G D H is equal to 5 —3.58 = 1.42 A.,
or 14.2 sq. ch. Substituting in the formula,

2X 142 :
DH = B‘é‘;g—s“lu 617, = 3.64 ch. Ans.
60. Problem 111.—70 cut off a given area from a poly-
gonal field by a line running in a given divection.

Let A BCD EF, Fig. 25, be the plat of a field bounded by
straight lines, from which it is desired to cut off .S acres by
a line having a given direction. Let 4 G be a line parallel
to the required line and passing through some definite point
in the boundary, as the
point A, which line is
seen by inspection to
be near where the re-
quired line must pass
in order to cut off the
given area. The bear-
ings of AG and G D
are known, since 4 G
must have the required
E direction, and G D is a

portion of one side of
the plat; and their lengths can be calculated by the methods
used for supplying omissions. Calculate the area 4 B CG.
Call this area .S,, and find the difference .S’ between this area
and the area S to be cut off. In the present instance, .S, will
be supposed greater than S, so that S’ = S, —S. Let H/,
parallel to A4 G, be the required line of division. This line

F16.25
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forms with 4 G a trapezoid whose area is S. Let 4 G be
denoted by &,, and Z / by 4,. Then (see Plane Trigonometry,
Part 2), .
y _ b,. _ b,'
2(cot A’ + cot @)

whence,
by = Vb,' — 2 S'(cot A’ + cot G) (1)

For logarithmic functions, cot 4’ + cot G’ may be replaced
sin (4'+ G')
sin A’ sin G'’

= Jsr_ggsin(4'+G)
b= \/6‘ 25 Gin A'osin & (2)
Also, since S’ = (b, + 8,) H K,

The value of 4, may then be written

29
= ] =
) _ HK _ 29
Finally, A H = sin 4/ (6, + b,) sin A’ )
cr- 1L _ 2y (5)

sin @ (&, + 6,) sin &

Lay off 4 H from A4 on the line 48 and G/ from G on
the line C D, thus determining the points A and 7, which are
points in the boundary at the extremities of the required line.

In any case where the length or direction of a line is cal-
culated, the line should be run on the ground to see if the
calculated and measured values agree, so as to check the
accuracy of the work.

ExXAMPLE.—Suppose that, in Fig. 25, the length of A G is
7.756 chains, the area of A BCG is 9.16 square chains, and the
angles /A K and /G L are 28° and 42°, respectively; what must be
the lengths of 4 A and G 7/ in order that the area of A B C/ cut off
by the line A/ / will be 5 square chains?

SorurioN.—Thearea 4 H /G, or S’,is equalto9.16 — 5 = 4.16sq. ch.
To determine the length of the line /£ 7, the known values are substi-
tuted in formula 1, which gives

by = HI = v7.75" — 2 X 4.16 (1.88073 + 1.11061) = 5.93 ch.
Substituting this value of /A / in formula 3,
2 X 4.16

1L=HK=ﬁm=.61Ch.




56 . TRANSIT SURVEYING §15

Substituting the values of /L and A X in formulas 4 and 5,

2x4.18
AH = (7'.—7?;‘?593) s‘in—“zs'z,‘ = 1.30 ch. Aanms.
GI= 2x 116 = 9lch. Ans.

(7.75 + 5.93) sin 42°

61. Problem 1IV.—70 cut off a given area from an
trregular tract. '

It is sometimes required to cut off a piece having a given
area from a tract of irregular outline, by a line having a
given direction. The method of procedure in such a case
is very similar to that described in the preceding article,
the chief difference being that in the present case the tract
considered is of irregular
form, whereas the tract con-
sidered in the preceding
article is bounded by
straight lines.

A trial line should first
be run in the required direc-
tion and in a position that
will cut off an area approx-
imating the required area,
and the exact area of the
part cut off should be cal-
culated by any of the
methods for irregular areas
that have been explained.

Fic. 26 It then becomes an easy
problem to determine the position of a line, parallel to this
trial line, that will give the required area, since the small
piece included between these two parallel lines, representing
the excess or deficiency of area, will usually be very closely,
if not exactly, of trapezoidal form. The position of the true
dividing line, with reference to the trial line, can be calcu-
lated, and the line can be located, in substantially the same
manner as explained in the preceding article.

Suppose that from the irregular tract shown in Fig. 26 it
is required to cut off a piece BCEF, having a given
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area S, by the line F £, having a given direction. The trial
line A D is run in a position approximating that of the true
dividing line and parallel thereto, and the area A BCD = S,
cut off by the trial line is calculated and compared with the
required area. Then, S’ = S — S, will be the area of the
small strip 4 D £ F lying between the trial line 4D and
the true dividing line FE£. If the lines A D and FE are
reasonably near together, the included strip will be so
nearly trapezoidal in form that it may usually be considered
to be exactly so.

The angles A4’ and 7’ may be determined by measuring
them on the plat. With the notation shown in the figure,
b, is found by formula 1, Art. 60; %, by formula 3, Art. 60;
F A and E D, by formulas 4 and 5, Art. 60.

ExaMPLE.—Suppose that, in Fig. 26, the trial line 4 D is found to
measure 12.45 chains, and that the area of 4 B CD is 14.32 acres. If
the angles A’ and 2 measure 139° and 58°, respectively, what must be

the distance # in order that the area of the figure F B8 CE will be
16 acres?

SoLuTioN.—Thearea S is equal to 16 — 14.32 = 1.68 A., or 16.8sq. ch.
Substituting known values in formula 1, Art. 60,
b, = V12.45" — 2 X 16.8 (— 1.15037 + .62487) = 13.14 ch.
Formula 3, Art. 60,
h =

2X16.8

mﬁ = 1.31 ch. Aans.

EXAMPLES FOR PRACTICE

1. Suppose that A BCD, Fig. 23, represents a tract of land in
which D C = 150 chains, 4 B = 200 chains, and A D = 80.5 chains,
and that the tract is to be divided by the line £ F so that the area of
the part adjacent to 4 B is to the part adjacent to D C as b is to 4;

what is the length: (a) of £ F? (b) of A E? a) 174.01 ch.
Ans.{ fb) 41.84 ch.

2. Suppose that, in Fig. 24, the line G D measures 10.8 chains, the
angle G D H measures 70°, and the area G B C D is 6.32 acres; what
must be the distance of the point // from the point D in order that
the area G B C.D H will be 8.45 acres? Ans. 4.20 ch.






A SERIES OF QUESTIONS

RELATING TO THE SUBJECTS
TREATED OF IN THIS VOLUME.

It will be noticed that the questions contained in the fol-
lowing pages are divided into sections corresponding to the
sections of the text of the preceding pages, so that each
section has a headline that is the same as the headline of
the section to which the questions refer. No attempt should
be made to answer any of the questions until the corre-
sponding part of the text has been carefully studied.






GEOMETRY

(PART 1)

EXAMINATION QUESTIONS

(1) (a) How many degrees are there in one of the inte-
rior angles of an equiangular octagon? (&) One of the
interior angles of an equiangular polygon is 108°; what is

the name of the polygon? A“s’{gz; %)35‘;
entagon

(2) How many equal sectors are there in a circle, if each
sector measures two-sevenths of a right angle? Ans. 14

(8) One-third of an angle of a certain triangle is
14° 47’ 10”7, and one of the other angles is two and one-half
times the given angle; what are the angles of the triangle?

[ 44° 21/ 30"
Ans.{110° 53’ 45"
.240 44/ 45//

(4) The exterior angle of an isosceles triangle is 104°
30 20”; what is the value of each of the equal opposite-
interior angles? Ans. 52° 15/ 107

(5) If one acute angle of a right triangle is two-fifths of
a right angle, what is the value of the other acute angle?
Ans. Three-fifths of a right angle

(6) If two of the adjacent (not opposite) angles of an
inscribed quadrilateral are 36° 45 36" and 148° 23’ 50"/,
respectively, what are the values of the other angles of the
quadrilateral? . Ans {143° 14/ 247

‘| 31° 36/ 10/
87
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(7) The sum of two angles of a triangle is 138° 47’ 40"
what is the value of the other angle? Ans. 41° 12/ 2

(8) What part of a right angle is one of the angles of an
_equilateral triangle? Ans. Two-thirds of a right angie

(9) If one angle of a triangle is two-thirds of a right |
angle, and another is one-third of a right angle, what kind of |
triangle is the triangle? Ans. Right triangle

(10) The exterior angle of a triangle is 127°, and one of
the opposite-interior angles is 60°; what kind of triangle is
the triangle? Ans. Equilateral triangle

(11) Three points A, B, and C not in a straight line are
given; the distance from A to B is 2 inches and the distances
from B to C and from C to 4 are each 1} inches. Drawa
circumference that shall pass through these three points.

(12) (a) The angle of intersection of two tangents is 67°%
what is the value of each angle formed by the tangents and
the chord through the points of contact? (&) If a line is
drawn from the point of intersection of the tangents to the
center of the circle, what is the value of the angle between

this line and either of the tangents? A {(a) 33° 30
S-1(s) 56° 30

(13) If an inscribed angle contains 48°, how many
degrees in the central angle that intercepts the same arc?

Ans. 96°

(14) In a triangle 4 B C, what is the value of each angle

if A is twice, and B three times C? A = 60°
Ans.{B = %0°

C = 30°

(15) In an isosceles triangle 4 B C, the unequal angle C
is equal to twice the sum of the other two angles; what is

the value of each angle of the triangle? A= 30°
Ans.1B = 30°
C = 120°

N



GEOMETRY

(PART 2)

EXAMINATION QUESTIONS

(1) The shortest distance from a point to a line is
9 inches; the distances from this point to the two extremities
of the line are 12 inches and 15 inches; what is the length of
the line? Ans. 19.94 in.

(2) The chord of an arc of a circle whose radius is X
6 inches, is 4 inches long; what is the length of the chord of
half the arc? Ans. 2.03 in.

(3) The length of a perpendicular from the center of a
circle to a chord is 5% inches; if the diameter of the circle is
17 inches, what is the leng;h of the chord? Ans. 12.52 in.

(4) 1If the perimeter of a regular inscribed octagon is
24 inches, and the length of the perpendicular from the
center to one of the sides is 3.62 inches, what is the diameter
of the circle in which the octagon is inscribed? Ans. 7.84 in.

(5) The area of a circle is 89.42 square inches; what
is: (a) the diameter of the circle? (&) the circumference?
(¢) What is the length of a side of a regular hexagon
inscribed in this circle? (a) 10.67 in.

Ans.{ (4) 33.52 in.
(¢) 5.835 in.

(6) The outside and inside diameters of a cast-iron
spherical shell are 16 inches and 12 inches; what is its
weight, if a cubic inch of cast iron weighs .261 pound?

Ans. 323.61 Ib.

[
115—29
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(7) The length of an arc of a circle is 534 inches, by
measurement; if the number of degrees in the arc is 27,
what is the diameter of the circle? Ans. 22.95 in.

(8) (a) What is the area of a circle whose diameter is
174 inches? (4) What is the length of an arc 16° 7/ 21” in
the above circle? Ans {(a) 227.4 sq. in.

. *1(6) 2.394 in.

(9) The sides of a triangle 4 BC are A B = 13.8, BC
= 15.6, and 4 C = 19.8 chains, respectively; the side 4’ B’
of a triangle A’ B’ C’/, similar to the triangle A B C, is
17.8 chains; what are the lengths of the sides B’ C’ and A’ C’
of the triangle A’ B/ C'? Ans {B’ C’ = 20.1 ch.

‘1A' C' = 25.5 ch.

(10) (a) What is the convex area of a cone whose base

is 7 inches in diameter and whose altitude is 11 inches?

(6) What is the entire area? Ans {(a) 126.92 sq. in.
“1(8) 165.4 sq. in.
4 (11) The area of a triangular field

A B C, Fig. 1, is 20 acres and the length

of the side 4 B is 22 chains; it is de-

sired to divide the field into two parts

D by a line D E parallel to B C;, what
should be the length of 4D in order

B ¢ that the area of the triangle 4 DE
Fic. 1 may be 10 acres? Ans. 15.56 ch.

(12) The altitude of a rectangular solid is 18 inches, its
base is a square, one edge of which measures 5% inches;

what is: (a) its convex area? (&) its B
entire area? (c) its volume? , "
l(a) 378 sq. in’ =
Ans.{(6) 433.125 sq. in. N
(c) 496.125 cu. in. D ¢

(183) In Fig. II, ED is parallel to
CB. If AC measures 10 chains, 4 £,

4 chains, and A4 D, 6 chains, what is 4 Fio. 1
the distance of the inaccessible point B from the point A4?
Ans. 15 ch.

o
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(14) If the horizontal and inclined lines of sight of a
transit intercept 3 feet on a rod held at a distance of
100 feet, at what distance will the same lines of sight inter-
cept 6.75 feet on the rod? Ans. 225 ft.

(15) What is the area of a regular hexagon whose sides
are 8 inches long? Ans. 166.3 sq. in.

(16) What is the height of a cylinder that has the same
volume and diameter as a sphere 12 inches in diameter?
Ans. 8 in.

(17) One diagonal of a trapezium is 11 inches; the
lengths of the perpendiculars from the opposite vertexes
on this diagonal are 4} inches and 7 inches; what is the area
of the trapezium? Ans. 61.875 sq. in.

(18) How many acres are there in a triangular field
whose sides are 15, 17, and 18 chains, respectively?
Ans. 11.83 A.

(19) The chord of an arc of a segment is 48 inches and
the height of the segment is 12 inches; what is the area of
the segment? Ans. 402 sq. in.

(20) A railway cutting is 600 feet long; the areas, in
square yards, of cross-sections taken every 100 feet are:
225, 213, 196, 182, 187, 200, 208. Find the number of cubic
yards in the cutting as calculated: (a) by the prismoidal
formula, considering the alternate sections as end sections;

(4) by average end areas. Ans {(a) 39,766 cu. yd.
*1(6) 39,817 cu. yd.

(21) Find, by the prismoidal formula, the volume of a
frustum of a rectangular pyramid, the dimensions of the
lower base being 4.5 feet and 2.5 feet, those of the upper
base, 2.25 feet and 1.25 feet, and the altitude, 12 feet.

Ans. 78.75 cu. ft.

(22) What is the length of a railroad circular curve having
a radius 2,940 feet and subtending an angle of 52° 3(V at the
center? Ans. 2,693.9 ft.
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(23) Find the area of a trapezoidal field whose parallel
sides are 18.75 and 12.5 chains, the perpendicular distance
between them being 15 chains.
P

Ans. 23.44 A.

(24) 1If, in Fig. III, the distance of
the point 2 from the center of the circle
is 97 feet, and the radius of the circle is
72 feet, what is the length of the tan-

D gent 7T P? Ans. 65 ft.

Fre. 111 (25) If the area of a triangle is 240
square inches, what is the area of a triangle whose dimen-
sions are three times as great? Ans. 15 sq. ft.



PLANE TRIGONOMETRY

(PART 1)

EXAMINATION QUESTIONS

(1) Find the sine: (a) of 22° 43/; () of 44° 56'; (¢) of
49° 17; (d) of 79° 23’ 30".

(2) Find the tangent: (a) of 11° 37/; (4) of 19° O/ 25";
(c) of 64° 6/ 456; (d) of 78° 45’ 50”.

(3) Find the logarithmic cosines of the angles given
in example 1.

(4) Find the logarithmic cotangent: (a) of 25° 15/ 23",
(6) of 5° 41/ 26/; (c) of 77° 37’ 27”; (d) of 45° 1/ 48",

ga; .32627

6) 1.00153

Ans\ () 1.34128

(2) 1.99954

(5) In aright triangle, the two legs are 437 and 792 feet
in length; find the hypotenuse and the two acute angles.

904.56 ft.
Ans.{28° 53’ 19"

61° 6’ 41

(8) Find: (a) the angle whose tangent is .13476; (4) the
angle whose cotangent is .32323. Ans {(a) 7° 40/ 30"
“1(6) 72° 5 157

(7) What is the angle: (a) whose sine is .92112? (4)
whose cosine is .55570? Ans {(a) 67° 5/ 25
*1 (&) 56° 14’ 28

19
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(8) What is the angle: (a) whose logarithmic cosine is
1.12575? (4) whose logarithmic tangent is .06323?

(a) 82° 19 24"

A“S'{(o) 49° 9 237

(9) Construct an angle, draw a perpendicular from one
side of the angle to the other, and express the functions of the
angle in terms of the sides of the right triangle thus formed.

(10) The base and the altitude of a triangle are 9} and
12 inches, respectively. If the angle that one side makes
with the base is 79° 22/, find the perimeter of the triangle.

Ans. 35.73 in.

(11) The base of an isosceles triangle is 125 feet, and
the opposite angle 130° 51/; find the length of the equal

sides. Ans. 68.73 ft.
B x (12) The end post A8 of a

I-,‘,, bridge, Fig. I, is inclined at an
angle of 45° to the vertical, and the

panel length A4 C is 18 feet; the

AL—mf ‘_2_ wMD member 4 C being horizontal, deter-
mine the length of the end post.

Fie. 1 ' Ans. 25.46 ft.

(18) If the stress in the member 4 C, Fig. I, is known,
a triangle A’ B’ C’, similar to the triangle 4 B C, can be con-
structed, in which 4’ C" will represent the stress in the mem-
ber AC, and A’ B’ the stress in the member 4 B. The
stress in 4 C being 18,200 pounds, determine the stress in
A B to the nearest 10 pounds. Ans. 25,740 1b.

(14) A street has a grade of 6 per cent. (that is, the
street rises or falls 6 feet in every hundred feet measured
horizontally); find the angle of inclination of the street to
the horizontal. Ans. 3° 26’ 2"

(15) A chord of a circle is 100 feet long. If the chord is
3.5 feet distant from the middle point of the subtended arc,
find: (a) the number of degrees and minutes in the arc; and

(6) the radius of the circle. An {(a) 16° ¥ 56"
51(s) 358.8 ft.

TN
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(16) The angle of elevation of a railway between two
points 4 and B is 8° 12/ and between the points B and C
is 7° 26’; if the horizontal distance between A4 and B
is 1,250 feet and that between B and C is 375 feet, what is
the vertical height of the point C above the point 4?

Ans. 229.0 ft.

(17) In order to prolong a line of survey through an
obstaclé, as indicated in Fig. II, an angle D B C, equal

-
o

to 45°, is turned and a distance B C equal to 100 feet is
measured; at C, an angle B CD equal to 90° is turned:
(a) What must be the distance measured from C to D in
order that D may be in the prolongation of 4 B? (4) What
is the distance between the points B and D?

() 100 ft.
A“'{(b) 141.49 ft.

(18) (a) If, in the preceding example, the angle DB C
had been made equal to 30°, the angle B CD and the dis-
tance B C remaining the same, what would the distance CD
have been? (4) Determine the distance between the points

B and D. (a) 57.735 ft.
A“s‘{(b) 115.47 ft.
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PLANE TRIGONOMETRY

(PART 2)

EXAMINATION QUESTIONS

(1) Find: (a) the logarithmic sine of 2° 32/ 54”; (&) the
logarithmic tangent; (¢) the logarithmic cotangent.

(a) 2.64799
Ans.{ () 2.64842
(¢) 1.35158

(2) Find: (a) the logarithmic cosine of 87° 23’ 16”;
(4) the logarithmic cotangent. Ans {(a) 2.65873
1 (5) 2.65919

(3) What is the angle (a) whose logarithmic sine is
2.37889? (4) whose logarithmic cotangent is 2.38692?
Ans {(a) 1° 22’ 16”
*1(56) 88° 36’ 14"
(4) Find the logarithmic cotangent of 0° 58 42",
Ans. 1.76759

(5) Find the logarithmic tangent of 88° 2/ 45",
4 Ans. 1.467

(6) Find the angle whose logarithmic cotangent is
1.92456. Ans. 0° 40/ 54"

(7) The three sides of a triangle are ¢ = 16, 6 = 32,
and ¢ = 40 feet, respectively; determine the angles.

A = 22° 19 55"

Ans.\ B = 49° 27’ 30/

C = 108° 12/ 36”

$ 10
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(8) The three sides of a triangular field 4 B C are as
follows: A A8 = 40.2 chains, BC = 38.8 chains, and
CA = 25.4 chains; assuming 4 C as the base of the triangle,
determine the altitude. Ans. 37.3 ch.

(9) Two transits at the ends of a base line 4 B sight
on a sounding boat C at the same instant. The angle
between the base line and the line of sight 4 Cis 50° 17/,
and that between the base line and the line of sight BC
is 68° 24’; the length of the base line being 500 feet, deter-
mine the distance of the boat from each end of the base line.

AC = 5299 ft.
A“S-{Bc — 438.4 ft.

(10) In a triangle 4 B C, the lengths of the sides A B
and A4 C are 26.75 feet and 39.64 feet, respectively, and the
included angle A is 36° 20/ 43”; find the remaining parts.

{ C = 41° 13’ 27"
Ans.{ B = 102° 25 50"
B C = 24.06 ft.

(11) In a triangle 4B C, the side A B = 16 feet
5 inches, the side 2C = 13 feet 6} inches, and the angle
A = 54° 54’ 54’'; find the remaining parts.
[ B = 42° 19’ 36", or 27° 50/ 36"
Ans. = 82° 45’ 30”, or 97° 14’ 30”
AC = 11.14 ft., or7 73 ft., nearly
(12) In a tnangle ABC, the angle A = 29° 2V,
angle C = 76° 44’ 18”, and the sxde
AC = 35.86 feet; find the other three

parts. B C = 18.29 ft.
Ans.{ A B = 36.33 ft.
= 73° 54/ 42"

(13) In order to determine, by
the method of moments, the stress
in the rope 4 B of the derrick shown
in Fig. I, it is necessary to know the

Fic. 1 distance CD from C to A B; from
the data shown in the figure, determine that distance.
_ Ans. 15.715 ft.
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. (14) The angles from two stations A/ and N, Fig. II, to
two inaccessible points
P and Q, being as
shown, and the distance
MN being 500 feet,
find the distance P Q.
Ans. 215.5 ft.

\
(15) From the data ,/// ~ \‘
shown in Fig. III, deter- ,/ \
mine the altitude of the % . ‘ .6"\
trapezoid 4 B CD. i";‘ f ';9 \\A
Ans. 345.5 ft. ar y Z907C ¥
(16) The parallel Fe. II

sides of a trapezoid are 536.17 and 216.18 feet, and the
other two sides, 474.3 and 300 feet; find the area S and
850 ft. o the altitude %2 of the
' trapezoid.

S
Ans.{lz

2.55 A.
295.66 ft.

(17) What must
be the radius » and
the side / of a regu-
lar octagon, that its
_r \p area may be 35 acres?
S 7 7, ) { Y — A {r = 11.12 ch.

Fio. III ‘\/ = 8.51 ch.

(18) What is the area of a triangular field in which one
side méasures 14 chains and the two adjacent angles measure
63° 20/ and 58° 40/, respectively? Ans. 8.82 A.

A8
)

A







CHAIN SURVEYING

EXAMINATION QUESTIONS

Note.—In all questions marked with an asterisk (*), the student is
required to use logarithms and send his logarithmic work as part of
his solutions.

(1) *The horizontal distance between a point at the base
and one at the top of a hill was measured by breaking the
chain, as explained in Art. 17, and found to be 364 feet.
The distance between the same points, measured along the
(uniform) slope, was found to be 403 feet. Find the height
of the hill. ~ Ans. 173.0 ft.

(2) The last measurement along a line was 17 links.
The rear chainman had then nine pins, there being one in
the ground, marking the end of the line. If four tallies were
recorded, what was the length of the line? Ans. 48.17 ch.

(3) The recorded length of a line, measured with a 50-foot
tape that was .06 foot too short, was 979 feet; what was the
correct length of the line? Ans. 978 ft.

(4) Describe how to erect a D
perpendicular to a line 4 B, Fig. I,
by taking the distance B2 C equal
to 27 links; give the distances B D !
and CD, and explain how the
position of D is determined.

(5) *Two lines, each 60 feet 4 ¢ —5
long, were measured from the Fie. 1
vertex of an angle along the sides of the angle. The distance
between the extremities of these lines was 89.5 feet; deter-
mine the angle. Ans. 96° 28

tn
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(6) Give an example showing how to determine the dis-
tance from a given point to an inaccessible point; draw a
sketch, assume the conditions and the results of the necessary
measurements, and compute the required distance.

Fig. 11

(7) In Fig. I, the full lines represent a closed field, the
dimensions being as shown. The length of the diagonal 80
was determined by a tie-line 5’ D’'. The side B C was pro-
duced 80 feet to A’; find: (a) the distance CJ” that must
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have been measured along the prolongation of D C; (4) the
length of the diagonal B D.

Note.—Distances are given to the nearest half foot.
CD = 62.7 ft.
A“’*’{B D = 6544 ft.
(8) *Compute the area, in acres, of the field referred to in

the preceding question. [There are 43,560 square feet in an
acre.] Ans. 9.60 A.






COMPASS SURVEYING

(PART 1)

EXAMINATION QUESTIONS

NoTe.—The student is required to send both the answers and the
methods by which he has obtained them. He is also required to work
out all trigonometric problems by logarithms, and send in the details
of his calculations.

(1) The bearing of a line 4B, as taken from A, was
found to be N 89° 00 W. A foresight from A4 on an external
point O (make a sketch placing O wherever you choose)
gave S 53° 45’ E as the bearing of A4 O, while a backsight
from O on A gave N 57° 30/ W as the bearing of O A4; there
was no local attraction at O. What was the correct bearing
of A B? Ans. S87° 15 W

(2) The bearings of two lines are, respeétively: S75°15'E
and N 13° 30/ W; what is the angle between the lines?
Ans. 118° 15

(3) The bearing of a line 4 B is S 76° 15’ W; what must
be the bearing of another line that shall run from A4, on the
right of 4 B, and make with the latter line an angle of 106° 45'?

Ans. N3° 00 E

(4) A line 4 B makes with another line 4 D an angle of
65° 30/, A B lying on the left of 4 D; if the bearing of 4D
is S 89° 45 E, what is the bearing of 4 B?

Ans. N 24° 45 E

(5) Find the length of 4B, Fig. I, from the follow-
ing data: A P = 275 feet; PQ = 150 feet; bearing of 4 P,
S 52° 15’ E; bearing of PQ, S 17° 30/ W; bearing of QB,
S 79° 45 E. Ans. AB = 597.2 ft.

. 12
115—30
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(6) The bearings of the lines 4 B and A4 C, Fig. II, are,
respectively, N 86° 30/ E and S 12° 00/ W, and their lengths,

A

Fic. 1

586.5 feet and 728.5 feet. Find: (a) the length of the line
B C joining their extremities; (&) its bearing.

Ans {(a) 1,050.3 ft.
‘1(6) S44°33' W

(7) In running a railroad line with regular stakes at
intervals of 100 feet, how would a point 569 feet from the
starting point be designated or referred to?

—,;B (8) With main stations at in-
Vi tervals of 100 feet, what is the dis-
~ tance from Substation 9 4+ 89 to

ya Substation 14 + 04? Ans. 415 ft.

/ (9) How would you determine
the bearing of the center line of
a tailway, the rails being laid?
Assume any figures for an example,
and explain the operations through
Pie. IT which you would go.

(10) The true bearing of a line is N 30° 30/ E, and its
magnetic bearing N 32° 15 E; what is the angle between the
true and the magnetic meridian? Ans. 1° 4¥

—~



COMPASS SURVEYING

(PART 2)

EXAMINATION QUESTIONS

Nore.—. fles are given to the nearest quarter of a degree. The

student should use logarithms where they can be used to advantage.
(1) The length and bearing of a course are, respectively,

19.43 chains and S 87° 45’ W; find the ranges of the course.

t = —.76 ch.
_A"S-{g = —19.42 ch.

(2) The ranges of a course are £ = —23.16 chains and

& = 11.97 chains; find the length / and the bearing G of the
course. ) Ans { ! = 26.07 ch.

‘\G =S2/°1¥ E

(8) ' The algebraic sum of the latitude ranges of a survey

" is —.07 chain, that of the longitude ranges is .13 chain, and

the sum of the lengths of all the courses is 41.73 chains;

find: (a) the total error of closure; (4) the relative error of

closure. (a) .15 ch.
Ans.{( b) .004

(4) In the following table are given the bearings and

lengths of the sides of a field; also, the calculated and cor-

rected values of the ranges and the corrected lengths.

Verify these values and give the different steps taken for

the construction of such a table.

Calcu- Calcu- Cor- Cor- C
Lengths | lated lated rected | rected | OO,
Feet |Latitude|Longitude | Latitude [Longitude Lengths
Ranges | Ranges | Ranges | Ranges

Courses| Bearings

AB S67°15W| 740.5—286.4|— 682.9]—284.9(— 683.6, 740.6
BC |S13°45'W| 369.5(—358.9/— 87.8|—358.2|— 88.2| 368.9
CD |N 72° 30 E|1,064.0 [+ 320.0 [+1,014.8 | +322.1 [+ 1,013.5|1,063.6
DA N37°00'W| 400.9|+320.2|— 241.3]|+321.0|— 241.7] 401.8

t13
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(5) What is the relative error of closure in question 4?
Ans. .002

(8) Determine the most westerly corner of the field to
which the following notes refer:

Longitude
Courses Ranges
Chains
ARB 9.76
BC —13.41
CcD —16.83
DE 21.78
EA — 1.30

Ans. The corner D

(7) Compute, by latitude ranges and double longitudes,
the area of the field to which the following notes refer.
Construct a table similar to that given in Art. 21, and
explain how the different quantities are obtained.

Latitude Longitude
Courses Ranges Ranges
Feet Feet
AB +570.5 +255.0
BC + 99.0 —558.5 .
cD —352.5 —449.0 \
DE —449.0 +217.5 |
EA +132.0 +535.0 o
 Ans. 1LT1A.

(8) As observed at 11 A. M. on a day in September, the
bearing of a line in latitude 42° north was found to be
S 76° 25’ E; reduce the bearing to its daily mean value.

Ans. S 76° 23 E

(9) Compute the latitudes and longitudes of the corners
of the field referred to in question 7, the referencq meridian
and parallel passing through the corner £.
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Aus. Corner Latitude Longitude
Feet Feet
E 000.0 000.0
A +132.0 +535.0
B +702.5 +790.0
c +801.5 +231.5
D +449.0 —217.5

(10) The declination of the needle is 3° 15 east; explain
how the true bearings of the following courses are obtained
from their magnetic bearings:

M ti T
Courses B:agr‘;:gl: Bea:"il:gs
AB N 15° 45’ E N1g° 00’ E
BC N 88° 30’ E S 88° 15’ E
CcD S 20° 30 W S 23°45' W
DE N so® 15’ W N 47° 00’ W

(11) The declination of the needle being 5° 10/ west,
explain how the following true bearings are obtained from
the magnetic bearings:

Magnetic True
Courses Beagrlilngs Bear;]ngs
AB N 7°30 W N 12° 40/ W
BC N 45° 15’ E N 40° §'E
cD S 15°45’ E S 20° 55" E
DE .S 2230 W S 2°40’'E

(12) (a) If the magnetic bearing of a line at the time of a
survey made 20 years ago was N 40° 00’ W and its present
magnetic bearing is N 38° 45’ W, what is the yearly variation
of the needle? (4) What is the present bearing of a line in
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the same survey whose original bearing was N 65° 00’ E?
(¢) Of a line whose bearing was S 20° 30/ E? (d) If the
declination of the needle at the time of the original survey
was 5° 25 east, what is the present declination?
(5) N ebots
'E
Ans.\ (1) S19°15'E
(d) 4°10'E

(13) Make a plat of the field to which the following
notes refer; use a scale of 2 chains to the inch, and explain
all the operations in detail.

Latitude Ranges Longitude Ran eﬂ
Courses Chains ® Chatns
AB +3.50 —2.82
BC — .34 —4.06
cD +3.49 +3.68
DE + .95 +6.21
EA —7.60 —3.01




TRANSIT SURVEYING

(PART 1)

EXAMINATION QUESTIONS

Note.—The student is required to send in not only his answers, but
also his methods of obtaining them.

(1) A scale is divided into eighths of an inch. (a) Into
how many equal parts must the vernier be divided that the
least reading may be ¥ inch? (&) What is the length of

the vernier? (a) 8
Ans'{(b) % in.

(2) A scale is so graduated that its smallest division is
.05 foot. (a) What is the least reading of the vernier, if
the vernier is divided into ten equal parts “that cover nine
of the divisions on the scale? (4) What is the reading of
the vernier when its eighth mark coincides with a division

on the scale? (a) .005 ft.
A“s'{(b) 04 ft.

(8) The horizontal circle of a transit is divided into
degrees, and the vernier is divided into ten equal spaces that
cover nine spaces on the circle; what is the least reading of
the vernier? Ans. 6/

(4) If in example 3, the ninth mark of the vernier coincides
with a division mark on the circle, what is the reading of
the vernier? Ans. 54/

(5) Make a sketch of part of a scale graduated to quar-
ter-inches with vernier reading to ¥ inch, and explain how
the vernier is read.

§14
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(8) If the forward north azimuth of a line is 276° 57,
find: (a) the true bearing of the line; (4) the back azimuth.
(a) N83° 03 W

Ans‘{(b) 96° 57

(7) Explain, by an example not given in the text, what
is meant by calculated or deduced bearings.

(8) Take a deflection traverse of three lines and explain
how to run it with a transit. Assume whatever values
are necessary.

(9) Find the latitude and longitude ranges: (z) of aline
whose azimuth is 343° 41’ and whose length is 569 feet;
(54) of a line whose azimuth is 233° 04’ and whose length is

1,026 feet. (a) t = 546.1; g = —159.9
A"S°{(b) t = —616.5; g = —820.1

(10) The azimuth of a line is 354° 29/, and the true bear-
ing of another, intersecting the first, is S 83° 18’ W; what is
the angle between the two lines? Ans. 91°11

(11) The magnetic bearing of a line is N 55° 15’ E, and
an angle of 15° 17/ is turned to the right; what is the
calculated bearing of the second line? Ans. N70°32E

(12) The magnetic bearing of a line is N 13° 15’ W and
an angle of 40° 2/ is turned to the left; what is the calculated
bearing of the second line? Ans. N53°35 W

(13) Take an azimuth traverse consisting of five lines;
explain how it is run, assuming the necessary values; write
down the notes, and make a plat.

(14) The longitude range of a course is —1,215.8 feet,
and the latitude range is +1,427.8 feet; what is the azimuth
of the line? Ans. 319° 3%



TRANSIT SURVEYING

(PART 2)

EXAMINATION QUESTIONS

(1) An observer is located in longitude 95° 15, his watch
keeping standard time; find the time, by his watch, at which
Polaris will be in lower culmination on February 12, 1905.

Ans. 4" 18.5™ A. M.

(2) The longitude of Albany, N. Y., is 73° 44’ 49, and
that of Los Angeles, Cal., is 118° 10/ 447; what is the time
at Albany when it is 9® 41™ A. M. at Los Angeles?

Ans. 12 38 44* p, M.

(3) Find the times of elongation of Polaris on Decem-

ber 31, 1908. An {Eastern elongation, 0* 52.2=
. S-1Western elongation, 12" 42.2=

F1e.1

(4) A line is to pass through two inaccessible points C
and D, Fig. I, and meet another line 4 B produced. From
two points B and £, on A4 B, angles to the points C and D

t15
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(7) Supply the missing parts from the following notes:

Side L:-:f:h Azimuth
AB 33° 45’
BC 300 86° 23*
CcD 169° 36’
DE 450 243° 54/
EA 268 317° 30/

AB = 398.8 ft.
A”S'{cp = 355.9 ft.

(8) Supply the missing parts from the following notes:

Side Length Azimuth
‘eet

AB 298.0

BC 458.7 29° 48/

cD 48° 32/

DE 632.4 150° 46/

EA 729.4 249° 12/

Azimuth of 48 = 274° 13/
A”S'{CD = 590.2 ft.

(9) A traverse A4,A4, A4, A, A, Fig. 111, was run between
two points A4,, A, of a line 4 B, the part 4, 4. of which
Ay
A
<
« P

A4
B
% Fio. III 4,

was 1naccessible; the distances of the tra.verse were as
shown. The azimuth of the lines A4, 4,, 4, 4,, A, 4., A, A.,
referred to A B as a meridian, B being the north end, were,
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respectively, 340°, 15°, 318°, and 20°. Compute the distance
A, A., and explain how to prolong the line beyond A,.
Ans. A, A, = 2,140.1 ft.

(10) In order to determine the inaccessible point of
intersection of two lines 4 B and C D, Fig. IV, the traverse
B A, A, D was run. The angles and distances being as

I
A,

/
SN

. / \
/I

Fi16. IV C

shown, find: (a) the angle 7 between the two lines; (4) the
distances /27 and 7/ B.

HinT.—Take A / as a meridian, and find the azimuths of the other
lines from the measured angles.

(a) 7 = 80°
A“S'{(b) DI = 1252.7 ft., IB = 929.8 ft.

(11) In the preceding example, what are the length and
azimuth of the line DA (not drawn in the figure), the
line 4 B being taken as a meridian? (Do not forget that the
azimuth of D B is not the same as that of B D.)

DB = 1424.6 ft.
An '{Azimuth = 240°

(12) In Fig. V, 4B = 58 chains; D C = 32 chains,
and A D = 24 chains. It is required to divide the trape-
zoid A BCD into two parts by a line £ F parallel to the

N
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bases and having such position that the area adjacent to the
longer base shall be to the area adjacent to the shorter base
as 7 is to 4; what will be the
length: (a) of £ F? (b) of D E?
(a) 43.3 ch.
A“s-{(b) 10.43 ch.
(13) The area of the triangle 4
A B C, Fig. VI, is 76.31 acres. Fio. v -
The lengths of 4 C and 4 B being as shown, it is required
to cut off an area .S, = 30 acres by a line £ F parallel to A4 C;

find the lengths of 4 £ and £ F. Ans {A E= 3.95 ch.
‘|EF = 38.52 ch.

(14) Assume that, in Fig. VII, #C measures 9.32 chains,
the angle #CG measures 73°, and the area of FA B Cis
4.56 acres; what must be the B
distance of the point G from
the point C in order that the

>
X
b 4944 cA—] E p

Fie. VI Fi1c. VII

line G will cut off 6 acres, that is, in order that the area
of the figure 4 B CG will be 6 acres? Ans. 3.23 ch.
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GEOMETRY

(PART 1)

(1) (a) The number of sides of an octagon is eight; hence, applying
the formula in Art. 115, the sum of the interior angles of the octagon

is S=2 X (8 — 2) = 12right angles. Since the octagon is eqriangular,
one of the interior angles is equalto 3 X 12 = 1§ right angles, or 90°

X 1} =135°. Ans.
(8) 1If one of the angles of an equiangular polygon is 108°, or

8

108 6 6 6n
90 =& right angles, their sum S is equal to 5)( n=g. But from
the formula in Art. 115, we have S =22 — 4. Therefore, — =2n

5
— 4; whence, solving for 7, n =5. A polygon of five sides is a
pentagon. Ans.

(2) Since every circumference contains 860° (Art. 158) or four
right angles, if one of the equal sectors measures two-sevenths of a

right angle, there are 4 + ; = 14 equal sectors in the circle. Ans.

(3) Since one-third of an angle is equal to 14° 47’ 10”, the angle is
14° 47 10” X 3 = 44° 21/ 30”. Ans. Onue of the other angles is two and
one-half times this angle, or 44° 21’ 30” X 2} = 110°563’ 45”. Ans. The
sum of the angles of a triangle is equal to 180° (Art. 69); there-
fore, the third angle is equal to 180° — (44° 21’ 30" + 110° 53’ 45”)
= 24° 44/ 45", Auns.

(4) An exterior angle of a triangle is equal to the sum of the
opposite-interior angles (Art. 68). The sum of the opposite-interior
angles is, therefore, 104° 30 20", and as the opposite-interior angles
are, in this case, equal, the value of each angle is oue-half of
104° 30’ 20”, or 52° 15 10”.

(6) The sum of the acute angles of a right triangle is equal to one
right angle (Art. 70). Therefore, if one of the acute angles is equal to

two-fifths of a right angle, the other acute angle is equal to 5_2_ 8

of aright angle. Ans, '

37
115—31
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(6) The opposite angles of an inscribed quadrilateral are supple-
mentary (Art. 164). Therefore, one of the required angles is eqzal
to 180° — 36° 45’ 36/ = 143° 14’ 24", and the other angle is equal to
180° — 148° 23’ 50" = 31° 36’ 10", Ans.

(7) The sum of the angles of a triangle is 180° (Art. 69); there-
fore, the required angle is equal to 180° — 138° 47/ 40 = 41° 12' X"
Ans.

(8) An equilateral triangle is also equiangular; therefore, one of
the angles of an equilateral triangle is equal to one-third of two right
angles, or two-thirds of one right angle (Art. 70).

21 .
e ht
gtz=1m8
angle; therefore, the triangle is a right triangle (Art. 70).

(9) The sum of the given angles of the triangle is

(10) If the exterior angle of a triangle is 120° and one of the
opposite-interior angles is 60°, the other opposite-interior angle is
equal to 120° — 60° = 60°, and the third angle = 180° — (60° 4 60°)
= 60°. The triangle is therefore equilateral.

(11) In Fig. 1, the distance from A4 to B is
B 2 inches, from B to C is 1} inches, and from C
to A 1} inches. At the middle points of A C
and B C, erect perpendiculars and prolong them
until they intersect at O. With O as a center
and O B as a radius, draw a circle, which will
pass through the three points 4, B, C (Art. 145).

(12) (a) Since the tangents from a point to
a circle are equal (Art. 150), the triangle 4 BC,
Fig. 2, formed by the tangents and a chord D
through the points of contact is isosceles, and C
the angle A is equal to the angle B (Art. 76). A
The angle B C D, being an exterior angle to the 4/ | N\
triangle 4 B C, is equal to the sum of A and 5.
Therefore, the angles 4 and B are each equal to
one-half of 67° = 33° 30/. '

(6) A line joining the point of intersection of
the tangents to the center of the circle bisects
the angle between the tangents (Art. 151). The
angle 4 CB is equal to (180° — 67°) = 113°,

: o

Therefore, the angle O C B = ]—123— = 56° 30/. Ans.

(13) A central angle is measured by the intercepted arc (Art. 154),
and an inscribed angle is measured by oneshalf the intercepted arc
(Art. 156). Therefore, the central angle contains 48 X 2 = 96°.

Fic.1

B

FiGc. 2

TN
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(14) Let x = value of angle C;
2 x = value of angle 4;
and 3 x = value of angle 5.
The sum of the angles of a triangle = 180°; therefore. 6 x = 180°,
whence x = 30°, 2. x = 60°, and 3 x = 90°. Therefore, 4 = 60°, B
= 90° and C = 30°. Ans.

(15) Let x = value of angle A or B;

Then 2 x = their sum;
and 4 x = unequal angle C.
‘Their sum 6 x = 180°

whence, 2 = 30° and 4 x = 120°. Therefore, 4 = 80°, B = 30°,
and C = 120°. Ans.






GEOMETRY

(PART 2)

(1) The shortest distance from a point to a line is a perpendicular
totheline. InFig.1, B D =9, A8 = 12,

and BC = 15in. AD=\N4AB8 -BD'
= N3 "9 =7.84in.,0C=NEC - BD
= +15°—9* = 12 in. Therefore, AC

=AD+DC =794 +12 = 1994 in. 4 D °c
Ans. Fo.1

(2) The radius perpendicular to a chord bi-
sects it. (See Geometry, Part 1.) Therefore, in

the right triangle D OB, Fig. 2, DB = % of 4

= 2in.,and 0 B = 6in. D O=+6" — 2* = 5.66in.
In the right triangle CDB, CD = 6 — 5.68
= .34 in.,, and DB = 2 in. B C, which is the

chord of half the arc, is equal to v.34* 4 2°
F16.2 = 2.03 in. Ans.

(8) In Fig. 8, the radius CO = 1—27 = 8.6in.,, 4 '

and £O0 = 5.75, whence CE = 86 — 5.76
= 2.76 in.,, and ED = 17 - 2.76 = 14.25 in.

0
Then,
CE:AE=AE:ED(Art.28);AE=VCEXED
B = V2.75 X 14.25 = 6.26 in.,
and 4 B = 6.26 X 2 = 12.62 D
in. Ans. F16.3

(4) One side of the octagon is equal to one-
eighth of 24, or 3 in. Iun Fig. 4, A B represents

one side of theoctagon. Then, CB = g =1.5in.,

F16.4 and in the right triangle C O B, the radius O B
$8
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= V3.62" + 1.5 = 3.92 in., and the diameter is equal to 3.92 X2
= 7.84 in. Ans.

(6) (a) From formula 2, Art. 77,

A ﬁ9.42 .
d= T‘g‘i_ = m = 10.67 in. Aans.

(6) Applying formula of Art. 71,
¢ = 3.1416 X 10.67 = 33.52 in. Ans.

(¢) The length of the side of a regular hexagon inscribed in a circle
B 533 in. Ans.

(6) The volume of the shell is equal to the difference in the volume
of a sphere 16 in. in diameter and one 12 in. in diameter (see Art. 114).
- Volume of shell is .5236 (16° — 12°) = 1,239.9 cu. in. Weight of shell
is 1,239.9 X .261 = 323.61 Ib. Ans.

(7) From formula of Art. 73,

is equal to the radius,

y = 1804 daq =360
nn, xn
Substituting known values,
- 360 x5 _ :
d= 31416 % 27 = 22.95 in. Ans.

(8) (a) 17¢; = 17.016 in. Applying formula 2, Art. 77,
A = .7854 X (17.016)* = 227.4 sq. in. Ans.
(6) 16° 7 21" = 16.1225°. Applying formula of Art. 73,
/= 3.1416 X 8.15;): X 16.1225 _ 2394 in. Ans.
(9) Similar triangles have their sides proportional; therefore,
AB:AB =BC:BC
13.8:17.8 = 15.6 : B/ C’

whence, B C = ES_I;%IE = 20.1 ch. Ans.
Also, AB: A B =AC: A C
138:17.8 =198 : A'C’

whence, AC = Ql—;sl?—g = 25.6 ch. Ans.

(10) (a) The slant height of the cone is the hypotenuse of a right
triangle whose legs are the radius of the base and the altitude of
the cone.

S = 35" +11" = 11.543 in.

The perimeter of the base is equal to 3.1416 X 7 = 21.9912 in.

Applying formula of Art. 101,-
c= 2]_.9%;5__11.54@ = 126.92 sq. in. Ans.

(6) The area of the base is equal to 7* X .7854 = 38.48 sq. in. The

entire area is equal to 126.92 4 38.48 = 165.4 sq. in. Aauns.
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(11) To divide the triangle 4 B C into two equal parts, we have,
A D = 70711 A B (Art. 55). Then,
AD = 70711 X 22 = 15.56 ch. Ans.

(12) The perimeter of the base is equal to 5} X 4 = 21 in.
(a) Applying formula of Art. 95,
¢ =21X18 = 378 sq. in. Ans.
(8) The areas of the two bases are 5} X 5} X 2 = 55.125 sq. in.
The entire area is equal to 378 + 55.125 = 433.125 sq. in. Ans.
(¢) Applying formula of Art. 96,
V =5} X 51 X 18 = 498.125 cu. in. Ans.

(13) The sides of the triangle are proportional to the segments into
which they are divided by the line £ D (Art. 10); therefore,
AB:AC=AD: AFE
AB: 10=6:4
whence, AB = ——m;( 8
(14) In Fig. 5,
AC:AD=BC: DE
100: 4AD= 3:6.7

whence, A D = lOO_);B_’IB =

= 156 ch. Ans.

ez

(15) The area of a regular hex-
agon whose sideis 1in. is 2.5981 sq. in.
(Art. 68). Applying formula of Art. 68,

A = 2.5981 X 8* = 166.3 sq. in. Ans.

(18) The volume of a sphere is, by formula of Art. 114, %nd‘.
and the volume of a cylinder is, by formula of Art. 96, writing % rd*

for A 4_1: d® k. Since the volume and diameter of the sphere are equal
to the volume and diameter of tke cylinder, we have

1 )

a rd® = ; xd*h
whence, A = §d=§xl2=8in. Ans.

(17) The area of the trapezium is equal to the sum of the areas of
* two triangles, whose common base is 11 in., and whose altitudes are
4} in. and 7 in., respectively.
11 x4t 1 X7

) + 5 = 61.875 sq. in. Ans.

(18) s = 1-5—'%"'—18 = 25. Applying formula of Art. 47,

A = V25 (25 — 15)(25 — 17) (25 — 18) = 118.3 sq. ch. = 11.83 A.
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(19) In Fig. 6, ED: AE = AE:EC (Art. 28), or ED: %
= 24 : 12; whence, ED = 24_1><_2‘2_4 = 48 in. The
diameter CD = 48 4+ 12 = 60 in. and the radius
is equal to 6?0 =30 in. Also, £0 =30-1
= 18 in. The length of the arc 4 C B is, accord-

ing to formula of Art. T4,

4 3 = 55.6 in.
According to formula of Art. 79, the area of

Fic. 6

the sector is equal to
A = %x30><65.6 = 834 sq. in.

48 X 18
2

The area of the triangle 4 0B = = 432 sq. in. The area of

the segment is, then (Art. 80),
834 — 432 = 402 sq. in. Ans.

(20) (a) The height of each prismoid, considering the alternate

sections as end sections, is 20 yd. The volume of the first prismoid

3
is, by formula of Art. 1286, ( 225+ 4 X 213 + 196)3%5 = 14,144 cu.yd.;
of the second, (196 + 4 X 182 + 187)13'2;;—2(5 = 12,344 cu. yd.; and of the

third, (187 + 4 X 200 + :aoe):,%3 = 13,278 cu. yd. The total volume
of the cutting is 14,144 + 12,344 + 13,278 = 39,766 cu. yd. Ans.

(6) By average end areas, the height of each section is % yd. By
formula of Art. 128:

Volume of first section is (225 +213); 0% = 7300 cu. yd.
Volume of second section is (213 + 196)2—1%(% = 6817cu.yd
Volume of third section is (196 4 182)% = 6300cu. yd.
Volume of fourth section is (182 + 187)% = 6150cu. yd.
Volume of fifth section is (187 4 200)2—1313 = 6450cu. yd.

Volume of sixth section is (200 4 208)2_1;2:_3 = 6800 cu. yd.

The total volume is 3981 7 cu. yd.
Ans.
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(21) The dimensions of the middle section are 2 =22 . 3,375 g,
aZ041B _ 187 6t. To apply formula of Art. 126, we have

A =45X%X256 = 11.25 5q. ft., A’ = 2.25 X 1.25 = 2.8125 sq. ft., 4 M
= 4(3.375 X 1.875) = 25.3125 sq. ft Applymg formula of Aft. 126,

V= (1125+28125+258125)—-— 7875cn ft. Ans.

(22) Applying formula of Art. 78,

] = 31416 X f::o X526 _ 2,693.9 ft. Ans.

(28) Applying formula of Art. 50,
= (1875 +12.5)0 = 2844 5q. ch. = 8.4 A. Ans.

(24) The total length of the secant, Fig. 7, T !
is 97 + 72 = 169 in. The external segment of
the secant is 97 — 72 = 26 in. From Art. 29,
we have

DP:PT=PT:RP
169 : PT = PT:2
PT = V1690 X2 = 65 ft. Ans.

(25) The ratio between the corresponding
sides of the triangles is 1 : 3; therefore (Art. 58), F1e.7
240:x =1":8"
x = 240 X 9 = 2,160 sq. in., or 15 sq. ft. Ans.

D






PLANE TRIGONOMETRY

(PART 1)

(1) (a) Since the given angle is less than 45°, the sine is taken from
the table as explained in Art. 18. Therefore, sin 22° 43’ = .38617.

Ans.

(6) Sin 44° 56/ = .70628. Ans.

(¢) Since the given angle is greater than 45°, the sine is taken from
the table as explained in Art. 19; therefore, sin 49° 17/ = .75794. Auns.

(d) See rule, Art. 20. The difference between sin 79° 23’ and
sin 79° 24/ is .00006. g—g X .00006 = .00003. Adding this correction to
sin 79° 23/, sin 79° 23’ 30” = .98291. Ans.

(2) (a) According to Art. 18, tan 11° 37/ = .20557. Ans.

() See rule, Art. 20. The difference between tan 19° ¢/ and

25

tan 19° 1’ is .00032. 80 X .00032 = .00013. Adding this correction
to tan 19° ¢, tan 19° ¢/ 25” = .34446. Ans.
(¢) tan 64° 7 = 2.06094

tan 64° 6/ = 2.05942
‘Correction = .00152 X % = .00114

Adding this correction to tan 64° 06/,
" tan 64° 6/ 45” = 2.06056. Ans.

(@) tan 78° 46’ = 5.03499
tan 78° 45’ = 5.02734
Correction = .00765 X g = .00638

Adding this correction to tan 78° 45/,
tan 78° 45’ 50" = 5.03372. Ans.
(3) According to the rule given in Art. 26, the logarithmic cosines
of the angles given in example 1, are as follows:

(@) . log cos 22° 43’ = 1.96493. Ans.
(4) log cos 44° 56’ = 1.84999. Ans.
(¢ log cos 49° 17/ = 1.81446. Ans.

<
<©
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(d) Since this angle contains odd seconds, the correction is
obtained by applying the rule given in Art. 28,
log cos 79° 23’ = 1.26538; D = 68
In the column of proportional parts, the correction found opposite 30

(number of seconds) and under 68 is 34 = 6%) X D. Since it is the

logarithmic cosine that is required, this correction must be subtracted.
See rule, Art. 27.
log cos 79° 23 = 1.26538
s
& XD= 34
. log cos 79° 23’ 30” = 1.26504. Ans.
(4) (a) See Arts. 27 and 28.
log cot 25° 15/ = .32640; D = 33
p. p. for 20 = 11
p.p.for 3= 2

p. p. for 23 = 13 13
log cot 25° 15/ 23/ = .32627. Ans.
(%) log cot 5° 41/ = 1.00209; D = 128.
p. p. for 26 = 56
log cot 5° 41/ 26 = 1.00153. Ans.
(c) log cot 77° 837/ = 1.34165; D = 60

p. p. for 27 = 27
log cot 77° 37/ 27" = 1.34128. Ans.
(d) log cot 45° 1/ = 1.99976; D = 26
p. p. for 48 = 21
log cot 45° 1/ 48” = 1.99954. Ans.

(5) In Fig. 1, tan B = 337 _ ssi.

4 792
N See Art. 35.
2 B = 28°53/19”. Ans.
A = 90° — 28° 53/ 19" = 61° 06’ 41”.
Ans.
C 707 B . o
Fi16.1 By formula 5, Art. 85, AB = ey
437
= <83 = 904.56 ft. Ans.

(6) (a) See rule, Art. 22. Looking in the table it is found that
the given tangent lies between .13461 = tan 7° 40’ and .13491
= tan 7° 41’. The difference is .00030. The difference between the
given tangent and the tangent of the smaller angle is .00015. The
number of seconds in the angle is therefore

15

30 X 60 = 30". Therefore, .13476 = tan 7° 40/ 30”. Ans.
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®) cot 72° & = .32331 32331
cot 72° ¢/ = .32209  .32828
32 8

The number of seconds in the angle is 3% X 60 = 15”. Therefore,
.32323 = cot 72° 5/ 15”. Ans.
(7) (a) See Art. 22.

sin 67° 6 = .92119  .92112
sin 67° 5 = .92107 .92107
12 5
132 X 60 = 25”. Therefore, .32323 = sin 67° &/ 25”. Ans.
(6) cos 56° 14/ = .555681 .55581
cos 56° 15/ = 56567 55670
% 1i

.1241 X 60 = 28"”. Therefore, .55670 = cos 56° 14’ 28”. Ans.

(8) (a) See rule, Art. 30.
log cos 82° 19 = 1.12612 1.12612
log cos 82° 20/ = 1.12519 1.12576
93 37
37

g3 X 60 = 24", ‘Therefore, 1.125756 = log cos 82° 19 24”. Auns.

(6) See Art. 31. The given logarithm lies between .06313 = log
tan 49° 09 and .06339 = log tan 49° 10'.
D = 26. .06323 — .06313 = 10. The pro-
portional part under 26 and next lower than
10 is 8.7, horizontally opposite 20. 10 — 8.7

F1c.2

= 1.3. The number 1.3 is found opposite 3. Therefore, the number
of seconds is 23 and .06323 = log tan 49° ¢ 23”. Ans.

(9) See Art. 4.
sin 4 =2 cotA=é
c a
a c
tanA—z secA—z
cosA=é c:sc.o‘i!=£
c a
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(10) In the right triangle 4 D B, Fig.3, AB = — 2 =122
ght triangle » T8 % Ssn7e 2

in. DB =12cot79°22 = 2.25; CD = 9.5 — 2.25 = 7.25 in. In the

right triangle A DC, AC = V12* + 7.25° = 14.02 in. The perimeter
of the triangle is therefore
) 12.21 + 9.5 + 14.02 = 35.73 in. Ans.

(11) The perpendicular 4 D bisects the angle B 4 C and the base
B C, Fig. 4. In the right triangle

o 1
4 A DB, the angle BA D = 130251
130'51’ 125
B ! o = 65°25/30"and DB = - = 62.5ft.
L | .
b 135 [t ! = 62.5 =
o Then A B = Sn 65 2 3y 68.73
1G. 4
ft. Ans.
(12) In the right triangle 4 B C, Fig. b (a), the angle B A Cis
equal to 90° — 456° = 46°, and 4 B = %45_" = 25.46 ft. Ans.
I"Gr y
4 y 4" T
i-—zs ft.-‘i-—za f&-ﬁw 18300
(a) )

Fi16. 5

(18) The triangle 4’ B’ C, Fig. 5 (b), is similar to the triangle
A B C. The corresponding angles are therefore equal, and 5’ A’ C
= 46°. If A’ C represents the stress of 18,200 1b. in the member 4 C,
A’ B will represent the stress in the member A4 5.

A'C 18,200

! R = = = T =
A B = 515 = qorn — 2 1401b. Ans.
B
¥
)
4 100 1t c
F16.6
(14) tan 4 = 8 = .06000; whence, 4 = 3° 26/ 2. Ans.

100
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(15) (a) In Fig. 7, AD =00 =50 ft., and tan CAD = 3
= .07000; angle CAD = 4° O/ 14”. The
angle C A B, being an inscribed angle, is g
measured by one-half the arc B C; there-
fore, thearc BC = 4° 0/ 14" X 2 = 8°(/ 28",
But the arc B C is one-half the arc A CB;
therefore the arc 4 C B is equal to 8°(/ 28”
X 2 = 16°0' 56”. Ans.

(6) In the right triangle 4 O D, the

. AD 50
radius 4 0 = sin 40D " sin 8° O 28"
= 368.8 ft. Ans.

(16) The vertical height of the point B F16.7
above the point A4, Fig. 8, is equal to
B B = 1,250 tan 8° 12’ = 48.9 ft. The vertical height of the point C
above the point B is equal to C C’/ = 3756 tan 7° 26/ = 180.1 ft.

[/

375/ C

1350 ft B
F10.8

Therefore, the vertical height of the point C above the point A4 is 48.9
+ 180.1 = 229.0 ft. Ans.

(17) ~(a) In the right
triangle B C D, Fig.Il, of
the Examination Ques-
tions, C.D = 100 tan 45°

= 100 ft. Ans.
cD
6 BD = 545
100
= ~o7il = 141.42 ft.
Ans.

(18) (@) In the right triangle B C D, Fig. 9,
CD = B Ctan 30° = 100 X .57735 = 57.735 ft. Ans.

b)) BD = —5 = —— =115.47ft. Ans.
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(PART 2)

(1) (a) See rule, Art. 2.
log A” = log 9,174 = 3.96256
S = 8.68543
log sin 4 = 2.64799
Therefore, log sin 2° 32’ 564" = 2.64799. Ans.
() log A" = log 9,174 = 3.96256
T = 8.68586
log tan A = 2.64842
Therefore, log tan 2° 82/ 64” = 2.64842. Auns.
(¢) See rule, Art. 3.

C = 5.31414
log A” = log 9,174 = 3.96256

log cot A = 1.35158
Therefore, log cot 2° 32’ 564” = 1.35158. Ans.

(2) Since the given angle lies between 87° and 90°, the simplest
way to determine the cosine and cotangent is to subtract the angle
from 90° and find the corresponding cofunction. See Art. 4.

90° — 87°23/ 16" = 2° 36/ 44" = A,

(a) log cos 87° 23’ 16” = log sin 2° 36/ 44".

log A" = log 9,404 = 3.97331
S = 8.68542

log sin 4, = 2.65873
Therefore, log cos 87° 23/ 16/ = 2.65873. Ans.
(6) log cot 87° 23/ 16” = log tan 2° 3¢/ 44".
log A, = log 9,404 = 3.97331
7T = 8.68588

log tan 2° 3¢/ 44" = 2.65919
Therefore, log cot 87° 23/ 16” = 2.65919. Ans.

(3) (a) The angle whose logarithmic sine is 2.37889 is found by
means of the rule stated in Art. 5.

115—32 to
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The nearest logarithmic sine is 2.37750, and the correction opposite
this in the S column is 6.68553.
log sin 4 = 2.37889
S = 8.68553
log A" = 3.69336
A = 4,936" = 1° 22/ 16”. Ans.

() The nearest logarithmic cotangent found in the table is 2.38809,
which lies in the column marked log cot at the bottom; therefore, the given
logarithmic cotangent is to be treated as though it were a tangent,
and the angle corresponding to this tangent is to be subtracted from %0°.
See Art. 5. The correction in the T column opposite 2.38809 is §.68566.

" log sin 4, = 2.38692
T = 8.68566
log 4, = 3.70126
A, = 5,026 = 1° 2% 46"
Therefore, A = 90° — 1° 23’ 46" = 88° 36/ 14”. Ans.

(4) See Art. 5. The correction under C and horizontally opposite
59 is 5.31438. '

5.31438
log A” = log 3,522 = 3.564679
log cot A = 1.76759
Therefore, log cot 0° 58’ 42 = 1.76759. Ans.
(5) See Art.4. 90° —88°2'45” = 1°57' 15" = A,. The correction
under C and horizontally opposite 57 is 5.31426; 4,” = 7,020 + 15 = 7,035.
: C = 5.31426
log A, = log 7,035 = 3.84728
log cot 4, = 1.46700
Since log cot 4, = log tan A4, log tan 4 = 1.46700. Ans.
(6) The logarithmic cotangent nearest 1.92456 is 1.92347; the C cor
rection horizontally opposite 1.92347 is 5.31440.
C = 5.31440
log cot 4 = 1.92456
log A” = 3.38984
A = 2,451 = 0° 40 54"
Therefore, 1.92456 = log cot 0° 40’ 54”. Ans.
(7) Applying formula 1, Art. 23,
32' 4+ 40" — 16" _

WSA=W'4-0——.W
A = 22°19 55”. Ans.

_ 16" +40° — 32° _
cos B =5 Jgxa0 800
B = 49° 27 30”. Ans.

08 __
cos C = 16* + 32 4o’=—.3l%0

T2x16X32
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The angle whose cosine is .3125 is 71° 47/ 24”. The cosine of C
being negative indicates that the angle C is obtuse. Therefore,
C = 180° — 71° 47’ 24/ = 108° 12’ 36¢". Ans.

(8) The angle 4, Fig. 1, is determined by applying formula 2,
Art. 28, ’
s = $(40.2 4+ 38.8 + 25.4) = 52.2

22— 25.4) (2.2 — 90.9)
tand 4 =\ 55 52.2 - 38.3)

log (62.2 — 25.4) = log 26.8 = 1.42813
log (52.2 — 40.2) = log 12 = 1.07918

2.50731
log (52.2 — 38.8) = log 13.4 = 1.12710
log 52.2 = 1.71767

2.84477 -

log tan $ 4 = 1.66254 + 2 = 1.83127
whence § 4 = 34° 8 22, and 4 = 34° 8 22" X 2 = 68° 16’ 44".
The altitude BD = A B sin A = 40.2 sin 68° 16/ 44”.
B log 40.2 = 1.60423
log sin A = 1.96802

log BD =1.67225
BD = 373ch. Ans.

'f'
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(9) The angle C, Fig. 2, is equal to 180° — (50° 17/ 4 68° 24')
= 61°19.

=500

~ sin 61° 19/
=000 . 6o o4 - 000 . /
b Sin 61° 17 sin 68° 24/; and ¢ So 6o 1Y sin 60° 17

log 500 = 2.69897
log sin 61° 19 = 1.94314

log M = 2.75583
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log 6 = 2.72421; 6 = 529.9 ft. Ans.
log sin 68° 24/ = 1.96838
log M = 2.75583
log sin 50° 17/ = 1.88605

log a = 2.64188; a = 438.4 ft. Ans.

(10) Applying formula 1, Art. 21,
39.64 — 26.75  36° 20¢ 43"

tand(4d - 8) = s o855 T 2
log (39.64 — 26.75) = log 12.89 = 1.11025
log 39.64 + 26.76 = log 66.39 = 1.82210
1.28815
log cot 18° 10/ 22" = .48379
log tan } (A — B) 1.77194

. %(A_B)=30036112"
A = 90° — 18° 10V 22 + 30° 36/ 12”7 = 102° 25’ 50"
B = 180° — (36° 20’ 43" + 102° 25/ 50"") = 41° 13’ 27"
Applying formula 2, Art. 21,
BC = (39.64 — 26.75) cos 18° 10/ 22/
- sin 30° 3¢/ 12"
log (39.64 — 26.75) = log 12.89 = 1.11026
log cos 18° 10/ 22" = 1.97778

1.08803
log sin 30° 36’ 12” = 1.70679

log B C = 1.38124 -
BC = 24.06ft. Ans.

§11) 16ft.5 in. = 16.417 ft.; 13 ft. 6} in. = 13.542ft. The modulus

. . 13.542 e .
of the triangle is M = Sin 54 B4/ 53 A B = M sin C; whence sin C
_AB 16417 . o,
= M = 3o S0 546 547
log 16.417 = 1.21529
log 13.542 = 1.13168
0.08361

log sin 54° 54/ 54" = 1.91291
log sin C = 1.99652
1.99652 is the logarithmic sine of 82° 45’ 30/, or of 180° — 82° 45 30"
= 97° 14’ 30/. Therefore,
C = 82° 45’ 30", or 97° 14/ 30/
and B = 180° — (82° 45’ 30" + 54° 54’ 64”7) = 42° 19/ 36"
or B = 180° — (97° 14/ 30" + 54° 54’ 54”) = 27° 50/ 36"
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13.542 .
5io B4° 54/ 547 S0 42°19' 36"

Taking B = 42°19/36", A C= Msin B =
= 11.14 ft. Ans.
log 13.542 = 1.13168
log sin 54° 54/ 54" = 1.91291
log M = 1.21878
log sin 42° 19 36" = 1.82824
1.04702 = log 11.143 = 11.14 ft.
Taking B = 27° 50 36/, 4 C = ——30-000 _ sin 27°50/ 36/ = 7.7
ft., nearly. Ans.
log M = 1.21878
log sin 27° 5¢/ 3¢” = 1.66936
. .88814 = log 7.7293 = 7.73 ft., nearly.
(12) The angle B = 180° — (76° 44/ 18" + 29° 21') = 73° b4’ 42/,
M= sin 7?;.2’?”; A8 = sin 7?35°.g.;’ 42/ sin 76° 44/ 187
BC= 0% sin 2 21
log 35.86 = 1.56461 .
log sin 73° 54/ 42" = 1.98265
log M = 1.57196
log A B = 1.66022; A B = 36.83 ft. Ans,
log sin 76° 44’ 18 = 1.98826
log M = 1.57198
log sin 29° 21’ = 1.69082
- log BC = 1.26228; B C = 18.29 ft. Ans.

(18) To find the angle 4 B C, apply formula 1, Art. 21:
18 — 16 40° _ cot 20°
tan '}(A - B)= m cot —§' = 17
Whence $(A — B) = 9° 10/ 49/, and B = 90° — 20° — 9° 10/ 49"
= 60° 49’ 11”.
In the right triangle DB C, CD = BC sin ABC = 18
sin 60° 49 11”7 = 15.715 ft. Ans.

(14) In the triangle PM N, the angle M PN = 180° — (50° 23/
+ 48°34’) = 81° 3.
PM

= ﬁsglo‘g'/ sin 48° 3¢ = 379.48
log 500 = 2.69897
log sin 48° 3¢/ = 1.87490
2.67387
log sin 81° 3/ = 1.99468
2.57919 = log 379.48.
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In the triangle &/ Q NV the angle ¥ QN = 180° — (44° 19+ 79° 12)
= 56° 29.
MQ = % _ cin 79012 = 575.60
sin 56° 29/ T
log 500 = 2.69897
log sin 79° 12/ = 1.99224
2.69121
log sin 66° 29/ = 1.92102
log MQ = 2.77019; M Q = 589.1
" “In the triangle P Q, the angle PM Q = 50° 23/ — 44° 19/ = 6° 4.
Let the angles #/ PQ and M Q P be represented by A4 and B, respect-
ively. By formula 1, Art. 21,
cot

tan # (4~ B) = g5 0737948 < 3
log (589.10 — 379.48) = log 209.62 = 2.32143
log (689.10 4 879.48) = log 968.58 = 2.98613
) 1.33530

log cot 3° 2 = 1.27580

log tan } (4 — B) = 0.61110
(A - B)=176°1¢4 30/

(589.10 — 379.48) 6° ¢/

By formula 2, Art. 21,
PQ= (589.10 — 379.48) cos 3° 2
sin 76° 14/ 30/
log (589.10 — 379.48) = log 209.62 = 2.32143
log cos 3° 2’ = 1.99939
2.32082
log sin 76° 14’ 30” = 1.98736
log PQ = 2.33346
PQ = 21565 ft. Ans.

(15) In Pig. III, AE = hcot 78°25; FD = % cot 69° 30’. But
AE+ FD = 550 — 350 = 200 ft. Therefore, 4 cot 78° 25/ + & cot

o - - 200 = 200
69° 80’ = 200 ft., whence 4 cot 78°25' + cot 69° 30  .20497 + .37388
= 345.5 ft. Ans.

(16) The area of the trapezoid is found by applying the formula of
Art. 34.
d = 536.17 — 216.18 = 319.99; b, + 4, = 752.35

s = %(474.30 + 300.00 + 819.99) = 547.15
§—a=17286,s—c=24715,s —d = 227.16
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Substituting in formula of Art. 34,

sag—gﬁ\fbﬂwxn%x% 15 X 227.18 = 111,220 sq. ft.
111,220

33,560 = 2.55 A. Ans.
The value of 4 is found from formula of Art. 32 to be
ho= 2S
b, + b,

Substituting in this equation,
2% 111,220

k= 75235——29666“ Ans.

(17) From formula 1, Art. 35, we have,

r =\/—- 2_S3BO° 1
# sin
”

360°
An octagon has eight sides; sin 5 = .70711.

S = 35 A. = 350 sq. ch.
Substituting in equation (1),

’ 2 X 350
y = mm = 11.12 ch. Ans.

Substntutmg in formula 2, Art. 35,

l=2x11125m%=85lch Ans.

(18) To find the area of the triangle, apply formula 2, Art 29:

14°
S = Z(cot 63° 20/ + cot 68° 40) — 88.2 sq. ch. = 8.82 A. Aans.







CHAIN SURVEYING

(1) In this case, we have given the hypotenuse and one side of a
right triangle to find the other side. The height of the hill is equal to
403° — 364 =-173.0 ft. Ans. See Art. 13.

(2) SeeArt. 168. The four tallies represent 4 X 10 = 40 ch.; eight
of the pins held by the rear chainman represent one chain each, and
the other one, 17 li., or .17 ch. Therefore,

length of line = 40 + 8 4 .17 = 48.17 ch. Ans.

(3) The correct length of the line is found by formula of Art. 21.
Here, L = 979 ft., and ¢ = —50—05—' = .001 ft. per ft. The tape was too
short, therefore the length was recorded too long, and the error is to

be subtracted. ~
L, = 979 — .001 X 979 = 978 ft. Ans.

(4) See Art. 28. If BC, Fig. I, is taken equal to 27 = (3 X 9)
li., D must be equal to 4 X 9 = 36,
and CD, to 56 X9 = 45 li. Since 8D
+CD =36+46 = 81 li., the posi-
tion of D may be determined as fol-
lows: Fix one end of the chain at B
and the eighty-first link at C; then,
taking hold of the thirty-sixth link, pull
the chain until both parts of it are taut.
The point D is at the end of the thirty-
sixth link. Ans.

(5) See Art. 29. In Fig. 1, A B
and A C are each equal to 60 ft., and 4
B Cis 89.5 ft. The angle BAC can
be determined from the relation

.1 _¥BC _}x895
sméBAC—TC- =60
Hence, using logarithms,
§BAC=48°14,and BAC = 9628, Aus.

§11
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(6) See Art. 32.
(7) See Art. 38. (a) The distance C/’ can be found from the
relation C2' : CD = CAB' : B C, which gives
/
co = CDXCBHB
Therefore, CcD = 892.5 X 80 = 62.7 ft. Ans.
(6) The length of the diagonal B D can be found from the rela-
tionBD : B D = BC: CH, which gives
_BDXBC _ 1045 X501 _
BD = CE = 80 = 6564.4 ft. Ans.
(8) The area of the field shown in Fig. II is determined by adding

the areas of the parts into which the figure is divided. The areas of
the triangles 4 H F, A B F, B F D, and B C Dare found by applying the

formula of Art. 46. In the triangle 4 H F, s = 150 +5132'5 + 2195
= 640; 640 — 487 = 153; 640 — 513.5 = 126.5; 640 — 279.5 = 360.5.

Area of triangle 4-H F = V610 X 1563 X 126.5 X 360.5 = 66,825 sq. ft.

Inthetriangle 4 B F,s = 2130+ 631 +460.5 _ 7975, 797.5 — 513.5
= 284.0; 797.5 — 621 = 176.5; 797.5 — 460.5 = 337.0.

Area of triangle 4 B F

= \797.5 X 284 X 176.5 X 337 = 116,070 sq. ft.

In the triangle BDF, s = 621"‘654___7-4_"'412 = 838.7; 838.7 — 621
= 217.7; 838.7 — 654.4 = 184.3; 838.7 — 402 = 436.7.

Area of triangle BDF

= V838.7 X 217.7 X 184.3 X 436.7 = 121,230 sq. ft.

In the triangle BCD, s = 501"‘3925"'65“ = 773.95; 773.9

— 501 = 272.95; 773.95 — 392.5 = 381.45; 77395 654.4 = 119.56.

Area of triangle B CD

= V773.95 X 272.95 X 381.45 X 119.55 = 98,150 sq. ft.

The area of the part /X A is equal to the sum of the areas of the
triangles G, G and A L, L and those of the trapezoids G, G K K, and
K\KLL,.

From the measurements given on the figure, we have 7 G, = 100.5;
G, K, = 133 - 100.5 = 32.5; K, L, = 207.6 — 133 = 74.5; and L, H
= 279.56 — 207.5 = 72.0.

100.5 X 31

Area of triangle F G, G = — 5 = 1,657.8 sq. ft.
Area of trapezoid G, G KK, = (13—5—%% =1,210.6sq. ft.
Area of trapezoid K, KL L, :

- (43.5 + 27.5) X 74.5 = 2,644.8 sq. ft.

2

N
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Area of triangle /L, L =

The area of the part D/ F is equal to the sum of the areas of the
triangles DE, £ and FJ,J and those of the trapezoids £, E 711/,
and /,/JJ,. From the measurements given we have, D E, = 93;
E,I, =180 - 93 = 87; /,J, = 296.5 — 180 = 116.5; and J, F = 402

— 298.56 = 105.5.

Area of triangle D E, E =

Area of trapezoid E, E /], =
_ (33.56+37.5)116.5

Area of trapezoid /, /JJ,

Area of triangle J, J F =

The areas just found and thei

106.6 X 37.5
2

72 X 27.5

93 X 20

5 = 990 sq. ft.

) = 930 sq. ft.
(20 + 33.5) 87
2

2
= 1,978.1 sq. ft.

r sum are given below:
66825.0

1160700
121230.0

98150.0
15578
1210.6
2641438

990.0
930.0
232173
4135.8
1978.1

43560) 41804 9.4 sq. ft.

9.60A. Ans.

= 2,327.3sq. ft.

= 4,135.8 sq. ft.






COMPASS SURVEYING

(PART 1)

(1) The conditions are represented in Fig. 1. N’.S’ represents the
position of the needle when the compass is at 4, and V.S represents
the correct position of the needle. It is evident, from the figure, that
the effect of the local attraction at A4 is to deflect the needle to the west
of north and decrease the northwest becrings by the amount of the

N'N

i

Fro. 1 F16.2

angle $.4.S’. Thisangle is equal to the difference between 57° 30/ and
53° 46/, or 3°45’. The correct magnetic bearing of the line 4 B is equal
to the sum of 89° 00 and 3° 45/, or 92° 45’. Since this is greater than
90°, the bearing is 180° — 92° 45/ = S 87° 15/ W.

(2) The angle between the lines 4 B and A4 C, Fig. 2, is equal
to the sum of BAN and NAC. The angle NA C is equal to
180° — 75° 15 = 104° 45/. Therefore, B A C = 13° 30’ + 104° 45
= 118° 1&’. Ans.

12
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(3) In Fig. 3, the bearing of the line 4 B is S 76° 15/ W, and the |

line 4 C runs from A4 on the right of 48 and makes an angle of

FiGc.3 F1c.4
106° 46’ with 4 B. The bearing of A C is evidently equal to the sum
of BAS and B A C minus 180°. Now [106° 45’ + 76° 15] — 180°
= 3° 00’; therefore, the bearing is N 3° 00/ E. Auns.

F10.5

(4) The bearing of 4 D, Fig. 4, is S 89° 45’ E, and the line 45
to the left of 4 D makes an angle of 65° 30 with 4 .D. The angle
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N A B is evidently equal to 180° — [65° 30/ + 89° 45/] = 24° 45/, and the
bearing of the line 4 B is N 24° 49 E. Ans.

(6) In the triangle PQ B, Fig. 5, the angle P is equal to
17° 30 4+ 52° 15 = 69° 45; the angle Q is evidently equal to
180° —[17° 30/ + 79° 45/] = 82°45'; the angle B = 180° — (P + Q) = 180°
— (82° 45/ + 69° 45’) = 27° 30'.

150 sin 82° 45/
Then, PE= "oy

Since 4 P = 275 ft., A B = 275 + 322.2 = 597.2 ft. Ans.

= 322.2 ft.

//
i , 4
/ b4
4
J/
/
/
/
£ 8
F10. 6 F16.7

(6) (@) The angle between the lines 4 C and 4 B, Fig. 6, is equal
to 180° — 86° 30 4 12° 00/ = 105° 3(’. The length of B C can be found
from the relation

BC=\NAC + 4B -2XACX ABcos 4
or, substituting the values of 4 B, 4 C,and 4,

B C =728.6* + 586.5° — 2 X 728.5 X 586.5 cos 105° 30/
= 1,050.3 ft. Auns.
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(6) In the triangle 4 B C,

sin C = A B sin 105° 30/ _ 586.5 sin 105° 30/
BC - 1,050.3
whence, C = 32° 33

The angle NV CB is equal to 12° 00/ 4 32° 33’ = 44° 33/ and the bear-
ing of the line CB is N 44°33' E. The bearing of B C is the
reverse of that of CB or S 44° 33 W. Ans.

(7) The number of the station 569 ft. from the starting point is
Station or Substation 5 + 69. See Art. 34.

(8) Station 9489 is 989 ft. from the starting point, and Station
14404 is 1,404 ft. from the starting point; therefore, the distance
between the stations is 1,404 — 989 = 415 ft. Ans.

(9) See Art. 24.

(10) The angle N O N!, Fig. 7, between the true meridian and the
magnetic meridian, is equal to the difference between the true and the
magnetic bearing of the given line. NON’ = 32°1¥ — 30° 30
= 1°45. Ans.




COMPASS SURVEYING

(PART 2)

(1) To solve this example, formulas 1 and 2, Art. 7, are applied.
Since the bearing is southwest, both ranges are negative.
¢ = —19.43 cos 87° 45 = —.76 ch. Ans.
g = —19.43 sin 87° 45 = —19.42 ch. Ans.
The logarithmic work is arranged as follows:
logg=128814; g =19.42ch.

log sin 87° 45’ = 1.9996 7
log 19.43 = 1.28847
log cos 87°45' = 259395

logt=188242; ¢=.76ch.

(2) The tangent of the bearing is found by applying formula 3,

Art. 7
’ 11.97

316" whence G = 27° 20/
As ¢ is negative and g is positive, the bearing is southeast. The
bearing given to the nearest quarter degree is S 27° 15/ E. Ans.
The length of the bearing is found by applying formula 4, Art. 7,
11.97
= m = 26.07 ch. Ans.
The logarithmic work is arranged as suggested in Art. 7.
log/=141612; /= 26.07
log sin 27°20 = 166197
log 11.97 =1.07809
log 23.16 = 1.3647 4
logtan G = 1.71385; G = 27° 20/

(3) (a) The total error of closure is equal to the length of the
hypotenuse of a right triangle whose legs are the algebraic sums of
the latitude and longitude ranges. See Art. 11,

V07" 4+ 13* = .15ch. Ans.

(6) The relative error of closure is equal to the total error of closure

divided by the sum of the lengths of all the courses.

.15
= ;ﬁg = .004. Ans.

tan G =

e

[ RH]
115—33 4
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(4) The latitude and longitude ranges are determined by applying
formulas 1 and 2, respectively, Art. 7.

For AR, t = —740.5 cos 67° 1% = —286.4
g = —740.5 sin 67° 15/ = —682.9
For BC, ¢t = —369.5 cos 13° 45 = —358.9
£ = —369.5 sin 13° 45’ = —87.8
For CD, ¢ = 1,064 cos 72° 30/ = 320.0
£ = 1,064 sin 72° 3¢/ = 1,014.8

For D A, ¢t = 400.9 cos 37° 00 = 320.2
g = —400.9 sin 37° 00 = —241.3
The algebraic sum of the latitude ranges is —5.1 and that of the lon-
gitude ranges is 2.8. The sum of the lengths of the courses is 2,5714.9.

S 5.1

S, T T340 = —.002, nearly.
Se _ 28
55 259 .001, nearly.
The correction in the latitude range for 4 B is 740.5 X —.002
= —1.5, nearly; that for B Cis 369.5 X —.002 = —.7; that for CDis

+1,064 X —.002 = —2.1; that for D A4 is +400.9 X —.002 = —.8.
The corrected latitude ranges are as follows:
—-286.4 —(—1.5) = —284.9 +320.0 — (—-2.1) = 4322.1
—338.9 —(— .7) = —358.2 +320.2 —(— .8) = +321
The correction in longitude range for 4 Bis 740.5 X .001 = .7; that
for B Cis 369.5 X .001 = .4; that for CD is 1,064.0 X .001 = 1.1; that
for D A is 400.9 X .001 = .4. Since the sum of the corrections is 2.6
and the total corrections should be 2.8, the additional correction of .2
is made in the Long. R. of the third course. The corrected longitude
ranges are, then, '
—682.9 — .7 = —683.6 +1,014.8 - 1.3 = +1,013.5
—-87.8—.4 = -—88.2 -2413 - 4 —241.7
The corrections for the lengths are determined by formula of
Art. 14.
For A B, c; = —286.4 X (—.002) 4+ (—682.9 X .001) = -.1

For BC, ¢;: = —338.9 X (—.002) + (—87.8 X .001) = +.6

For CD, ¢; = +320.0 X (—.002) 4+ 1,014.8 X .001 = +.4

For DA, c;= +320.2 X (—.002) + (—241.3 X .001) = —.9
The corrected lengths are, then,

740.5 — (—.1) = 740.6 1,064.0 — .4 = 1,063.6

369.5 — .6 = 368.9 400.9 — (—.9) = 401.8

(5) The relative error of closure is, by formula of Art. 11, equal
to ¥.002* + .001* = .002.

(6) The most westerly corner of the field is determined as
explained in Art. 17. Starting with 4 B8 as the first course, the
operations are arranged as follows:
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Long. R.of AB = + '9.76 = Long. of B
Long. R.of BC= —-1341
— 8.65 = Long. of C
Long. R.of CD = ~16.83 '
—20.4 8 = Long. of D
Long. R.of DE = 4+21.78

4+ 130 =Long.of E
As the longitude of D is the (arithmetically) greatest westing, D is
the most westerly corner. Ans.

7

Double Areas

Longitude Double Latitude
Courses Ranges Lonsitad R

+ -—

AB +255.0 | + 255.0 | +570.5 145,477-5

BC —558.8 - 485 + 99.0 4,801.5
cD —449.0 —1,056.0 —352.§ 372,240.0
DE +217.5 -1,287.5 —449.0 578,087.5
EA | +s350 | — 5350 | +132.0 70,620.0
1,095,805.0  75,421.5
75,421.5
2)1,020,383.5
S = 510,192 8q. ft., nearly
= 11.71A.

The double longitudes are calculated as explained in Art. 19.
The work is arranged as follows:
Long. R. of AB=+4+ 255.0=D.Long.of A8
+ 255.0
Long. R.of BC= —~ 5585

- 485 = D. Long.of BC
- bb8bH
Long. R.of CD = - 4490

—1056.0 = D. Long. of CD
- 4490
Long.R.of DE =+ 2175
— 12876 =D. Long. of DE
+ 21756
Long. R.of EA =+ 535.0 )
— b5385.0=D.Long.of £EA
The work is airanged in the table in a manner similar to that
shown in Art. 21. Each double longitude is then multiplied by the
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latitude range on the right and the product is placed in the double-area
column under the proper sign. The difference between the sum of the
positive products and the sum of the negative products is the double
area. Dividing by 2, the area of the field is found to be 510,192 sq. ft.,
or, dividing by 43,560, 11.71 A. Aans.

(8) The amount of daily variation in the needle at 11 A. M. on a
day in September in a northern locality is found, from the table in
Art. 30, to be 2. In the morning, the needle is east of the meridian
and the bearing of the line is increased. The correct bearing is, then,
S (76° 25 — 2') E, or S 76° 23 E. Ans.

(9) The latitudes of the corners are determined as explained in
Art. 28. The latitude of 4 is equal to the latitude range of the
course £ A. The latitude of B is equal to the latitude of A4 plus the
latitude range of 4 B, and so on. The longitudes of the courses are
determined in a similar manner. The work is given below:

LATITUDES

+132.0 = Lat. of 4
Lat.R.of AR =+4+570.5

+702.6 = Lat. of B
Lat. R.of BC=+ 990

+801.5 = Lat. of C
Lat'R.of CD = — 3525

+449.0 = Lat. of D
Lat. R.of DE = - 4490

000.0 = Lat. of £

LONGITUDES

+535.0 = Long.of 4

Long. R.of AR =+255.0
+790.0 = Long.of B

Long. R.of BC = -55658.5
+231.5 = Long.of C

Long.R.of CD = —449.0
—217.5 = Long.of D

Long.R.of DE = 421175
000.0 = Long.of £

(10) The magnetic bearing of the first course, which is represented
in Fig. 1 by O 1, is N 156° 45’ E, and since the declination of the needle is
3° 15/ east, it is evident from the figure that the true bearing is equal to
the sum of the magnetic bearing and the declination, or 15° 45’ 4- 3°1¥
= 19° 0/; therefore, the true bearing of 4 B is N 19° 00 E. Ans.

For the same reason the true bearing of the second course, which
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is represented in the figure by O 2, is equal to the sum of the magnetic

bearing and the declination,
or 88° 30 + 3° 1¢/ = 91°45’.
As this is greater than 90°,
the true bearing is south-
east and is equal to the
angle S 02, which is equal
to 180° — 91° 45 = 88° 15'.
The true bearing is, there-
fore, S 88° 16’ E. Ans.

The magnetic bearing of
the third course, which is
represented in the figure by
03, is S 20° 30 W; it is evi-
dent from the figure that
the true bearing is equal to
the angle S O3, which is
equal to the sum of SO S,
and S, 03 = 3°15 + 20° 30/
= 23°45/. The true bearing
of O3 is, therefore, S 23°
45 W. Ans.

The magnetic bearing of
the fourth course, which is
represented in the figure by
04, is N 50° 15 W, 1t is
evident from the figure that
the true bearing is equal to
the angle &V O 4, which is
equal to- NV, 04 — N,ON
= 50°15 — 3°15/ = 47° 00/,
The true bearing is, there-
fore, N 47° 00’ W. Ans.

(11) The positions of
the true and the magnetic
meridian are represented in
Fig. 2 by NS and W, S,,
respectively. The angles
representing the magnetic
bearings of the four courses
are also indicated in the
figure. The true bearing
of the first course, 01, is
equal to the sum of the
angles 70 NV, and NV, O N,

NN 1

Fie. 2
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or 7°30 + 5° 1¢/ = 12°40’. The true bearing of this course is, there-
fore, N 12° 40’ W. Ans.

The true bearing of the second course O 2 is equal to the angle N0 2,
which is equal to N, 02— N,ON = 45° 16/ — 5° 10/ = 40° §'. The
true bearing of this course is, therefore, N 40° 5’ E. Ans.

The true bearing of the third course O 3 is equal to the angle S 03,
which is equal to the sum of the angles SOS, and S, 038 = 5° 1(v
+ 15° 45’ = 20° 65/. The true bearing of this course is, therefore,
S 20°56/ E. Ans.

The true bearing of the fourth course O { is equal to the angle S04,
which is equal to SO S, — S, 04 = 5° 10/ — 2° 30/ = 2° 40). Thetrue
bearing of this course is, therefore, S 2° 40’ E. Ans.

(12) (a) The original bearing of the line was N 40° 00/ W and the
present bearing is N 38° 45/ W; therefore, the needle has moved west

FiG. 8

an amount equal to 40° 00/ — 38° 45/ = 1° 15. In Fig. 8, the original
position of the needle is represented by /V, S,, the present position, by
N, S,, and the position of the true meridian by N'S. The change in
position in 20 years is 1° 15/, or 75/; therefore, the yearly change is
;—5) = 3.7, say 4. Ans. :

(8) The present bearing of the line O B is equal to the angle
BON,=BON,+N,ON, =65°00+1°1% = 66°15. The present
bearing of the line is, therefore, N 66° 1&/ E. Ans.



§13 COMPASS SURVEYING 7

(c) The present bearing of the line O C is equal to the angle
COS,=CO0S,- 5,08, = 20° 30 —1°15 = 19° 15’. The present
bearing is, therefore, S 19° 15/ E. Ans.

(d) The declination of the needle at the time of the original survey
was 5° 25/ east, that is, the angle NO N, = 5° 25. The present decli-
nation is equal to the angle VO WV, = 5°25 — 1°15’ = 4° 10/ east. Ans.

N
E ). ]
1
D D
2
B
S —— X 1
C 1
A4
FiG. 4 "8

(13) The latitudes and longitudes of the corners are calculated
from the corner A as follows:

LATITUDES
+3.50 = Lat. of B
Lat. R.of BC = - .34

+316 = Lat. of C

Lat. R.of CD = +349
+ 6.6 5 = Lat. of D

Lat. R.of DE =+ 95
+7.60 = Lat. of £

Lat. R.of £EA =-760
0.0 0 = Lat. of A,

.
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LoNGITUDES
— 282 = Long. of B

Long. R.of BC=—-4.06
-688 = Long. of C

Long. R.of CD = +3.68
-320= Long. of D

Long. R.of DE = +6.21
+301 = Long. of E

Long. R.of EA =-301
0.00 = Long. of A

The plat of the field, Fig. 4, is then constructed by laying off
upwards (since here all latitudes are positive), from 4 on SV, the lati-
tudes of the cormers, thus locating the points B,, C,, D,, and £..
Through the points B,, C,, D,, and £, are drawn indefinite lines per-
pendicular to SV, and on these lines are laid off the longitudes of the
corners B, C, D, and E, respectively. The longitudes of B, C, and D
being negative, they are laid off to the left; the longitude of £ being
positive, it is laid off to the right. The points thus located are joined
by straight lines, and the resulting polygon 4 B C D E is the required
plat.



TRANSIT SURVEYING

(PART 1)

(1) (a) Formula 1, Art. 17, solved for #, gives n = ; In this

1
64)
must be divided into 8 equal parts. Ans.

() The vernier, being divided into 8 equal parts, must cover

case, § = %, and » = hence, 7 = % = 8. Therefore, the vernier

7 divisions of the scale; therefore, the length of the vernier is 7 in.

8
Ans.
(2) (a) Applying formula 1, Art. 17,
' .05
=70 = .005 ft. Ans.
(6) Applying formula 2, Art. 17,
R = 005X 8 = .04 ft. Ans.
(3) Applying formula 1, Art. 17,
60/
ry = E = 6/. Ans.
(4) Applying formula 2, Art. 17,
R =6X9=0>54. Ans
2 38 5 6 7
BEEEREEE
||| lll|l|lllll|||
0 2 é 4 5
4 Fi6.1 B

(6) In Fig. 1, A B represents part of a scale divided into quarter-

inches. Since the vernier is to read to 3l2 in., it must be divided into
%= 8 equal parts, and cover 7 divisions of the scale. The part
0-8 of the vernier is, therefore, Z = 1§ in. long. With the vernier in

tu
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the position shown in Fig. 1, the 8 of the vernier coincides with a

division of the scale. The reading of the vernier is, then, 31—2 X3

= 535 in. The reading of the scale is # in.; therefore, the whole reading

is3+2 = Zin. Ans. SeeAr.16.

(6) (a) The azimuth of the line, counted from the north, is greater
than 270°; therefore, the bearing will be northwest and equal to
360° — 276° 57/ = 83° 03/. Therefore, the true bearing of the line is
N 83°03 W. Ans.

(6) The back azimuth of the line is equal to 276° 57/ + 180°
= 456° 57/, or 456° 57/ — 360° = 96° 57/. Ans. See Art. 35.

(7) See Art. 42.
(8) See Art. 41.

(9) (a) The ranges are determined by formulas 1 and 2, Art. 39,
¢ = 569 cos 343° 41’ = 569 cos (360° — 343° 41’)
= 569 cos 16° 19 = 546.1 ft. Ans.
£ = 569 sin 343° 41’ = 569 [ — sin (360° — 343° 41')]

= 569 X — (sin 16° 19) = — 159.9 ft. Ans.

(6) ¢ = 1,026 cos 233° 04’ = 1,026 [ — cos (233° 04’ — 180°)]
= 1,026 X — (cos 53° 04’) = —616.5 ft. Ans.

£ = 1,026 sin 233° 4’ = 1,026 [ — sin (233° 04’ — 180°)]
= 1,026 X — (sin 53° 04') = —820.1 ft. Ans.

(10) The azimuth of the line whose bearing is S 83° 18 W is
N 263° 18'. The angle B A4 C, Fig. 2, is evidently
B equal to the difference between the azimuth of
the line 4 B and that of 4 C, or

354° 29’ — 263° 18/ = 91° 11. Ans.
/ \‘ (11) The calculated bearing of the second
/ “\ line is equal to the sum of the bearing
___rl‘/l : (N 55° 18/ E) of the given line and the deflec-
o \ % tion-angle that is turned to the right. 55° 15
Foin._| 8% +15°17 = 70°32. Therefore, the calculated

~a ]

s ] bearing of the second lineis N 70°32'E. Ans.

(12) The calculated bearing of the second
line is equal to the sum of the bearing
(N 13°15 W) of the given line and the deflec-
tion angle that is turned to the left. 13°1¥
+ 40° 20/ = b3° 35’. Therefore, the calculated bearing of the second
line is N 53° 35’ W. Ans.

(13) See Arts. 37, 38, and 40.

8
F1o. 2
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(14) Since the longitude range is negative, it is west, and since the
latitude range is positive, it is north; therefore, the bearing is north-
}'—3%‘—83 whence G = 40°25. The bearing being north-

west, the azimuth is equal to 360° — 40° 25/ = 319° 35. Ans.

west; tan G =






TRANSIT SURVEYING

(PART 2)

(1) From Tablel,

Upper culmination, February 1,1906 . . . . . . 4b 39.0m
Difference for 1 day, 3.95.
From Table II, correction under 3.95, opposite 12 43.4

3t 55.6m
Adding (Art. 29) . ... .. ......... 11 58.0
Time of lower culmination . . . . . ... ... 15t 53.6

As this is astronomical time, it shows the interval elapsed since
noon of February 12, and corresponds, therefore, to the civil date
February 13, 3t 53.6= A. M. We must, therefore, take the time of
the previous culmination corresponding to the astronomical date
February 11.

Upper culmination, February 1, 1906 . . . . . . 4t 39.0=
Correction from Table II . . . . . . ... ... 39.6
3 59.5m
Adding . . . . . . ... e e e e e e e 11 58.0
Time of lower culmination . . . .. .. . . .. 150 57.5m

The civil date corresponding to this date is February 12, 3® 57.6=,
local time. The difference in longitude between the standard 6-hour
meridian (90°) and the given place is 5 15/, or 21m, Since the given
place is west of the standard-time meridian, standard time is later
than local time. The standard time corresponding to the local time,
3d 57.5m, is therefore 3t 57.6m 4 21m = 4b 18.5=, Ans.

i1
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(2) The difference in longitude between the given places i
44° 25/ 55, or, in time, 2t 57 44s. The reduction is shown below.
See Art. 20.

156)44 (2
30
14
80
840
25
156)865(67
76

116

105

10
60

600
56

15) 655 (43.7say 44 .
60

55
45
100
Substituting in formula of Art. 19,
Ty = 9b 41m 4 2b 57m 44s = ]12b 38m 44s, Ans,

(8) Upper culmination of Polaris, December 15,

1908 . . . . ... 7™ 50.4=
Correction from TableII.. ., . .. .. ... 63.2
6t 47.2=
Subtracting (Art. 83) . . ... ...... 5 55.0
Time of eastern elongation . . . .. .. .. 0k 52.2=
Ans

Time of western elongation = 6b 47.2m 4 bb 55m = 12b 42.2=, Aups.

(4) (a) In the triangle B CE, the angle B CE = 180° — (%°
+ 30° 13’ 4 63° 27/) = 61° 20/.
500 sin 63° 27/
B C - —m— = m.?ﬁ ft-
In the triangle B £ D, the angle B D E = 180° — (30° 13/ +63° 2V
+ 21° 3¢/) = 64° 44/, and the angle B £ D = 63°27' 4 21° 3¢’ = 85°03.

500 sin 85° 03/
Bo—m—m-&“.
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In the triangle B CD, let the angle B CD be represented by X,
BDCby Y,and CBDby K. Then,

1 _(BD=-BC) 1,
g (X ¥) = (For ooty K
1 550.83 — 509.75
tan gX = V)= S0+ s00.75 17 X
whence, %(x— Y) = 9° 55
cp = 3508350975 12030 = 232.88. Ans. See Art.37.
sin 9° 55/

Fro.1 5

(8) In the triangle £ D /, the angle DEJ = 180° — (63° 27
+ 21° 36/) = 94° 57/, and the angle £ D/ = 180° —(37° 22/ 4 94° 57')
= 47° 41,

500 sin 30° 13’
sin 610 44— 283 ft.

ED =
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278.25 sin 47° 41/
T endT T
278.25 sin M° 57/
BT
© %(x - Y)=9°55',%(X +¥)= %(130‘* - 25°) = 77°30;

whence, X=HX+Y)+$(X-Y) =81°2
Then, 7= 180° —(87° 25/ 4 25° 4 80° 18/)= 37° 22/. Ans.

(6) In Fig. 1, the angle 7.4 C = 180° — (65° 14/ 4 85°) = 79° 46/,
and the angle /C A = 180° — (12° 17/ 4 146°) = 22° 43'. Then, the
angle A 7C = 180° — (79° 46/ 4 22° 43/) = 77° 81'.

426.3 sin 22° 43/
Al = W = 168.2 ft. Ans.

425.3 sin 79° 46/
sin 77° 31/
(8) In the triangle B C G, Fig. II,

tan J (CBG - BCG)

_CGC-BG
CGCYBC
% BGC = 60° 18/

CG - BG = 417 — 376 = 41 ft., and
CG + BG =417 4 376 = 798 ft.
Then,

tan %(C‘BG - BCG)
_ 41X cot 69° 15/

El= = 339.01 ft. Ans.

ID = = 456.76 ft. Ans.

= 428.7 ft. Ans.

Cl=

cot} BGC

PFio.2
793
whence, %(CB G-BCG) = 1°07
%(CBG+ BCG) =} (180° — 138° 29/) = 20° 48/
CBG =21° 6%
: o
Then, BCc=417s0138° 2 _ 16 Ans.

sin 21° 53’
The angle B C G = 180° — (138° 29/ + 21° 53/) = 19° 38/
EBC = 20° 12" 4 21° 53/ = 42° 05/

BCE = 19° 38 4+ 15° 27 = 35° 05/
FEC =42°05 4 35°05 = 77° 10/. Ans.
BEC =180° - 77° 10/ = 102° 60/
741.6 sin 35° 05/
BE = sin 1'020 :')b;— = 437.1 ft. Ans.
741.6 sin 42° 05/
£C=—i0°507

= 509.7 ft. Ans.
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(7) See Art. 48. In Fig. 2, the side B C is shifted parallel to
“itself, to the position 4 F, and A4 B is shifted parallel to itself to
the position FC. The length and azimuth of FD in the polygon
. A F DE A are determined as explained in Art. 47. The ranges of the
given courses are as follows:

Z, = 300cos86°23 =+ 189 g, =300sin86°23 = 42994
t, = 450 cos 243° 54’ = —198.0 £ = 450 sin 243° 54’ = —404.1
s = 268 cos 317° 30V = +197.6 £> = 268sin317°30 = —-181.1

+ 185 —-285.8

The ranges of F D are, then, / = —18.5, and g = +285.8.

F16.8

same sign as g; therefore, since g is positive and sin 93° 42’ is positive,
the azimuth of /D is 93° 42/,

285.8
FD = élﬂ—§3—°42' = 2864ft.

In the triangle CF D, the angle CF D is equal to the difference
between the azimuths of A B (= FC) and FD, or 93° 42/ — 33° 45/
= 59° 57’; the angle F D C is equal to the difference between the back
azimuths of CD and F D, or 349° 36’ — 273° 42’ = 75° 54/; and the
angle F CD = 180° — (75° 54’ + 5Y° 57') = 44° 09/, Then,

286.4 sin 75° 54/

FC=AB = _sin 4—40—09, = 398.8 ft. Ans.
286.4 sin 59° 57/
CD = T en 4P 0y 355.9-ft. Ans.

115—34
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(8) SeeArt.49. In Fig. 3, the side A4 B is shifted parallel to itself to
the position # C, and B C is shifted parallel to itself to the position A £.
In the polygon A F D E A, the length and azimuth of the side £ D are
determined as explained in Art. 47. The ranges of the given sides
are as follows:

!, = 458.7 cos 29°48’ = +398.0. g, = 458.7sin 29°48' = 42280
ty = 632.4 cos 150°46/ = —551.9 £ = 632.4sin 150°46’ = 4-308.8
¢, = 729.4cos 249° 12/ = —-259.0 g> = 729.4sin 249° 12 = —681.9
—4129 —145.1
The ranges of the side /"D are, then, / = +412.9 and g = +145.1.
+145.1
tanZ = v
whence Z = 19°22, 7D = - %1 "_ 4376 In the triangle CFD,

FC = 298 ft., FD = 437.6 ft.,, and the angle CDOF = 48° 3¥

—19° 22 = 20° 10/; sin DCF = ﬂ%f’ 10, hence, DCF

=45°41. CFD = 180° — (29° 10/ 4+ 45° 41’) = 105° 9. The angle
that / C makes with the meridian, measured toward the west, is, then,
105°9 — 19° 22/ = 853° 47/, and the azimuth of 7 C, and therefore of A 5,
is 360° — 85° 47" = 274° 13’. Ans.

In the triangle CF D,

298 sin 106° ¢/
CcD = “ein 20° 10 = 590.2 ft. Ans.

(9) See Art. 50. The ranges of 4, A,, A, A., and A, A, are as
follows:

{, = 600 cos 340° = + 563.8 £, = 600 sin 340° = —-205.2
t, =425cos15° = + 4105 £, = 425sin 15° = +110.0
{, = 350 cos 318° = + 260.1 £s = 350 sin 318° = —234_.?

+1234.4 -3294

The ranges of the closing line 4,4, Fig. 4, are, then,

{= —1234.4 and g = +329.4. For the azimuth of this line, we have,
tan Z = »_1’2347

The value of Z is 165° 04/, since the sine of Z must be positive, and
the sine of 165° 04’ is positive. The angle Z’ is equal to 360° minus
the back azimuth of A, A,, or 360° — (180° 4 165° 04') = 14° 56'. The
angle A, A, A, = Z — 20° = 165° 4/ — 20° = 145° 04/, and the angle
A; A, A, is equal to 20°.

_AsA,sin 27
Then, A A, = sin 20°
_ A, A. sin Ao A; Ao
Aod. = sin 20°
But, AAd, =-F = 3294

sinZ  sinZ
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Then,

TRANSIT SURVEYING 7

329.4 sin 27 329.4
AsAe = S Zsin20° ~ smope ~ B

329.4 sin 145° 04/

and A A == — — — = 2,140.1 ft. Ans.

sin Z' sin 20°

(10) The azimuth of B A,, Fig. 5, is 90° the azimuth of 4, 4,
= 115° — 90° = 25°; the azimuth of 4, D = 180° — (130° — 25°) = 75°.
The ranges of these courses are as follows:

¢, =500 cos 90° = 000.0 £ =500 sin 90° =+ 500
l, = 650 cos 25° = +589.1 g, =650 sin 25° = + 2747
1y = 4752 cos 75° = 412 3.0 £, =475.2in 75° = + 459.0
+712.1 +1233.7
The ranges of the closing line DB are, then,
t = —712.1 and g = —1,233.7. Therefore, tan Z
A, _—1,233.7

F1G. 4

= — 2. The sine of the angle Z must be neg-

ative. Therefore, Z = 240°. The azimuth of D B is,
then, 240°.

P1c. 5

L The angle /B D is equal to the back azimuth of
4 DB, or (240° + 180°) — 360° = 60°. The azimuth of
® A, D is 75°; therefore, the angle A, D B' = 180° — 75°
= 105°, and the angle 7/ D B’ = 105° — 25° = 80°
= the angle /. Ans.
The angle B .D [ = 180° — (60° + 80°) = 40°.
B D sin 40°
1B = "Gnse
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NATURAL TRIGONOMETRIC
FUNCTIONS






NATURAL SINES AND COSINES 23
]

, 0° I 2° 30 40 ,

Sine |Cosine| Sine |Cosine| Sine |Cosine| Sine |Cosine| Sine | Cosine
o | .oo000 1. 01745 | 99985 | .03490 | .99939 | .05234 | .99863 | .06976 | .99756 60
T .00029 1. 01774 | .99984 | .03519 | .99938 | .05263 | .99861 | .07005 | .99754 9
F] ooogs 1. .01803 | .99984 | .03s4! 99937 | 05292 | .99860 | .07034 | .99752 8
3 | -00087 1. 01832 | .90983 | .03577 | .99936 | .05321 | .99858 | .07063 | .99750 | s7
4 | .00116 1. 01862 | .99983 | .o 99935 | .05350 | .99857 | .07092 | .99748 6
s | .oo145 1. 01891 | .99982 | .03635 | .99934 | .05379 | .998ss | .07121 | .99746 ss
6 | .o0175 1. 01920 | .99982 | .03664 | .99933 | .05408 | .99854 | .07150 | .99744 54
g .00204 1. 01049 | w981 | .03693 | .09932 | .0s437 | .99852 | .07179 | .99742 | 53

.00233 1. 01978 | .99980 | .03723 | .99931 | .05466 | .99851 | .07 99740 52
9 | .00262 1. 0200y | .99980 | .03752 | .99930 | .05495 | .99849 | .07237 | .99738 | s1
10 | .00291 1. 02036 | .99979 | 03781 | .99929 | .05524 | .99847 | .07266 | .99736 o
11 | .00320 | .99999 | .0206s | .99979 | .03810 | .99927 | .05553 | .99846 | .07295 | .09734 :g
12 | .00349 | .99999 | .02004 | .99978 | 03839 | .99926 | .0s582 | .99844 | .07324 | .9973r
13 | .00378 | .99999 | .02123 | .99977 | .03868 | .99925 | .05611 | .99842 | .07353 | .99729 47
14 | 00407 | .99009 | 02152 | .99977 | .03897 | .99924 | .05640 | .99841 | .07382 | .99727 46
15 | 00436 | .99999 | .02181 | .99976 | .03926 | .99923 | .05669 | .99839 | .07411 | .99725 45
16 | .00465 | .99909 | .02211 | .99976 | .03955 | .99922 | .05698 | .99838 | .07440 | .99723 4“4
17 | 00495 | .99999 | .02240 | .99975 | .03084 | .99921 | .05727°| .99836 | .07469 | .99721 | 43
b 00524 | .99999 | 02269 | .99974 | 04013 | .99919 | .05756 | .09834 | .07498 | .99719 | 42
19 | 00553 | .99998 | .02208 | .99974 | .04042 | .99918 | .057Bs | .09833 | .07527 | .99716 | 41
20 | 00582 | .99998 | .02327 | .99973 | .04071 | .99917 | .05814 | .99831 | .07556 | .99714 4
at | 00611 | .99998 | .02356 | .99972 | .04100 | .99916 | .0sB44 | .99829 | .07585 | .99712
22 | .00640 | .99998 | .02385 | .99972 | .04129 | .99915 | .05873 | .99827 | .07614 | .99710 2
23 | 00669 | .99998 | .02414 | .99971 | .04159 | .99913 | .05902 | .99826 | .07643 | .99708 | 37
24 | 00698 | .99998 | .02443 | .99970 | .04r 99912 | .05931 | .99824 | .07672 | .99705 | 36
25 | .00727 | 09997 | .02472 | .99969 | .04217 | .09911 | .05960 | .99822 | .07701 | .99703 s
% 00756 | .99997 | .02501 | .99969 | .04246 | .99910 | .05989 | .99821 | .07730 | .99701 3¢
27 | .0078s | .09997 | .02530 | .99968 | .04275 | .09909 | .06018 | .90819 | .07759 | .99699 | 33
B | 00814 | .99997 | 02560 | .99067 | .04304 | .90907 | .06047 | .99817 | .07788 | .99606 | 32
2 | 00844 | 99996 | 02580 | .99966 | .04333 | .99906 | .06076 | .99815 | .07817 | .99694 3t
0 | 00873 | .99996 | .02618 | .90966 | .04362 | .99905 | .06105 | .99813 | .07846 | .99692 30
31 | .00002 | 99996 | .02647 | .09965 | .04391 | .99904 | .06134 | .99812 | .07875 | .99689 | 29
32 | .00031 | .09096 | .02676 | .99964 | .04420 | .99902 | .06163 | .99810 | .07904 | .99687 8B
33 |- .99995 | .02705 | .99963 | .04449 | .99901 | .06192 | .99808 | .07933 | .9968s 27
" 99995 | 02734 | .99963 | .04478 | .99900 | .06221 | .99806 | .07962 | .99683 26
35 | 01018 | .99995 | .02763 | .99962 | .04507 | .99898 | .06250 | .99804 | .07991 | .99680 as
36 | 01047 | .99995 | .02792 | .99961 | .04536 | .99897 | .06279 | .99803 | .0Bozo | .99678 | 24
37 | 01076 | .99994 | .02821 | .99960 | .04565 | .99896 | .06308 | .99801 | .08049 | .99676 | 23
38 | .o1108 | .99994 | .02850 | .99950 | .04504 | .99804 | .06337 | .99799 | .08078 | .99673 | 23
39 | 01134 | 99004 | 02879 | .99959 | .04623 | .99803 | .06366 | .99797 | .0B107 | .99671 | 21
© | 01164 | 99993 | .02908 | .99958 | .04653 | .09802 | .06395 | {99795 | .08136 | .00668 | 20
a1 | 01193 | 99003 | .02938 | .99957 | .04682 | .99800 | .06424 | .99793 | .0Bi6s | .99666 | 1
42 | 01223 | .00993 | .02067 | .99956 | .04711 | .09889 | .06453 | .99792 | .08194 | .99664 1
4 | 01251 | .99992 | .02096 | .99955 | .04740 | .09888 | .06482 | .99790 | .08223 | .99661 17
“ 01280 | .99992 | .03025 | .99954 | .04769 | .99886 | .06511 | .99788 | .08252 | .996s9 16
45 | 01309 | .99991 | .0305¢ | .99953 | .04798 | .9988s | .06540 | .99786 | .082B1 | .996s7 | 1§
6 | 01338 | .00091 | .03083 | .90952 | .04827 | .99883 | .06569 | .99784 | .08310 | .00654 | 14
47 | 01367 | .99991 | 03112 | .99952 | .04856 | .99882 | .06508 | .99782 .083% | .99652 13
8 | 01396 | .99990 | .03141 | .99951 | .04885 | .99881 | .06627 | .99780 | .08368 | .99649 12
49 | 01425 | .99900 | 03170 | .99950 | .04914 | .99879 | .06656 | .99778 | .08397 | .99647 11
50 | .o14s4 | 99989 | .03199 | .99949 | .04943 | .99878 | .06685 | .99776 | .08426 | .09644 10
s1 | .01483 | .99989 | .03228 | .99948 | .04972 | .99876 | .06714 | .99774 | .084s5 | .99642 8
53 | .o1513 | .99089 | .03257 | .99947 | .0s00r | .99875 | .06743 | .99772 | .084B4 | .99639
53 | .o1542 | .99988 | .03286 | .99946 | .05030 | .99873 | .06773 | .99770 | .08513 | .99637 7
s4 | .o1571 | .99988 | .03316 | .99945 | .05059 | .99872 | .06802 | .99768 | .08542 | .9963s 6
ss | .01600 | .09987 | .03345 | .99944 | .05088 | .99870 | .06831 | .99766 | .08571 | .99632 [3
s | 01629 | .99987 | .03374 | .99943 | .05117 | .09869 | .06860 | .99764 | .0R6o0 | .99630 4
57 | 01658 | .00086 | .03403 | .99942 | .05146 | .99867 | .06889 | .99762 | .0%629 | .99627 3
B | .01687 | .99986 | .03432 | .09941 | .05175 | .09866 | .06018 | .99760 | .086s8 | .9962s 2
59 | 01716 | .0098s | .03461 | .99040 | .05205 | .99864 | .06047 | .99758 | .08687 | .99622 1
60 | .01745 | .99985 | .03490 | .09939 | .05234 | .99863 | .06976 | .99756 | .08716 | .99619 o

Cosine| Sine |Cosine| Sine |Cosine' Sine |Cosinc Sine |Cosine| Sine ,
' 7 it _

89° 88° 87° 86° 85°




NATURAL SINES AND COSINES

o o o o o
’ 5 6 7 8 9 '
Sine |Cosine| Sine |Cosine| Sine |Cosine| Sine |[Cosine| Sine | Cosine
o | .08716 | .99610 | .10453 | .00452 | .12187 | .99255 | .13017 | .99027 | .15643 | .98760 | 6o
1 | 08745 | 99617 | .104B2 | .00449 | .12216 | .99251 | .13046 | .90023 | .15672 | .98764 59
2 | 08774 | .99614 | .10511 | .00446 | .12245 | .9924 .13975 | .99019 | .15701 | .9H: 8
3 .08&03 99612 | .10540 | .99443 | .12274 | .99244 | .14004 | .99015 | .15730 | .987ss | sy
4 | 08831 | 09609 | .10569 | .99440 | .12302 | .90240 | .14033 | .99011 | .15758 | .9B7s1 <6
s | 08860 | .99607 | .10507 | .99437 | .12331 | .99237 | .14061 | .99006 | .15787 | .o87 ss
6 08883 99604 | .106. 99434 | 12360 | .99233 | .14090 | .99002 | .15816 | .98741 sS4
‘ 0891 99602 | .10655 | .09431 | . uy&g 99230 | .14119 | .98098 | .15845 | .98737 $3
08047 | .09599 | .10684 | .00428 | .12418 | .99226 | .14148 | .98004 | .15873 | .98732 | s2
9 | 08976 | .99506 | .10713 | .99424 | .12447 | .99222 | .14177 | 98090 | .15902 | .98728 | @1
10 | .0900S | .99504 | .10742 | .99431 | .12476 | .99219 | .14205 | .98086 | .15931 | .98723 s0
11 | 09034 | 99591 | .10771 | .99418 | .12504 | .09215 | .14234 | .98982 | .15050 | .98718 ©
12 | .09063 | .99s88 | .1 99415 | .12533 | .90211 | 14263 | 98078 | .15088 | .g8714 8
13 | 09092 | .99586 | .10829 | .99412 | .12562 | .99208 | .14202 | .98973 | .16017 | .987 47
14 | 09121 | .99583 | .10858 | .90409 | .12501 | .99204 | .14320 | .98969 | .16046 | .98704 46
15 | .09150 580 | .10887 | .90406 | .12620 | .99200 | .14349 | .9896s | .16074 | .98700 45
16 | .0917 99578 | 10916 | .99402 | .12649 | .99197 | .14378 | .9B961 | .16103 | .9869s 44
3 owog 99575 | 10945 | .99399 | .32678 | .90193 | .14407 | .989s7 | .16132 | .9B690 | 43
3 09237 | .99872 | .10973 | .99396 | .12706 | .99189 | .14436 | .989s53 | .16160 | .gB686 | 42
19 | 09266 | .99570 | .11002 | .99393 | .12735 | .99186 | .14464 | .9B048 16189 | .98681 41
20 | .09295 | .99567 11031 | .99390 | .12764 | .99182 | .14493 | .98944 16218 | .98676 4
a1 | .00324 | .99564 | .11060 | .99386 | .12793 | .99178 | .14523 | .98940 | .16246 | .98671 39
22 | .00353 | .99562 | .11089 | .99383 | .12822 | .99175 | .14551 | .08936 | .16275 | .98667 8
23 | .00382 | .99559 | .11118 | .99380 .lﬁg:’ 99171 | .14580 | .98931 16304 | .98662 37
24 | .09411 | .99556 | .11147 | .99377 | .1 99167 | .14608 | .98027 | .16333 | .986s7 | 26
2g | .09440 | .99553 11176 | .99374 | 12908 | .99163 | .14637 | .98923 | .16361 | .986s5a 35
26 | .00469 | .99551 | .11205 | .99370 | .12937 | .99160 | .14666 | .98919 | .16390 | .08648 | 34
z 00498 | .09548 | .11234 | 99367 | .12066 | .90156 | .14605 | .98914 | .16419 | .9B643 | 33
90527 | .0054S | .11263 | .99364 | 12005 | .99152 | .14723 | .98010 | .16447 | .98638 | 33
29 | 09556 | .99542 | .11291 | .99 13024 | .99148 | .14752 | .9B006 | .16476 | .98633 3n
30 | .09s8s | .99540 | .11320 | .99357 | .13053 | .99144 | .14781 | .98002 | .16505 | .98629 | 30
31 | .09614 | .99537 | .11349 | .99354 | .13081 | .99141 | .14810 | .98897 | .16533 | .9B624 :
32 | .09642 | .99534 11378 | 99351 | .13110 | 99137 | .14838 | .9BBo3 | .16562 | .98619
21 | 09671 60831 | 11407 | 99347 | 13139 | .99133 | .14867 | .o8889 | .16501 | .9B614 | 27
34 | 09700 | 99528 | .71436 | .99344 | .13168 | .99129 | .14806 | .98884 | .16620 | .98609 26
35 | 09729 | .99526 | .11465 | .99341 | .13197 | .90125 | .14925 | .98880 | .16648 | .gB604 | 25
36 | .097 99523 | .11494 | .99337 | .13226 | .99122 | .14954 | .98876 | .16677 | .98600 | 24
3 09787 | .99520 | .11523 | 99334 | .13254 | .99118 | .14982 | .98871 | .16706 | .98s9s 23
3& 09816 | .99517 | .11552 | .99331 | .13283 | .99114 | .15011 | .98867 | .16734 | .98s00 2
39 | 09845 | .99514 | .11580 | .99327 | .13312 | 99110 | .15040 | .98863 | .16763 | .98s8s 2
40 | 09874 | .99511 | .11609 | .09324 | .13341 | .99106 | .15069 | .988s8 | .16792 | .98580 2
41 | 09903 | .99508 | .11638 | .99320 | .13370 | .99102 | .15097 | .988s4 | .16820 | .98s7s 1
43 | 09932 | .99506 | .11667 | .99317 | .13399 | .99098 | .15126 | .9BB4g | .16849 | .9Bs70 | 1
43 | 09961 | .99503 | .11606 | .99314 | .13427 | .99004 | .151 gs 98845 | 16878 | .g8s6s | 17
44 | 09990 | .99500 | .11725 | .99310 | .13456 | .99091 | .15184 | .98841 | .16906 | .98s61 16
4S | .10019 | .99497 | .11754 | .99307 | .13485 | .99087 | .15212 | .98836 | .16935 | .9Bss6 13
46 | .10048 | .99494 | 21783 | .99303 | .13514 | .99083 | .15241 | 98882 | .16064 | .98ss® 14
47 | .10077 | .oM91 | .1181a | .99300 | .13543 | .99079 | .15270 | .98827 | .16992 | .98s46 | 13
48 | .10106 | .09488 | .11840 | .99297 | .13572 | .99075 | .15299 | .98823 | .17021 | .98s541 12
49 | 10135 | .90485 | .1 99293 | .13600 | .99071 | .15327 | .08818 | .17050 | .9Bs36 1
0 | .10164 | .99482 | .11808 | .99290 | .13629 | .99067 | .15356 | .98814 | .17078 | .g8s31 10
st | .10192 | .90479 | .11927 | .09286 | .13658 | .99063 | .15385 | .98809 | .17107 | .98526 9
82 | .10221 | .99476 | .11956 | .99283 | .13687 | .990s9 | .15414 | .9880s | .17136 | .98s521 8
53 | .10250 | .99473 | .11985 | .99279 | .13716 | .99055 | .15442 | .98800 | .17164 | .08516 7
S4 | 10279 | 99470 | .12014 | .99276 | .13744 | .99051 | .15471 | .98796 | .17193 | .98s11 6
s | .10308 | .99467 | .12043 | .09272 | .13773 | .99047 | .15500 | .98791 | .17222 | .g8: s
§6 | .10337 | .99464 | .12071 | .99269 | .13802